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Summary
T his  t h e s i s  i s  concerned  w i t h  n o n p a ra m e t r i c  k e r n e l  d e n s i t y  
e s t i m a t i o n  and r e g r e s s i o n .  In  p a r t i c u l a r ,  t e c h n i q u e s  f o r  o b t a i n i n g  
b e t t e r  e s t i m a t e s  t h a n  t h o se  p roduced  by the  s t a n d a r d  f i x e d  k e rn e l  
app roach  a r e  examined as  we l l  as  t h e  use o f  n o n p a r a m e t r i c  e s t i m a t e s  in  
c e r t a i n  o t h e r  s t a t i s t i c a l  p r o c e d u r e s .
Allowing  the  deg ree  o f  smooth ing to  adapt  t o  t h e  " l o c a l "  d e n s i t y  
o f  t h e  d a t a  has  been  s u g g e s t e d  as  a  means o f  r e d u c i n g  b i a s  and mean 
i n t e g r a t e d  s q u a re d  e r r o r  (MISE) i n  compar ison  w i t h  the  l e v e l s  f o r  
f i x e d  k e r n e l  d e n s i t y  e s t i m a t o r s .  In  c h a p t e r  two the  f i n i t e  sample 
p r o p e r t i e s  o f  two p a r t i c u l a r  a d a p t i v e  e s t i m a t o r s  a r e  i n v e s t i g a t e d  
and compared w i th  t h o se  o f  t h e  f i x e d  k e rn e l  method. Th is  i s  c a r r i e d  
out  f o r  b o t h  u n i v a r i a t e  and m u l t i v a r i a t e  d a t a  f rom a number o f  
d i f f e r e n t  u n d e r l y i n g  d i s t r i b u t i o n s  which a r e  assumed t o  be o f  a known 
form. Numerical  i n t e g r a t i o n  t e c h n i q u e s  a r e  used  t o  c a l c u l a t e  exac t  
v a l u e s  f o r  the  b i a s ,  v a r i a n c e  and MISE. A s im ple  smoothing s t r a t e g y  
b a s e d  on N o rm a l i ty  i s  a l s o  d e r i v e d .
In  t h e  f i r s t  p a r t  o f  c h a p t e r  t h r e e  t e c h n i q u e s  f o r  o b t a i n i n g  f i x e d  
k e r n e l  d e n s i t y  e s t i m a t o r s  w i t h  s m a l l e r  b i a s  t h a n  t h a t  o f  the  s t a n d a r d  
f i x e d  a pproach  a r e  d e s c r i b e d  and t h e i r  a s y m p t o t i c  p r o p e r t i e s  s t u d i e d .  
These f a l l  i n t o  t h r e e  c l a s s e s  which a r e  u s i n g  " h i g h e r  o r d e r "  k e r n e l s ,  
s u b t r a c t i n g  a b i a s  r e d u c i n g  c o r r e c t i o n  f a c t o r  and u s i n g  a m u l t i ­
p l i c a t i v e  c o r r e c t i o n  f a c t o r .  Those w i t h  t h e  b e s t  a s y m p t o t i c  p r o p e r t i e s  
i n  e ach  c l a s s  a r e  compared w i t h  t h e  s t a n d a r d  f i x e d  and th e  a d a p t i v e  
a p p ro a c h e s  v i a  a  s i m u l a t i o n  s t u d y .  In  t h e  second  p a r t  o f  t h i s  c h a p t e r  
methods f o r  r e d u c i n g  th e  b i a s  i n h e r e n t  i n  t h e  P r i e s t l e y - C h a o  f i x e d  
k e r n e l  r e g r e s s i o n  e s t i m a t o r  a r e  s i m i l a r l y  e x p l o r e d .  These t e c h n i q u e s
a r e  g e n e r a l l y  a na logous  t o  t h o se  s t u d i e d  f o r  d e n s i t y  e s t i m a t o r s  
ex c ep t  f o r  a t w o - s t a g e  p r o c e d u r e  c a l l e d  " tw ic i n g "  which i s  a l s o  
c o n s i d e r e d .
In c h a p t e r  f o u r  t h e  prob lem o f  o b t a i n i n g  p o i n t w i s e  c o n f i d e n c e  
i n t e r v a l s  f o r  t h e  unknown d e n s i t y  f u n c t i o n  i s  examined.  The sampl ing 
d i s t r i b u t i o n s  o f  t h e  e s t i m a t o r s  a r e  unknown but can  be approx im ated  
i n  two ways. These a r e  f i r s t l y  by assuming N o rm a l i ty  and s e c o n d ly  
by th e  use  o f  t h e  b o o t s t r a p  method.  Competing a pp roaches  a r e  a g a in  
compared v i a  a  s i m u l a t i o n  s t u d y .
In  c h a p t e r  f i v e  two d e n s i t y  b a sed  t e s t s  o f  m u l t i v a r i a t e  N orm a l i ty  
a r e  d e s c r i b e d .  The f i r s t  i s  b a s e d  on a measure o f  i n t e g r a t e d  s q u a re d  
e r r o r  and the  second  u t i l i s e s  the  e n t r o p y  p r o p e r t y  o f  the  m u l t i ­
v a r i a t e  Normal (MVN) d i s t r i b u t i o n .  C r i t i c a l  v a l u e s  f o r  the  t e s t  
s t a t i s t i c s  a r e  o b t a i n e d  and a power s t u d y  c a r r i e d  o u t .  These powers 
a r e  a l s o  compared w i t h  t h o s e  f o r  an omnibus p ro c e d u r e  due to  Koz iol  
b a s e d  on t h e  " r a d i i  and a n g le "  p r o p e r t i e s  o f  t h e  MVN d i s t r i b u t i o n .
In  c h a p t e r  s i x  a p r o c e d u r e  f o r  g r a p h i c a l l y  e x p l o r i n g  a m u l t i ­
v a r i a t e  s e t  b a s e d  on f i n d i n g  d i r e c t i o n s  o f  h ig h  m u l t i v a r i a t e  d e n s i t y  
i s  p r o p o se d .  The t h r e e  main aims a r e  t o  e x p lo r e  t h e  main f e a t u r e s  
o f  a p - d im e n s i o n a l  (p > 2) d e n s i t y  f u n c t i o n ,  s e e k  n o n - l i n e a r  
f e a t u r e s  in  t h e  d a t a  and use  p a i r s  o f  d i r e c t i o n s  i n  t h e  c o n s t r u c t i o n  
o f  tw o - d im e ns iona l  r e p r e s e n t a t i o n s .  Th is  a pproach  i s  i l l u s t r a t e d  by 
a p p l i c a t i o n  to  r e a l  d a t a  s e t s .
In  c h a p t e r  s e ven  the  g o o d n e s s - o f - f i t  o f  a  l o g i s t i c  r e g r e s s i o n  
model b a s ed  on m u l t i p l e  c o v a r i a t e s  i s  a s s e s s e d  by comparing the  
p a r a m e t r i c  p r o b a b i l i t i e s  w i t h  e s t i m a t e s  o b t a i n e d  by n o n p a ra m e t r i c  
r e g r e s s i o n .  The g l o b a l  d i s c r e p a n c y  i s  a s s e s s e d  u s i n g  a p s eudo-
l i k e l i h o o d  r a t i o  t e s t  s t a t i s t i c  and s i g n i f i c a n c e  d e t e r m i n e d  th rough  
a  s i m u l a t i o n  p r o c e d u r e .  The degree  o f  smooth ing p l a y s  an im por tan t  
r o l e  so methods f o r  c h o o s in g  t h e  v a lu e  o f  the  smooth ing  p a ra m e t e r  
a r e  d i s u c s s e d .  A lso ,  t h e  use o f  p a r t i a l  r e s i d u a l  p l o t s  to  d e te rm ine  
i f  t h e  f u n c t i o n a l  form o f  a c o v a r i a t e  e f f e c t  has  been  s p e c i f i e d  
c o r r e c t l y  a r e  e x p l o r e d  and a t e s t  o f  l i n e a r i t y  t o  a i d  in  t h i s  i s  
p r opose d  and i n v e s t i g a t e d .
Chapter 1. Introduction
D e n s i ty  e s t i m a t i o n  i s  an  im por tan t  t o p i c  in  a p p l i e d  s t a t i s t i c s  
b ecause  i n  g e n e r a l  t h e  u n d e r l y i n g  d e n s i t y  f ( x )  i s  unknown so t h a t  
i t s  c h a r a c t e r i s t i c s  need  t o  be i n f e r r e d  from a random sample
 Xn b e f o r e  any a n a l y s i s  i s  c a r r i e d  o u t .  A long s t a n d i n g
a pproach  to  t h i s ,  p a r t i c u l a r l y  f o r  u n i v a r i a t e  d a t a ,  i s  t o  c o n s t r u c t  
a h i s t o g r a m .  While t h i s  p r o v i d e s  a  u s e f u l  d e s c r i p t i o n  o f  t h e  a c t u a l  
sample i t  i s  no t  a p p r o p r i a t e  f o r  d e s c r i b i n g  f e a t u r e s  o f  the  
p o p u l a t i o n  such  as  skewness ,  t r u n c a t i o n  o r  b i m o d a l i t y .  T h i s  i s  not  
o n l y  due t o  t h e  s t e p w i s e  n a t u r e  o f  t h e  f i n a l  f i g u r e  bu t  a l s o  t o  t h e  
e s s e n t i a l l y  a r b i t r a r y  d e c i s i o n s  which have to  be made p r i o r  t o  the  
a c t u a l  c o u n t i n g  and  draw ing ,  i . e .  t h e  number and s i z e  o f  i n t e r v a l s  
(o r  c e l l s )  t o g e t h e r  w i t h  t h e i r  l o c a t i o n  must be d e c i d e d .  S i lv e rm a n  
(1986,  S e c t i o n  3 .2 )  i l l u s t r a t e s  how d i f f e r e n t  d e c i s i o n s  can  r e s h a p e  
th e  f i n a l  h i s t o g r a m .
Using h i s t o g r a m s  t o  p r e s e n t  b i v a r i a t e  o r  t r i v a r i a t e  d a t a  
i n t r o d u c e s  a number o f  f u r t h e r  prob lems.  I t  i s  d i f f i c u l t ,  because  
o f  t h e  b l o c k  n a t u r e ,  t o  a s s e s s  t h e  s t r u c t u r e  o f  t h e  d a t a  and a 
c o n to u r  d iag ram  r e p r e s e n t a t i o n  cannot  e a s i l y  be o b t a i n e d .  A lso ,  the  
f i n a l  form o f  a m u l t i v a r i a t e  h i s t o g r a m  w i l l  be dependen t  on t h e  c o ­
o r d i n a t e  d i r e c t i o n  o f  the  c e l l s .
Two m o d i f i c a t i o n s  to  t h i s  p r o c e s s  g r e a t l y  improve i t .  F i r s t l y ,  
i n s t e a d  o f  p l a c i n g  th e  ’b o x e s ’ f o r  each o b s e r v a t i o n  o v e r  t h e  c e n t r e  
o f  t h e  a p p r o p r i a t e  h i s t o g r a m  c e l l  t h e y  can  be c e n t r e d  on th e  a c t u a l  
o b s e rv e d  v a l u e .  S e c ond ly ,  t h e  ’b oxes '  can  be r e p l a c e d  by a g e n e r a l  
' k e r n e l  f u n c t io n *  K which i s  u s u a l l y  chosen  t o  be a  symmetr ic  
p r o b a b i l i t y  d e n s i t y  f u n c t i o n  such as  a normal d e n s i t y .  The k e r n e l
- 2 -
e s t i m a t o r  i s  t h e n  d e f i n e d  by
where h i s  t h e  smoo th ing  p a ra m e te r  o r  bandwid th .  The r e s u l t i n g  
d e n s i t y  e s t i m a t e  w i l l  i n t e g r a t e  to  one and i n h e r i t  t h e  smoothness  
p r o p e r t i e s  o f  t h e  p a r t i c u l a r  k e rn e l  f u n c t i o n  u s e d .  I t  i s  w id e ly  
r e g a r d e d  t h a t  t h e  p r e c i s e  c h o ic e  o f  K i s  no t  c r u c i a l  t o  the  
pe r fo rm ance  o f  such  e s t i m a t o r s .  On th e  o t h e r  hand,  c h o i c e  o f  the  
v a l u e  o f  h p l a y s  a c r i t i c a l  r o l e  bo th  in  t h e  pe r fo rm a n c e  o f  the  
e s t i m a t o r  and th e  form o f  the  f i n a l  e s t i m a t e .  As h t e n d s  to  z e ro  
t h e  e s t i m a t e  t a k e s  on a s p i k e y  appearance  w h i le  a s  h becomes l a r g e  
a l l  d e t a i l  i s  o b s c u re d .
A prob lem  a s s o c i a t e d  w i t h  such k e rn e l  e s t i m a t e s  a r i s e s  from u s in g  
t h e  same smoo th ing  p a ra m e t e r  a c r o s s  t h e  whole sample .  T h i s  i s  t h a t  
s p u r i o u s  n o i s e  t e n d s  t o  a ppear  i n  the  t a i l s  o f  l o n g - t a i l e d  
d i s t r i b u t i o n s  bu t  i n c r e a s i n g  h to  overcome t h i s  masks d e t a i l  i n  the 
main body o f  t h e  d i s t r i b u t i o n .  In  o r d e r  to  dea l  w i t h  t h i s  problem 
v a r i o u s  a u t h o r s  such  as  Breiman e t  a l  (1977)  and Abramson (1982) 
have p r o p o se d  a d a p t i v e  methods which t r y  t o  adap t  t h e  d e g re e  o f  
smoo th ing  t o  t h e  ' l o c a l '  d e n s i t y  o f  the  d a t a .  These a pp roa c he s  
a r e  d i s c u s s e d  i n  c h a p t e r  2 and in  p a r t i c u l a r  t h o s e  which s c a l e  h by 
an e s t i m a t e  o f  f ( x ^ ) a , 0 < a  < 1.  There has  been  much emphasi s  i n  
t h e  l i t e r a t u r e  on t h e  a s y m p t o t i c  p r o p e r t i e s  o f  e s t i m a t o r s  which,  i n  
t h e  f i x e d  c a s e ,  have a l s o  p roved  u s e f u l  f o r  u n d e r s t a n d i n g  i t s  small  
sample b e h a v i o u r .  Th is  i s  i n v e s t i g a t e d  f o r  two p a r t i c u l a r  a d a p t i v e  
e s t i m a t o r s  by assum ing  f  to  be o f  a known form and t h e n  u s in g  
nu m er i ca l  i n t e g r a t i o n  t o  o b t a i n  exa c t  v a l u e s  f o r  b i a s ,  v a r i a n c e  and 
mean i n t e g r a t e d  s q u a r e d  e r r o r .  A smoothing s t r a t e g y  b a s e d  on
~ 3  —
n o r m a l i t y  i s  d e r i v e d  and the r e s u l t s  a r e  e x te n d e d  t o  m u l t i v a r i a t e  
d a t a .
R e s u l t s  in  R o s e n b l a t t  (1956)  imply t h a t  any u n b i a s e d  e s t i m a t e  o f  
a c o n t i n u o u s  d e n s i t y  f u n c t i o n  i s  e i t h e r  not  c o n t i n u o u s  o r  not  a
d e n s i t y  f u n c t i o n .  Hence, i n  p r a c t i c e  a c e r t a i n  d e g re e  o f  b i a s  has to
be a c c e p t e d .  In  c h a p t e r  3 a number o f  methods f o r  f i n d i n g  e s t i m a t o r s  
w i t h  s m a l l e r  b i a s ,  and h o p e f u l l y  MISE as  w e l l ,  a r e  d e s c r i b e d .  These 
f a l l  i n t o  t h r e e  g e n e r a l  c l a s s e s  o f  approach which a r e  s u b t r a c t i n g  a 
b i a s  r e d u c i n g  c o r r e c t i o n  f a c t o r ,  u s i n g  a  ' h i g h e r  o r d e r '  k e r n e l  which 
can  t a k e  n e g a t i v e  v a l u e s  ( B a r t l e t t  (1963))  and u s i n g  a m u l t i p l i c a t i v e  
c o r r e c t i o n  f a c t o r .  The p r o p e r t i e s  o f  each t e c h n i q u e  a r e  f i r s t l y  
e v a l u a t e d  a s y m p t o t i c a l l y  and t h e n  the  smal l  sample p e r fo rm a n c es  o f  
t h o s e  w i t h  t h e  b e s t  a s y m p to t i c  p r o p e r t i e s  In  each  c l a s s  a r e  compared 
w i t h  t h e  s im p le  f i x e d  and the  a d a p t i v e  a pp roaches  v i a  a s i m u l a t i o n  
s t u d y .
In  t h e  second  p a r t  o f  c h a p t e r  3 the  u n i v a r i a t e  r e g r e s s i o n  problem
i s  d i s c u s s e d .  I t  i s  assumed t h a t  we have o b s e r v a t i o n s  
( Y j , x ^ ) . . . . (Yn ,xn ) which s a t i s f y  the  r e l a t i o n s h i p
Yi= g ( x j )  + e s , i -  1, . . . t n
where t h e  e r r o r s  e j  a r e  u n c o r r e l a t e d  w i t h  z e ro  mean and  c o n s t a n t  
v a r i a n c e  <7^,  t h e  xj  a r e  e q u a l l y  spaced  a t  i n t e r v a l s  o f  l e n g t h  5 
and g (x )  i s  an  unknown f u n c t i o n  f o r  which an e s t i m a t e  i s  r e q u i r e d .  
R a t h e r  t h a n  assum ing  i t  i s  o f  a p a r t i c u l a r  form, e . g .  l i n e a r ,  i t  w i l l  
be e s t i m a t e d  n o n p a r a m e t r i c a l l y  u s i n g  th e  P r i e s t l e y  and Chao (1972) 
f i x e d  k e r n e l  e s t i m a t o r
—4 —
where K i s  the  k e rn e l  f u n c t i o n  and b t h e  smoo th ing p a ra m e te r .
T h i s  i s  a w e ig h te d  a ve rage  o f  the  Y j ' s  w i t h  the  v a l u e  o f  b
d e t e r m i n i n g  the  amount o f  l o c a l  a v e r a g in g  c a r r i e d  o u t .  Such
e s t i m a t o r s  a r e ,  however,  i n h e r e n t l y  b i a s e d  so i n  a d d i t i o n  to  b i a s
r e d u c t i o n  f o r  d e n s i t y  e s t i m a t o r s  the  problem o f  r e d u c i n g  the  b i a s  o f  
/\
g(x )  i s  a l s o  c o n s i d e r e d .  The t e c h n i q u e s  which a r e  s t u d i e d  a re  in  
f a c t  a n a logous  t o  t h o se  s t u d i e d  f o r  d e n s i t y  e s t i m a t i o n  w i th  the  
e x c e p t i o n  o f  an a d d i t i o n a l  two s t a g e  p ro c e d u re  c a l l e d  ' t w i c i n g ' ,  f i r s t  
s u g g e s t e d  by Tukey (1977) ,  which i s  a l s o  i n v e s t i g a t e d .
In  c h a p t e r s  2 and 3 the  main emphasi s  i s  on o b t a i n i n g  b e t t e r  
e s t i m a t e s  t h a n  t h o s e  p r o v id e d  by t h e  f i x e d  k e r n e l  a pproach .  The r e s t  
o f  t h e  t h e s i s  though i s  concerned  w i th  u s i n g  e s t i m a t e s ,  i n c l u d i n g  
some o f  t h o s e  s t u d i e d  e a r l i e r ,  as  p a r t  o f  c e r t a i n  o t h e r  s t a t i s t i c a l  
p r o c e d u r e s .  T h i s  k i n d  o f  approach  d a t e s  back  to  F i x  and Hodges 
(1951)  who p ro p o se d  a  form o f  d e n s i t y  e s t i m a t i o n  t o  be used  as  p a r t  
o f  a n o n p a r a m e t r i c  d i s c r i m i n a t i o n  p r o c e d u r e .  S ince  t h e n  the  number 
o f  a p p l i c a t i o n s  has  grown e x t e n s i v e l y  w i t h  d e n s i t y  o r  r e g r e s s i o n  
e s t i m a t e s  b e in g  u s e d  in  a wide v a r i e t y  o f  a r e a s  such  as  s u r v i v a l  
a n a l y s i s ,  c l u s t e r  a n a l y s i s ,  p r o j e c t i o n  p u r s u i t  and  p a r a m e t r i c  model 
c h e c k in g .
In c h a p t e r  4 t h e  problem o f  o b t a i n i n g  p o i n t w i s e  c o n f i d e n c e  
i n t e r v a l s  f o r  t h e  unknown d e n s i t y  f  i s  c o n s i d e r e d .  To t r y  and 
o b t a i n  a c c u r a t e  coverage  p r o b a b i l i t i e s  i t  i s  im p o r ta n t  the  e s t i m a t e  i s  
c e n t e r e d  c o r r e c t l y  and hence c e r t a i n  o f  t h e  more e f f e c t i v e  b i a s  
r e d u c i n g  e s t i m a t o r s  s t u d i e d  in  c h a p t e r  3 a r e  employed. The exac t  
s a m p l in g  d i s t r i b u t i o n s  o f  the  e s t i m a t o r s  a r e  unknown but  can  be 
a p p ro x im a te d  i n  two d i f f e r e n t  ways which a r e  e i t h e r  by assuming
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n o r m a l i t y  o r  by u s i n g  the  b o o t s t r a p  r e s a m p l i n g  p r o c e d u r e .  A 
s i m u l a t i o n  s t u d y  i s  a g a in  c a r r i e d  out  to  compare compet ing  methods.
Many ' c l a s s i c a l '  m u l t i v a r i a t e  s t a t i s t i c a l  p r o c e d u r e s  assume the
d a t a  a r i s e  f rom a m u l t i v a r i a t e  normal (MVN) d i s t r i b u t i o n  so i t  i s
im p o r ta n t  t o  check  t h i s  a s sum p t ion  b e f o r e  an a n a y l s i s  i s  c a r r i e d  o u t .
Many e x i s t i n g  t e c h n i q u e s  t e n d  to  c o n c e n t r a t e  on th e  ' r a d i i  and
a n g l e s '  p r o p e r t i e s  o f  the  MVN d i s t r i b u t i o n  which a r e  examined
g r a p h i c a l l y ,  as  by Healy (1968) ,  o r  a l t e r n a t i v e l y ,  f o r  example,  by
comparing  t h e  e m p i r i c a l  d i s t r i b u t i o n  f u n c t i o n  o f  t h e  s q u a re d  r a d i i
2
w i t h  t h e  a p p r o p r i a t e  X' d i s t r i b u t i o n  f u n c t i o n .  An omnibus approach  
i s  due t o  Kozio l  (1983)  who combines a t e s t  o f  t h e  u n i f o r m i t y  o f  
t h e  a n g l e s  w i t h  a  t e s t  based  on the  r a d i i .  In  c h a p t e r  5 two new 
d e n s i t y  b a s e d  t e s t s  a r e  d e s c r i b e d  which a r e  e x t e n s i o n s  o f  u n i v a r i a t e  
t e s t s  p ro p o se d  by Bowman (1988) .  The f i r s t  i s  b a s e d  on an i n t e g r a t e d  
s q u a r e d  e r r o r  measure o f  t h e  d i s c r e p a n c y  between  an e s t i m a t e  o f  the  
d e n s i t y  and th e  e x p e c t e d  d e n s i t y  under  t h e  n u l l  h y p o t h e s i s .  The 
second  u t i l i s e s  the  p r o p e r t y  o f  t h e  MVN d i s t r i b u t i o n  t h a t  i t s  e n t r o p y  
exceeds  t h a t  f o r  any o t h e r  d i s t r i b u t i o n  w i th  t h e  same v a r i a n c e  
s t r u c t u r e .  C r i t i c a l  v a lu e s  f o r  t h e  t e s t • s t a t i s t i c s  a r e  o b t a i n e d  
and a  power s t u d y  c a r r i e d  o u t .  The powers a r e  a l s o  compared w i th  
t h o s e  f o r  K o z i o l ' s  (1983)  app roach .  The p o s s i b l e  b e n e f i t s  o f  u s in g  
an a d a p t i v e  e s t i m a t e  in  the  e n t r o p y  t e s t  s t a t i s t i c  i s  a l s o  
i n v e s t  i g a t e d .
A commonly u s e d  t e c h n i q u e  f o r  i n v e s t i g a t i n g  t h e  s t r u c t u r e  in  a 
m u l t i v a r i a t e  d a t a s e t  i s  to  p r o j e c t  t h e  d a t a  p o i n t s  on to  a lower 
d im e n s io n a l  su b s p a c e ,  u s u a l l y  o f  d im ens ion  two, and examine p l o t s  
o f  t h e  p r o j e c t e d  d a t a .  P r i n c i p a l  components  a n a l y s i s  (PCA) o b t a i n s  
a s ubspac e  which  h o p e f u l l y  e x p l a i n s  a l a r g e  p e r c e n t a g e  o f  t h e
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v a r i a t i o n  in  the  d a t a .  P r o j e c t i o n  p u r s u i t  (PP) methods f i n d  lower 
d im e n s io n a l  subspac e s  such t h a t  the  p r o j e c t e d  d a t a  maximise an  index  
o f  ' i n t e r e s t i n g n e s s 1 w i th  n o n - n o r m a l i t y  b e in g  a common c h o i c e .  
P r o j e c t i o n s  may be d i f f i c u l t  t o  i n t e r p r e t  however and a l s o  may 
ob s c u re  e i t h e r  p a r t l y  o r  t o t a l l y  a c t u a l  s t r u c t u r e  i n  the  f u l l  
d im e n s io n a l  d a t a .  In  c h a p t e r  6 a d i f f e r e n t  e x p l o r a t o r y  approach  
b a s e d  on f i n d i n g  d i r e c t i o n s  o f  h ig h  m u l t i v a r i a t e  d e n s i t y  i s  p roposed .  
The p r i n c i p a l  aims i n  do ing  t h i s  a r e  t o  e x p lo r e  t h e  main f e a t u r e s  o f  
t h e  shape  o f  a p - d im e n s i o n a l  (p > 2) d e n s i t y  f u n c t i o n ,  to  f i n d  
n o n - l i n e a r  f e a t u r e s  in  t h e  d a t a  and t o  use  p a i r s  o f  d i r e c t i o n s  f o r  
t h e  c o n s t r u c t i o n  o f  2 - d im e n s io n a l  r e p r e s e n t a t i o n s .  These t e c h n i q u e s  
a r e  i l l u s t r a t e d  by a n a l y s e s  o f  r e a l  d a t a  s e t s .
For  d a t a  c o n s i s t i n g  o f  a  b i n a r y  r e s p o n s e ,  t o g e t h e r  w i t h  the  
v a l u e s  o f  a  number o f  c o v a r i a t e s ,  which may a r i s e  i n  many a r e a s  o f  
s o c i a l  s c i e n c e  and m ed ic in e ,  a  commonly used  model i s  t h e  l o g i s t i c  
r e g r e s s i o n  model .  In  o r d e r  t o  a v o id  i n c o r r e c t  c o n c l u s i o n s  i t  i s  
im p o r t a n t  t o  check  goodness  o f  f i t  and th e  a s su m p t io n s  u n d e r l y i n g  the  
model .  In  c h a p t e r  7 g o o d n e s s - o f - f i t  i s  a s s e s s e d  by comparing an 
e s t i m a t e  o f  P ( ' s u c c e s s 1/ x )  b a s ed  on n o n p a ra m e t r i c  r e g r e s s i o n  w i t h  a  
p a r a m e t r i c  e s t i m a t e  o f  t h i s  p r o b a b i l i t y  f u n c t i o n .  A p s e u d o - l i k e l i h o o d  
r a t i o  t e s t  which p r o v i d e s  a g l o b a l  measure o f  the  d i s c r e p a n c y  i s  
d e s c r i b e d  t o g e t h e r  w i t h  a s i m u l a t i o n  p r o ce d u re  f o r  a s s e s s i n g  
s i g n i f i c a n c e .  The degree  o f  smoo th ing has  an im p o r ta n t  i n f l u e n c e  on 
th e  r e s u l t s  so methods f o r  c h o o s in g  t h e  v a l u e  o f  t h e  smoothing 
p a r a m e t e r  a r e  d i s c u s s e d .  A lso ,  t h e  use o f  p a r t i a l  r e s i d u a l  p l o t s  to  
d e t e r m i n e  i f  a r e g r e s s o r  v a r i a b l e  has  been  s p e c i f i e d  c o r r e c t l y  i n  the  
model a r e  e x p l o r e d  and a t e s t  o f  l i n e a r i t y  i s  p ro p o se d  and 
i n v e s t  i g a t e d .
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Chapter 2. Adaptive Kernel Density Estimators.
2 . 1 ,  I n t r o d u c t i o n .
I t  i s  assumed t h a t  we have a s e t  o f  n independen t  random 
v a r i a b l e s  ( X f , X £ , . . . ,Xn ) each  i d e n t i c a l l y  d i s t r i b u t e d  and from a 
c o n t i n u o u s  u n i v a r i a t e  d i s t r i b u t i o n  w i t h  unknown d e n s i t y  f .  The 
p rob lem  i s  to  c o n s t r u c t  an e s t i m a t e  o f  f  b a sed  on t h e  sample o f  
o b s e r v e d  v a l u e s  (x^ ,X 2 , . . . , x n ) .
In  t h i s  c h a p t e r  t h e  p r o p e r t i e s  o f  a f i x e d  k e r n e l  d e n s i t y  e s t i m a t o r  
w i l l  be compared w i t h  t h o s e  o f  a d a p t i v e  k e r n e l  e s t i m a t o r s .  Th is  w i l l  
be done on th e  b a s i s  o f  b o th  a s y m p t o t i c  and e x a c t  small  sample r e s u l t s .  
The aim i s  t o  f i n d  an e s t i m a t o r  w i t h  b o th  low b i a s  and v a r i a n c e .  Th is  
i s  im por ta n t  when an e s t i m a t e  i s  t o  be used  f o r  t h e  e x p l o r a t i o n  and 
p r e s e n t a t i o n  o f  d a t a  and e s p e c i a l l y  so i f  i t  i s  t o  be used  as  p a r t  o f  
a n o t h e r  s t a t i s t i c a l  p r o c e d u r e  such  as  a  d e n s i t y  b a s e d  t e s t  o f  m u l t i ­
v a r i a t e  n o r m a l i t y  t o  be d e s c r i b e d  i n  c h a p t e r  5.
The f i x e d  k e r n e l  e s t i m a t o r ,  i n t r o d u c e d  by R o s e n b l a t t  (1956) i s  
d e f i n e d  by:
n
f ( x )  -  n “ l  ^  h - 1 K ( ( x - X j ) / h ) ( 2 . 1 . 1 )
i - 1
K i s  t h e  k e r n e l  f u n c t i o n  which s a t i s f i e s :
CO
( i ) K ( t ) d t  = 1 , K ( t )  ^ 0 f o r  e v e ry  t  e (-°°,<»)
—CO
00
( i i ) K ( t )  -  K ( - t ) . i . e .
-00
00
—00
( i  i i )  sup i K ( t ) I < «
- Q 3 < t < 0 0
00
lK ( t )  id t  < oo
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and l im  ! t K( t ) I = 0 . ( 2 . 1 . 2 )
t-*co
These c o n d i t i o n s  a r e  s a t i s f i e d  by most symmetr ic  p r o b a b i l i t y  
d e n s i t y  f u n c t i o n s  and i n  p r a c t i c e  a f u n c t i o n  such  as  the  s t a n d a r d  
normal  d e n s i t y  i s  u sed .
h i s  t h e  smooth ing  p a ra m e t e r  o r  window w id th  and c o n t r o l s  t h e  
amount o f  smooth ing  a p p l i e d  t o  the  d a t a .  I f  h i s  chosen  to  be v e ry  
smal l  t h e n  t h e  e s t i m a t e  w i l l  t a k e  on a s p ik e y  a p p e a r a n c e  as  s p u r i o u s  
f i n e  s t r u c t u r e  i s  h i g h l i g h t e d  whereas  i f  h i s  l a r g e  a l l  d e t a i l  i s  
o b s c u re d .  The t e rm  " f i x e d "  r e f e r s  to  the  f a c t  t h a t  t h e  k e r n e l  i s  
s c a l e d  by t h e  same amount in  a l l  p a r t s  o f  the  sample .  One prob lem 
w i t h  t h i s  f o r  example,  i s  t h a t  s p u r i o u s  bumps t e n d  t o  a p p e a r  in  the  
t a i l s  o f  long t a i l e d  d e n s i t i e s .  I f ,  however,  t h e  v a lu e  o f  h i s  
i n c r e a s e d  i n  an a t t e m p t  t o  remove t h i s  e f f e c t ,  s t r u c t u r e  i n  t h e  main 
p a r t  o f  the  d i s t r i b u t i o n  i s  masked.
L o f t s g a a r d e n  and Quesenbe r ry  (1965) p roposed  th e  n e a r e s t  ne ighbou r  
e s t i m a t o r  which i s  g iv e n  by:
f  (x)  = ^ ( ^ n )  t 3 }
N R(x;  k)
where R ( x ;k )  i s  t h e  d i s t a n c e  o f  x from i t s  k t h  n e a r e s t  ne ighbou r  
among t h e  d a t a .  Hence,  t h i s  e s t i m a t o r  does v a r y  t h e  de g re e  o f  smooth­
ing  a c c o r d i n g  t o  t h e  p o s i t i o n  o f  x in  the  d i s t r i b u t i o n .  For  example 
i f  x i s  i n  t h e  t a i l s  t h e n  R (x ;k )  w i l l  g e n e r a l l y  be l a r g e r  t h a n  
i n  t h e  main p a r t  o f  t h e  d i s t r i b u t i o n  and so a l a r g e r  amount o f  smooth­
ing  w i l l  be c a r r i e d  o u t .  Th i s  s h o u ld  remove t h e  bumps c h a r a c t e r i s t i c  
o f  t h e  e s t i m a t e  b a s e d  on f i x e d  k e r n e l s .
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Moore and Yackel (1977) s u g g e s t e d  a g e n e r a l i s e d  n e a r e s t  ne ig hbour  
e s t i m a t o r  by r e p l a c i n g  h in  ( 2 . 1 . 1 )  by R ( x ; k ) ,  The main problem 
w i t h  n e a r e s t  n e ig h b o u r  e s t i m a t o r s  i s  t h a t  th e y  a r e  c o m p l i c a t e d  
f u n c t i o n s  o f  x ,  have d i s c o n t i n u o u s  d e r i v a t i v e s  a t  p o i n t s
j ) +^ ( j + k ) , where X ( >) a r e  the  sample o r d e r  s t a t i s t i c s ,  and do 
not  i n t e g r a t e  t o  one because  t h e  t a i l s  approach  z e r o  a t  too  s low a 
r a t e .  Hence, t h e  r e s u l t i n g  e s t i m a t e s  w i l l  have s h a r p  p e a k s ,  heavy 
t a i l s  and w i l l  t h e r e f o r e  not  be a p p r o p r i a t e  i f  an e s t i m a t e  o f  t h e  whole 
d e n s i t y  i s  r e q u i r e d .
I f  e q u a t i o n  ( 2 . 1 . 3 )  i s  r e a r r a n g e d  to  g ive
k / ( 2n)R(x ;k )
or R(x;k) = (2 . 1 . 4 )
t h e n  t h e  smooth ing  p a ra m e t e r  i n  t h e  g e n e r a l i s e d  n e a r e s t  n e ighbou r  
method can  be s e e n  to  be p r o p o r t i o n a l  to  the  i n v e r s e  o f  a n o t h e r  
e s t i m a t o r  o f  t h e  u n d e r l y i n g  d e n s i t y  a t  x ,  g e n e r a l l y  r e f e r r e d  t o  as  a 
p i l o t  e s t i m a t o r .  I f  i n s t e a d ,  we now c o n s i d e r  t h e  d i s t a n c e  o f  Xj 
f rom i t s  k t h  n e a r e s t  n e ig h b o u r  and use  t h i s  as  a  smoo th ing  pa ra m e te r  
as  s u g g e s t e d  by Breiman e t  a l  (1977)  we have removed th e  dependence o f  
t h e  window w id th  o f  t h e  k e r n e l  on x.  The r e s u l t i n g  " v a r i a b l e  k e r n e l  
e s t i m a t e "  w i l l  now be a p r o p e r  p . d . f .  ( i . e .  i n t e g r a t e  t o  one)  and 
i n h e r i t  t h e  smoothness  p r o p e r t i e s  o f  t h e  k e r n e l  f u n c t i o n  u s e d .  The 
k e r n e l  p l a c e d  o v e r  d a t a  p o i n t  x j  w i l l  be s c a l e d  by an  amount 
p r o p o r t i o n a l  t o  l / f ^ ( x i ) .  In  g e n e ra l  though i t  i s  no t  n e c e s s a r y  to  
use  a n e a r e s t  n e ig h b o u t  e s t i m a t o r  i n  the  smoothing p a ra m e t e r  -  any 
c o n v e n ie n t  one su c h  as  t h a t  b a s e d  on a f i x e d  k e r n e l  ( 2 . 1 . 1 ) may be 
u s e d  i n s t e a d .
The te rm  " a d a p t i v e "  has  been g iv e n  to  such e s t i m a t o r s  because  
t h e  d e g re e  o f  smooth ing  w i l l  adapt  to  the  s p a r s e n e s s  o f  the  d a t a ,  as 
measured by f ,  abou t  e i t h e r  x or  Xj depend ing  on th e  c h o ic e  o f  
method. Here,  f  d e n o te s  the  p a r t i c u l a r  p i l o t  e s t i m a t o r  used .
Abramson (1982)  and S i lve rm an  (1986) c o n s i d e r  more g e n e r a l  forms 
o f  a d a p t i v e  e s t i m a t o r s  where t h e  l o c a l  smoo th ing p a r a m e t e r  i s  
p r o p o r t i o n a l  t o  a  power o f  t h e  i n v e r s e  o f  f ( x j ) .  Abramson (1982) 
shows t h a t  t h e r e  a r e  t h e o r e t i c a l  r e a s o n s  f o r  c h o o s in g  t h i s  power to  
be 1/ 2 .
S e v e ra l  s i m u l a t i o n  s t u d i e s  t o  examine the  pe r fo rm a nc e  o f  a d a p t i v e  
methods a r e  d e s c r i b e d  i n  the  l i t e r a t u r e .  These i n c l u d e  t h o s e  o f  
Breiman e t  a l  ( 1 977 ) ,  Habbema, Hermans and Remme (1978)  , Bean and 
Tsokos (1982)  and Bowman (1985) .  T h e i r  r e s u l t s  show t h a t  a d a p t i v e  
methods a r e  b e t t e r  t h a n  t h e  f i x e d  k e r n e l  a pp roach  when th e  u n d e r l y i n g
d e n s i t y  i s  h e a v i l y  skewed o r  long t a i l e d .
When t h e  d a t a  a r e  m u l t i v a r i a t e  the  f i x e d  k e r n e l  e s t i m a t o r  i s  
d e f i n e d  by:
f ( x )  -  n - 1 h-P I  K [ ^ = i ]  ( 2 . 1 . 5 )
i= l  p
where Kp i s  a  symmetr ic  p -d im e n s io n a l  d e n s i t y  f u n c t i o n .
The re  a r e  a d d i t i o n a l  problems in  e s t i m a t i n g  a d e n s i t y  f u n c t i o n  in  
a  m u l t i d i m e n s i o n a l  s e t t i n g .  F i r s t l y ,  many o b s e r v a t i o n s  in  a sample 
w i l l  t e n d  t o  f a l l  a t  p o i n t s  where the  u n d e r l y i n g  d e n s i t y  i s  low. This
means t h a t  r e g i o n s  o f  low d e n s i t y  a r e  v e r y  im p o r ta n t  p a r t s  o f  the
d i s t r i b u t i o n  and t h u s  need to  be e s t i m a t e d  as  a c c u r a t e l y  as  p o s s i b l e .  
S e c ond ly ,  many r e g i o n s  o f  t h e  sample space may be d e v o id  o f  o b s e r ­
v a t i o n s ,  even  t h o s e  where the  u n d e r l y i n g  d e n s i t y  i s  h i g h .  Th i s  i s
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r e f e r r e d  t o  as  t h e  "empty space phenomenon" by S c o t t  and Thompson 
(1983 ) .  S i lv e rm a n  (1986) examines the  sample s i z e s  r e q u i r e d  to  e nsu re  
t h a t  t h e  r e l a t i v e  mean s q u a re d  e r r o r ,  E ( f ( x ) - f ( x ) ) ^ / f ( x ) ^ , i s  l e s s  
t h a n  0 .1  when e s t i m a t i n g  a s t a n d a r d  m u l t i v a r i a t e  normal d e n s i t y  a t  
x = 0 u s i n g  a  f i x e d  k e r n e l  e s t i m a t o r  w i t h  window w i d t h  chosen  to  
m in im ise  t h e  mean s q u a re d  e r r o r  (MSE). The t a b l e  o f  r e s u l t s  he 
i n c l u d e s  shows t h a t  i t  i n c r e a s e s  v e r y  r a p i d l y  a s  t h e  d imens io n  
i n c r e a s e s .  For  l e s s  wel l  behaved d i s t r i b u t i o n s  and f o r  p o i n t s  i n  the 
t a i l s  t h e  s i z e s  would p ro b a b l y  be much g r e a t e r  s t i l l .
In  vi ew o f  t h i s  d i s c u s s i o n  i t  might be hoped t h a t  a d a p t i v e  methods 
may h e l p  i n  t r y i n g  t o  overcome t h e s e  e x t r a  d i f f i c u l t i e s .  The c o n s t a n t  
h i n  ( 2 . 1 . 5 )  w i l l  t h e n  be s c a l e d  by l / f ( x ) V P  and l / f ( x j ) V p  in  
the  a d a p t i v e  a p p ro a c h e s .
There  a r e  many t h e o r e t i c a l  p a p e r s  on th e  f i x e d  k e r n e l  method but  
r e l a t i v e l y  few on a d a p t i v e  methods.  Moore and Yackel  (1977) o b t a i n  
r e s u l t s  on weak and  s t r o n g  c o n s i s t e n c y ,  p o i n t w i s e  and u n i fo rm ,  f o r  
n e a r e s t  n e ig h b o u r  e s t i m a t o r s .  Mack and R o s e n b l a t t  (1979)  c a l c u l a t e  
a s y m p t o t i c  e x p r e s s i o n s  f o r  the  mean and v a r i a n c e  o f  t h e  n e a r e s t  
n e ig h b o u r  e s t i m a t o r s  u s i n g  T a y lo r  s e r i e s ,  but  i t  i s  c l e a r  t h e i r  
e x p r e s s i o n  f o r  t h e  mean w i l l  be i n a p p r o p r i a t e  i n  t h e  t a i l s  because  i t  
t e n d s  t o  i n f i n i t y  a s  f ( x )  —» 0.  Hal l  (1983) c o n s i d e r s  n e a r e s t  
n e ig h b o u r  e s t i m a t o r s  w i t h  smoothing p a ra m e t e r s  c h o s en  as  a f u n c t i o n  o f  
n e a r e s t  n e ig h b o u r  d i s t a n c e s  which he shows overcome some o f  the  
a s y m p t o t i c  p rob lem s  e n c o u n te r e d  by Mack and R o s e n b l a t t  (1979) .
Abramson (1982)  a l s o  used  T a y lo r  s e r i e s  t o  o b t a i n  a s y m p t o t i c  
e x p r e s s i o n s  f o r  mean and v a r i a n c e  o f  the  e s t i m a t o r  w i t h  bandwid th  
p r o p o r t i o n a l  t o  f (x j )~ ^ - / ^  but  a g a in  t h a t  f o r  t h e  mean i s  i n a p p r o p r i a t e  
i n  t h e  t a i l s .  Devroye (1985) p roves  t h e  weak c o nve rgence  t o  0 o f
J i f - f l  f o r  a l l  f  where f  i s  the  e s t i m a t o r  o f  Breiman e t  a l  (1977) .
In  S e c t i o n  2 t h e  means and v a r i a n c e s  o f  a d a p t i v e  e s t i m a t o r s  a r e  
c a l c u l a t e d  i n  s im p le  c a s e s  by num er ica l  i n t e g r a t i o n  and the  adequacy 
o f  T a y l o r  s e r i e s  a p p ro x im a t io n s  a r e  e x p l o r e d .
The a s y m p t o t i c  e x p r e s s i o n s  f o r  t h e  means and v a r i a n c e s  o f  a d a p t i v e  
e s t i m a t o r s  d e r i v e d  in  the  l i t e r a t u r e  do not  p e rm i t  t h e  c o n s t r u c t i o n  o f  
a  u s e f u l  s t r a t e g y  f o r  choos ing  the  deg ree  o f  o v e r a l l  smooth ing to  be 
a p p l i e d  t o  t h e  d a t a .  In  S e c t i o n  3 num er ica l  i n t e g r a t i o n  i s  a g a in  used  
f o r  t h e  pu rp o se  o f  comparing th e  pe rfo rmance  o f  t h e  a d a p t i v e  methods 
t o  t h a t  o f  t h e  f i x e d  when e s t i m a t i n g  a v a r i e t y  o f  known shapes  o f  
u n d e r l y i n g  d e n s i t y  and the  r e s u l t s  f o r  t h e  normal d i s t r i b u t i o n  a re  
u s e d  t o  c o n s t r u c t  a  s p e c i f i c  smoothing s t r a t e g y .
2 . 2 .  Means and V a r i a n c e s  o f  Ada p t ive  E s t i m a t o r s .
The e x a c t  mean and v a r i a n c e  o f  t h e  f i x e d  k e r n e l  e s t i m a t o r  ( 2 . 1 . 1 )
a r e :
E ( f ( x ) )  -  E [ i  K ( ( x - X i ) / h ) ]  -  |  i  K ( ( x - y ) / h ) f ( y ) d y  ( 2 . 2 . 1 )
s i n c e  t h e  (Xj)  a r e  i n d e p e n d e n t l y  and i d e n t i c a l l y  d i s t r i b u t e d .
V ( f ( x ) )  -  i  v [I  K ( x - X j ) / h  ]
2
= H [ 1 h? K((x-yvh>2f<y>dy -{ K((x-y)/h)f(y)dy} ]
( 2 . 2 . 2 )
R o s e n b l a t t  and P a r z e n  (1962) made t h e  change o f  v a r i a b l e  t  = ( x - y ) / h  
and u s e d  T a y l o r  s e r i e s  t o  o b t a i n  the  f o l l o w i n g  a s y m p t o t i c  e x p r e s s i o n s :
E ( f ( x ) )  -  f ( x )  + l / 2 . h 2 . f ( 2 ) ( x ) . J t 2K ( t ) d t  + o ( h 2 ) , ( 2 . 2 . 3 )
where f ( 2 ) ( x )  d e n o te s  t h e  second  d e r i v a t i v e  o f  f  e v a l u a t e d  a t  x and
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V ( f ( x ) ) = ( n h ) _1 . f ( x ) . |  K ( t ) 2dt  + o ( ( n h ) " 1 ) .  ( 2 . 2 . 4 )
These a s y m p t o t i c  e x p r e s s i o n s  have been found t o  g e n e r a l l y  g ive  good 
g u idance  as  to  the  b e h a v io u r  o f  the  e s t i m a t o r  i n  a f i n i t e  sample 
s i t u a t i o n  -  t h i s  w i l l  be i l l u s t r a t e d  w i t h  d a t a  f rom a s t a n d a r d  normal 
d i s t r i b u t i o n  l a t e r  in  t h i s  s e c t i o n .  As a  consequence  t h e y  a r e  a l s o  
u s e f u l  f o r  d e r i v i n g  op t im al  smoo th ing p a r a m e t e r s  by assuming t h a t  f  
i s  o f  a  p a r t i c u l a r  form. S i lve rm a n  (1986) p r o v i d e s  a f u l l  d i s c u s s i o n  
o f  t h i s  s t r a t e g y .  S i m i l a r  e x p r e s s i o n s  f o r  m u l t i v a r i a t e  d a t a  were 
d e r i v e d  by C a c o u l lo s  (1966) .
In  t h e  s t u d y  o f  the  s im p le  p r o p e r t i e s  o f  a d a p t i v e  e s t i m a t o r s  
smooth ing  p a r a m e t e r s  o f  t h e  form
h / f ( X i ) a  , 0 < a  < 1
w i l l  be i n v e s t i g a t e d .  In  p a r t i c u l a r  t h e  v a l u e s  a  = 0 , 1 / 2  and 1/p 
r e p r e s e n t i n g  f i x e d  k e r n e l s  and t h e  a d a p t i v e  methods o f  Abramson and 
Breiman e t  a l  w i l l  be c o n s i d e r e d .  S i lv e rm a n  (1986)  d i s c u s s e s  c ho ice  
o f  a  and shows t h a t  when a  ■= 1/ p  each  k e r n e l  a p p r o x i m a t e ly  
" c a t c h e s "  the  same number o f  o b s e r v a t i o n s  i n  a l l  p a r t s  o f  t h e  d e n s i t y .  
Because  o f  i n t e g r a t i o n  and o t h e r  problems a s s o c i a t e d  w i t h  t h e  n e a r e s t  
n e ig h b o u r  a pp roa c h  o n ly  t h o s e  a d a p t i v e  methods whose smooth ing 
p a r a m e t e r s  i n v o lv e  f ( X j ) ,  a s  opposed  to  f ( x ) ,  w i l l  be c o n s i d e r e d  
f u r t h e r .
The t r u e  v a lu e  o f  the  d e n s i t y  f  i s  t o  be u s e d  i n  s tu d y i n g  t h e s e  
smoo th ing  p a r a m e t e r s .  Th is  i s  o f  c o u r s e  u n r e a l i s t i c  because  in  p r a c t i c e  
f  i s  unknown and a p i l o t  e s t i m a t e  such  as  a f i x e d  k e r n e l  e s t i m a t e  i s  
u s e d .  An a n a l y s i s  ba sed  on u s i n g  f  i s  t h e n  i g n o r i n g  t h e  e x t r a  
v a r i a b i l i t y  which w i l l  be i n c u r r e d  when e s t i m a t i n g  t h e  smoothing  
p a r a m e t e r  and so compar isons  w i t h  a  =■= 0 s h o u ld  be f a v o u r a b le  t o  th o se
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methods w i t h  a  > 0, However, a  s t u d y  o f  the  p r o p e r t i e s  o f  a d a p t i v e
methods u s i n g  the  t r u e  f  in  the  smoo th ing p a r a m e t e r  i s  i n s t r u c t i v e  as
i t  i n d i c a t e s  t h e  h e i g h t s  t o  which a method which u s e s  a p i l o t  e s t i m a t e  
might a s p i r e .
The n o t a t i o n  f^Cx) w i l l  be u s e d  to  r e f e r  t o  t h e  e s t i m a t o r
I n f (X<)“
V * )  -  K 2 — h  . K ( ( x - X j ) . f ( X j ) “ / h )  ( 2 . 2 . 5 )
1=1
The e x a c t  mean and v a r i a n c e  can  be e x p r e s s e d  i n  i n t e g r a l  forms a s :
E ( f a ( x ) )  -  J  I M ^ . K ( ( x - y ) . f ( y ) « / h ) f ( y ) d y  ( 2 . 2 . 6 )
2 2
V (fa ( x ) )  -  |  [ { f ( ^  “  K ( ( x - y ) . f ( y ) « / h ) 2 . f ( y ) d y  -  {E(fct( x ) ) }  ]
( 2 . 2 . 7 )
I f  we make a  change o f  v a r i a b l e  t o  t = (x -y )  f  ( x ^ / h  and use 
T a y l o r  s e r i e s  a p p ro x i m a t io n s  t h en :
A . a + l
V ( fa ( x ) )  -  -------  |  K ( t ) 2dt  + o ( ( n h ) - l )  ( 2 . 2 . 8 )
E ( f l ( x »  -  f ( x )  + h2 { f< 1.) W 2 - V 2 . f ( x ) . f ( 2 >(x)}  r t 2K ( t ) d t  + o(h2)
f ( x ) J
( 2 . 2 . 9 )
E ( f i / 2 <x >> “  f(>0 + 1 t 4K ( t ) d t  + o ( h 4 ) ( 2 . 2 . 10)
w h e r e ,
A m  - f ( 4 ) < 0  , 8 . f ( 3 ) ( t ) . f ( 1 ) ( t )  6 . ( f ( 2 ) ( t ) ) 2
“  ~ f i t )  ---------^ 2 ------------  + f ( t ) 2
3 6 . f ( 2 ) ( t ) . f ( 1 ) ( t ) 2 t 2 4 . ( f ( 1 ) ( t ) ) 4 ( 2 . 2 . 1 1 )
f ( t ) 3 f ( t ) 4
That  c h o o s in g  a  = 1 /2  r e d u c e s  t h e  a s y m p t o t i c  b i a s  t o  o(hA) was 
f i r s t  shown by Abramson (1982)  who a l s o  d e m o n s t r a t e d  t h a t  no o t h e r
v a l u e  o f  a  w i l l  g iv e  t h i s  r e s u l t  and t h a t  the  same r e s u l t s  h o l d  in  
t h e  m u l t i v a r i a t e  c a s e .  The t e rm  A( t )  i n  the  c o e f f i c i e n t  o f  the  h^ 
t e rm  in  ( 2 , 2 . 1 0 )  g i v e n  by ( 2 . 2 , 1 1 )  was d e r i v e d  by S i lve rm an  (1986)  
u s i n g  a computer  a l g e b r a i c  m a n i p u l a t i o n  package .
I f  f  i s  assumed t o  be t h e  s t a n d a r d  normal d e n s i t y  t h e n  t h e s e  
e x p r e s s i o n s  s i m p l i f y  t o  :
f f x ) 0^  f 2 -1V ( f ot(x ) )  =   J K ( t ) d t  + o ( (n h )  X) ( 2 . 2 . 12 )
E ( f ! ( x ) )  = f ( x )  + . ( x 2+ l )  + o (h ) ( 2 . 2 . 1 3 )
E ( f i / 2 ( x »  = f ( x )  + g - ^ y  . ( x 4+ 6 . x 2+3) + o ( h 4 ) ( 2 . 2 . 1 4 )
These e x p r e s s i o n s  f o r  t h e  mean i n d i c a t e  t h a t  when f ( x )  —> 0, 
f o r  example in  t h e  t a i l s  o f  t h e  d e n s i t y ,  the  mean and hence the  b i a s  
w i l l  t e n d  t o  i n f i n i t y .  I t  i s  o f  c o u r s e  u n r e a s o n a b l e  t o  expec t  
a s y m p t o t i c  e x p r e s s i o n s  t o  p r o v i d e  good a p p ro x i m a t io n s  t o  f i n i t e  sample 
b e h a v io u r  in  r e g i o n s  where t h e  d e n s i t y  i s  low be c ause  t h e r e  w i l l  be 
a  s c a r c i t y  o f  d a t a .  However, t h e  extreme n a t u r e  o f  t h e s e  r e s u l t s  a l s o  
r a i s e s  t h e  q u e s t i o n  o f  how good t h e s e  a p p ro x i m a t io n s  might  be i n  
r e g i o n s  where t h e  d e n s i t y  i s  h i g h .  To f u r t h e r  examine t h i s  q u e s t i o n  
n um er ica l  i n t e g r a t i o n  w i l l  be u s e d  t o  o b t a i n  e x a c t  r e s u l t s  t o  compare 
w i t h  t h e  a s y m p t o t i c  e x p r e s s i o n s .  The compos i te  t r a p e z o i d a l  r u l e  
(Burden e t  a l  ( 1981) )  was u s e d  f o r  t h e s e  and s u b seque n t  one d im e ns iona l  
i n t e g r a l s  i n  t h i s  c h a p t e r  w i t h  t h e  number o f  s u b i n t e r v a l s  chosen  to  
e n s u r e  a  r e l a t i v e  a c c u r a c y  o f  a t  l e a s t  10“^.  The f o l l o w i n g  d i s c u s s i o n  
r e f e r s  t o  t h e  e s t i m a t i o n  o f  a  s t a n d a r d  normal d e n s i t y .
F i g u r e  2.1  shows i n  t h e  c a s e  a  -  0 t h a t  t h e  e x a c t  b i a s  i s  we l l  
a p p rox im a te d  by th e  a s y m p t o t i c  b i a s  ove r  t h e  whole range  o f  x w h i le
t h e  e x a c t  s t a n d a r d  d e v i a t i o n  i s  we l l  a pp rox im ated  by th e  a s y m p t o t i c  
e x p r e s s i o n  f o r  |x l  > 2 but  ove r  e s t i m a t e d  f o r  x in  ( - 2 . 2 ) .
For  a  — 1/2  and 1 the  a s y m p t o t i c  a p p ro x im a t io n s  o f  s t a n d a r d  
d e v i a t i o n  a r e  q u a l i t a t i v e l y  s i m i l a r  t o  when a  = 0 excep t  f o r  a 
s l i g h t l y  more marked u n d e r e s t i m a t i o n  in  the  t a i l s  ( s e e  f i g u r e s  2 .2  and
2 . 3 ) .  However, f o r  t h e  b i a s ,  i n  b o th  c a s e s  the  a s y m p t o t i c  e s t i m a t e s  a r e  
v e r y  poor  a p p r o x i m a t io n s .  They a r e  most e f f e c t i v e  n e a r  the  mode at
x = 0 bu t  r a p i d l y  d e t e r i o r a t e  a s  txl  becomes l a r g e r .  In  c o n t r a s t ,  
t h e  e x a c t  b i a s  a pp roa c he s  z e ro  i n  t h e  t a i l s .  The f l a t t e s t  exa c t  b i a s  
cu rve  i s  t h a t  f o r  a  = 1/2  ( f i g u r e  2 . 2 ) f o l l o w e d  by a  = 1 ( f i g u r e
2 .3 )  w h i l e  a  = 1 has  t h e  lowest  s t a n d a r d  d e v i a t i o n  cu rve  fo l lo w e d  by 
t h a t  f o r  a  = 1/ 2 .
F i g u r e s  2 . 1 ,  2 . 2  and 2 .3  a r e  b a s e d  on u s i n g  an op t im a l  smoothing 
p a ra m e t e r  which m in im ises  t h e  exa c t  mean i n t e g r a t e d  s q u a re d  e r r o r  
( s e e  S e c t i o n  3 .1  f o r  more d e t a i l s )  and th u s  b a l a n c e s  t h e  i n t e g r a t e d  
s q u a r e d  b i a s  w i t h  t h e  i n t e g r a t e d  v a r i a n c e .
For  n = 50, when h i s  r educ e d  below i t s  o p t im a l  v a l u e  the  
exa c t  b i a s  c u r v e s  f o r  each  method become much c l o s e r  t o  t h e  x - a x i s  as 
e x p e c t e d .  For a  = 0 t h e  a s y m p t o t i c  b i a s  c u rv e s  p r o v i d e  good 
a p p ro x i m a t io n s  ove r  a l l  x . However, f o r  a  ■= 1 /2  and 1 t h e y  
become b e t t e r  a p p r o x i m a t io n s  ove r  a b r o a d e r  r ange  o f  x as  h 
d e c r e a s e s ,  t h i s  b e in g  more marked f o r  a  = 1/2  t h a n  f o r  a  = 1 , but 
a r e  s t i l l  i n a d e q u a te  i n  t h e  t a i l s .  Also ,  as  h d e c r e a s e s  t h e  
s t a n d a r d  d e v i a t i o n  c u r v e s ,  b o t h  e x a c t  and a s y m p t o t i c ,  become more 
peaked .  I f ,  i n s t e a d ,  h i s  i n c r e a s e d  above i t s  o p t im a l  v a lu e  t h e n  
th e  peaks  and t r o u g h s  i n  t h e  e x a c t  b i a s  c u rv e s  f o r  e ach  method become 
much h i g h e r .  For  a  = 0 t h e  a s y m p t o t i c  a p p r o x i m a t io n s  a r e  r e a s o n a b l e  
f o r  a  l a r g e  range  o f  h bu t  t h e  q u a l i t y  o f  t h o s e  f o r  a  -  1/2  and 1
r a p i d l y  d e t e r i o r a t e .  The e xac t  and a s y m p to t i c  s t a n d a r d  d e v i a t i o n  
cu rv e s  become much f l a t t e r  a s  h i n c r e a s e s .
When the  sample s i z e  n i n c r e a s e s  t h e n  p l o t s  o f  b i a s  and s t a n d a r d  
d e v i a t i o n  a t  t h e  o p t im a l  h v a lu e s  show t h a t  f o r  each  method the  
a s y m p t o t i c  a p p r o x i m a t io n s  become much b e t t e r  as  e x p e c t e d .  However, even 
f o r  v e r y  l a r g e  n v a l u e s  the  a s y m p to t i c  b i a s e s  f o r  a: = 1 /2  and
a  = 1 a r e  s t i l l  poo r  a p p ro x im a t io n s  in  the  t a i l s  bu t  t h o s e  f o r  a  = 1/2
t e n d  to  d e t e r i o r a t e  a t  l a r g e r  v a lu e s  o f  IxI t h a n  f o r  a  = 1 .
To i l l u s t r a t e  t h e  e f f e c t  o f  v a r y i n g  h,  f i g u r e s  2 . 4 ,  2 .5  and 2.6
show th e  e x a c t  and a s y m p t o t i c  b i a s e s  and s t a n d a r d  d e v i a t i o n s  a t  x = 0 
over  a  b ro ad  range  o f  h v a l u e s  f o r  o; = 0 , 1 /2  and 1 r e s p e c t i v e l y .  
The d e c r e a s i n g  n a t u r e  o f  t h e  s t a n d a r d  d e v i a t i o n  as  h i n c r e a s e s  i s  
i m i t a t e d  by th e  a s y m p t o t i c  e x p r e s s i o n s  but  a t  a l e v e l
e jx ck. oC . When a  = 0 the
a s y m p t o t i c  b i a s  f o l l o w s  th e  exac t  but  t e n d s  t o  d e c r e a s e  a t  a f a s t e r  
r a t e  a s  h i n c r e a s e s .  In  c o n t r a s t ,  f o r  o: = 1 /2  and  1,  t h e  
a s y m p t o t i c  e x p r e s s i o n s  o n l y  p ro v id e  r e a s o n a b l e  a p p r o x i m a t io n s  f o r  
small  h u n t i l  n e a r  where t h e  exac t  curve  r e d e s c e n d s  -  t h i s  t u r n i n g  
p o i n t  f e a t u r e  o f  t h e  e x a c t  cu rve  i s  not  c a p t u r e d  a t  a l l  by the  
a s y m p t o p t i c  e x p r e s s i o n s .
S i m i l a r  p l o t s  were o b t a i n e d  but  a r e  not  i n c l u d e d  f o r  a  range  o f  
x - v a l u e s  be tw een  0 and 2. For  ex = 0 t h e  c o r r e s p o n d e n c e s  be tween the  
e x a c t  and a s y m p t o t i c  v a l u e s  o f  b i a s  and s t a n d a r d  d e v i a t i o n  were 
g e n e r a l l y  good f o r  each  x c o n s i d e r e d .  As h i n c r e a s e s  t h e  b i a s  
a p p r o x i m a t io n  worsens  w h i le  t h a t  f o r  the  s t a n d a r d  d e v i a t i o n  improves 
w i t h  t h e  o p p o s i t e  e f f e c t  as  h d e c r e a s e s ,  as  might  be e x p e c t e d .  
However, t h i s  was no t  v e r y  marked excep t  when h i s  l a r g e  f o r  
t h e  b i a s  and v e r y  sm al l  f o r  t h e  s t a n d a r d  d e v i a t i o n .  For  a  — 1 /2  and
1 t h e  b i a s  a p p ro x i m a t io n s  ge t  much worse f o r  a l l  h a s  x i n c r e a s e s .  
The a s y m p t o t i c  b i a s  c u rv e s  f o r  t h e s e  methods alw ays  i n c r e a s e  from 
z e ro  f o r  each  x w i t h  the  r a t e  o f  i n c r e a s e  becoming h i g h e r  as  |x l  
g e t s  l a r g e r  due t o  t h e  p r e s e n c e  o f  f ( x )  i n  t h e  d e n o m in a to r s  ( see  
e x p r e s s i o n s  ( 2 . 2 . 1 3 )  and ( 2 . 2 . 1 4 ) )  and t h e r e f o r e  t h e y  n e v e r  c a p t u r e  
t h e  t u r n i n g  p o i n t s  c h a r a c t e r i s t i c  o f  the  exac t  c u r v e s .  In c o n t r a s t ,  
t h e  s t a n d a r d  d e v i a t i o n  app ro x im a t io n s  were found  t o  be q u i t e  
r e a s o n a b l e .
To examine t h e  n a t u r e  o f  the  T a y lo r  S e r i e s  a p p r o x i m a t io n s  in  the  
i n t e g r a l s  f o r  t h e  e x p e c t a t i o n  o f  d e n s i t y  e s t i m a t e s  w i t h  a  = 0 and 
1 p l o t s  were o b t a i n e d  o f  the  exac t  f u n c t i o n s  t o g e t h e r  w i t h  t h e i r  
e s t i m a t e s  a t  x = 0 .
For  a  = 0 f i g u r e  2 .7  shows t h e  f u n c t i o n  f ( x - h t )  w i t h  h = 0 .5 ,  
which i s  an N (0 ,4 )  d e n s i t y ,  a long  w i th  i t s  q u a d r a t i c  a p p ro x im a t io n
f ( x )  -  h . t . f ( 1 ) ( x )  + l / 2 . h 2 . t 2 . f < 2 > ( x ) . ( 2 . 2 . 1 5 )
The t r u e  f u n c t i o n  i s  e s t i m a t e d  a c c u r a t e l y  about  z e r o .  In  t h e  exac t  
i n t e g r a n d  f ( x - h . t )  i s  m u l t i p l i e d  by the  k e r n e l  f u n c t i o n  K ( t ) ,  an 
N(0 ,1 )  d e n s i t y  f u n c t i o n ,  and s i m i l a r l y  when u s i n g  t h e  T a y l o r  S e r i e s  
a p p r o x i m a t io n ,  ( 2 . 2 . 1 5 )  i s  a l s o  m u l t i p l i e d  by K ( t ) .  F i g u r e  2 .8  shows 
the  e s t i m a t e d  i n t e g r a n d  t o  be a v e r y  good a p p r o x i m a t i o n  to  t h e  exac t  
one .  For  v a l u e s  o f  h < 0 .5  p l o t s  o f  the  e x a c t  and e s t i m a t e d  
i n t e g r a n d s  show them t o  be almost  i n d i s t i n g u i s h a b l e .  As h i n c r e a s e s  
f rom 0 .5  t h e  e x a c t  i n t e g r a n d  i s  we l l  a p p rox im a te d  i n  t h e  c e n t r e  bu t  
n e g a t i v e  s i d e l o b e s  s t a r t  to  appe ar  in  t h e  t a i l s  which  become more 
p ronounced  w i t h  l a r g e r  h .  F i g u re  2 .9  i l l u s t r a t e s  t h i s  e f f e c t  f o r  
h •* 2.  These n e g a t i v e  p a r t s  occur  because  t h e  q u a d r a t i c  a p p ro x im a t io n  
t o  f ( x - h . t )  becomes na r row e r  and more p o i n t e d  a s  h i n c r e a s e s  and i t
i s  not  u n t i l  | t |  becomes l a r g e  t h a t  m u l t i p l y i n g  by K ( t )  can b r in g  
i t  back  t o  z e r o .  E v a l u a t i n g  the  i n t e g r a l  u s i n g  t h e  e s t i m a t e d  i n t e g r a n d  
t h e n  r e s u l t s  i n  a v a lu e  l e s s  t h a n  the  e x a c t  one which e v e n t u a l l y  
becomes n e g a t i v e  as  h i n c r e a s e s  and hence p r o d u c e s  t h e  i n c r e a s i n g  
d i s p a r i t y  shown i n  f i g u r e  2 . 4 .
For  a  = 1 a t  x = 0 t h e  f u n c t i o n  f ( x - h t / f ( x ) )  i s  a 
N (0 , ( f ( 0 ) / h ) 2 )  d e n s i t y  and i s  wel l  app rox im ated  by t h e  q u a d r a t i c  
e x p a n s i o n
f ( ! °  " 7 7 7 T ' f ( 2 ) <x > + \  t2  f ( 2 ) (>0 ( 2 . 2 . 1 6 )f ( x )  2 f ( x )2
i n  t h e  c e n t r e .  As h —» 0 th e  a p p ro x im a t io n  i s  good f o r  an 
i n c r e a s i n g l y  b r o a d  range o f  t w h i l e  a s  h —3- °° t h e  range  becomes 
much n a r r o w e r .
F i g u r e s  2 .1 0 ,  2 ,11  and 2 .12  show the  e x a c t  i n t e g r a n d  and i t s  app rox ­
i m a t i o n  w i t h  t h e  f u n c t i o n  f  and the  k e r n e l  k  expanded  as  Tay lor  
S e r i e s  up to  t e rm s  i n  h^ but  w i th o u t  p e r f o r m i n g  any m u l t i ­
p l i c a t i o n s .  When h = 0 .1  t h e  two a r e  v e r y  c l o s e  w h i l e  f o r  h — 0 .3  
t h e  a p p r o x i m a t i o n  i s  good in  the  c e n t r e  but  a l a r g e  peak  has  appeared  
i n  each  t a i l  o f  t h e  e s t i m a t e .  For h = 0 .5  t h i s  e f f e c t  i s  more 
p ronounced  and i n  f a c t  t h e s e  peaks  in  the  t a i l s  r a p i d l y  i n c r e a s e  in  
h e i g h t  a s  h g e t s  l a r g e r .  Th is  t h e n  e x p l a i n s  why t h e  e s t i m a t e d
/v
v a l u e  o f  E [ f ^ ( 0 ) ]  j u s t  becomes i n c r e a s i n g l y  l a r g e  and i s  on ly  a 
good a p p r o x i m a t i o n  f o r  smal l  h as  i l l u s t r a t e d  i n  f i g u r e  2 . 6 .  The 
r e a s o n  f o r  t h i s  i s  t h a t  f  a l s o  o c c u r s  in  t h e  f u n c t i o n  K so t h a t  
when T a y l o r  S e r i e s  ex p a n s io n s  a r e  s u b s t i t u t e d  i n t o
f ( x - h t / f ( x >)
— f m   • K [fOO ■ f <*-ht/f(*)>] <2-2-17)
t h e  r e s u l t  i s  a f u n c t i o n  w i th  l a r g e  n e g a t i v e  t r o u g h s  i n  t h e  t a i l s .
T h i s  i s  t h e n  m u l t i p l i e d  by the  q u a d r a t i c  e s t i m a t e  o f  f ( x - h t / p ( x ) ) 
which g i v e s  r i s e  t o  the  l a r g e  p o s i t i v e  pe a ks .
2 . 3 .  Optimal  Smoothing f o r  A dap t ive  E s t i m a t o r s  o f  U n i v a r i a t e  D e n s i t i e s .
The most common measure o f  the  g lo b a l  a c c u r a c y  o f  f  as  an 
e s t i m a t e  o f  f  i s  t h e  mean i n t e g r a t e d  s q u a r e d  e r r o r  (MISE). Thi s  
was f i r s t  u s e d  by R o s e n b l a t t  (1956) and i s  d e f i n e d  as
E J ( f ( x ) - f ( x ) ) 2dx -  j  b i a s 2 ( f (x))dx + J  V ( f ( x ) ) d x  ( 2 . 3 . 1 )
For  r e a s o n s  d i s c u s s e d  in  S e c t i o n  2 . 2 ,  when a  = 0,  t h e  t r u e  MISE can 
be e s t i m a t e d  we l l  by s u b s t i t u t i n g  a s y m p t o t i c  e x p r e s s i o n s  f o r  the  
b i a s  and v a r i a n c e  i n s t e a d  o f  t h e  t r u e  v a l u e s .  S i lv e r m a n  (1986, S e c t i o n
3 .4 )  shows t h a t  i f  f  i s  a normal d e n s i t y  t h e n  t h e  v a lu e  o f  h which 
m in im is e s  t h e  MISE i s
hopt " (V 3 )1/5 <r n ' 1 /5  ( 2 . 3 . 2 )
Such a  v a l u e  e n s u r e s  t h a t ,  a s y m p t o t i c a l l y ,  t h e  s q u a r e d  b i a s  and
v a r i a n c e  c onve rge  t o  z e ro  a t  t h e  same r a t e  and t h a t  t h e  MISE converges  
-4 /5t o  z e r o  a t  r a t e  n . F r y e r  (1976)  c o n s i d e r e d  t h e  s p e c i a l  ca se  when 
t h e  t r u e  d e n s i t y  i s  normal and th e  k e r n e l  i s  a s t a n d a r d  normal d e n s i t y  
so t h a t  ( 2 . 3 . 1 )  can  be e v a l u a t e d  e x a c t l y  and hence  m in im ised  over  h.
I t  t u r n s  out  t h a t  t h e  r e s u l t s  o b t a i n e d  a r e  v e r y  s i m i l a r  to  th o se  
g i v e n  by ( 2 . 3 . 2 ) .  However, f o r  the  a d a p t i v e  methods e x a c t  c a l c u l a t i o n s  
o f  mean and  v a r i a n c e  need to  be made. E v a l u a t i o n  o f  ( 2 . 3 . 1 )  t h e r e f o r e  
r e q u i r e s  two l e v e l s  o f  num er ica l  i n t e g r a t i o n .  Once e v a l u a t e d ,  the  MISE 
can  be p l o t t e d  as  a  f u n c t i o n  o f  h and th e  o p t im a l  v a l u e  f o r  a 
s p e c i f i c  sample s i z e  d e te rm in e d .  T h i s  can  be c a r r i e d  out f o r  d i f f e r e n t  
d i s t r i b u t i o n s  and  sample s i z e s .
F i r s t l y ,  op t im a l  smoothing  w i l l  be c a r r i e d  ou t  f o r  t h e  s t a n d a r d
normal d i s t r i b u t i o n .  Bowman (1985) showed in  an e x t e n s i v e  s i m u l a t i o n  
s t u d y  t h a t  normal op t im al  smooth ing  i s  e f f e c t i v e  f o r  r e c o v e r i n g  the  
s h a p e s  o f  a wide range  o f  d e n s i t i e s  when f i x e d  k e r n e l s  a r e  used .  I t  
i s  hoped t h a t  t h i s  w i l l  a l s o  c a r r y  ove r  t o  a d a p t i v e  smoothing .  Using 
n o r m a l i t y  as  a c r i t e r i a  f o r  smoothing p a r a m e t e r  c h o ic e  i s  a l s o  m o t i ­
v a t e d  by t h e  g o o d n e s s - o f - f i t  problem t o  be d e s c r i b e d  in  c h a p t e r  5.
The MISE ( 2 . 3 . 1 )  was c a l c u l a t e d  f o r  a  number o f  sample s i z e s
OLbe tw een  25 and 6400 when t h e  smoo th ing p a r a m e t e r s  h / f ( x j )  w i th  
a  = 0,  1 / 2  and 1 were a p p l i e d  t o  u n i v a r i a t e  s t a n d a r d  normal d a t a  
t o  f i n d  op t im al  v a l u e s  o f  h . For  a  = 1 t h e r e  i s  a sudden  s h i f t  in  
t h e s e  v a l u e s  n e a r  n = 400.  Th is  o c c u r s  as  a  r e s u l t  o f  the  l o c a l  
minimum i n  the  i n t e g r a t e d  s q u a r e d  b i a s  (ISB) cu rve  as i l l u s t r a t e d  in  
f i g u r e  2 .1 3 .  For  a g iv e n  v a lu e  o f  h i n t e g r a t e d  v a r i a n c e  d e c r e a s e s  
as  a  f u n c t i o n  o f  n whereas  i n t e g r a t e d  s q u a r e d  b i a s  does n o t .  As the  
sample s i z e  i n c r e a s e s  t h e r e  comes a p o i n t  a t  which th e  MISE i s  m in i ­
m ised  f u r t h e r  by s w i t c h i n g  from a v a lu e  o f  h n e a r  t h e  l o c a l  minimum 
o f  t h e  ISB curve  t o  a  v a lu e  n e a r e r  z e r o .  In  f a c t  when n = 383 the  
MISE t a k e s  t h e  same v a l u e ,  0 .00420 ,  f o r  h — 0 .2045  and h = 0 .0669 .  
T h i s  f e a t u r e  o f  t h e  ISB c u rve  i s  no t  p r e s e n t  when a  — 0 o r  1 /2 .
A pprox im a t ion  fo rm ulae  f o r  t h e  o p t im a l  smooth ing  p a r a m e t e r s ,  
o b t a i n e d  by r e g r e s s i n g  l o g ( h 0p t ) on l o g ( n ) , a r e  g i v e n  by :
F ix e d  (g: -  0) : 1 . 1 9 8 . n “0 ’214 25 < n < 6400
Adapt ive ( a  -  1 /2 ) : 0 . 8 9 6 . n “0,235 25 < n < 6400
Adapt ive ( a  = 1)
: 0 . 2 6 0 , n ”° "042 
0 . 5 8 0 . n ”° *364
25 < n < 400 
400 < n < 6400 ( 2 .3
The a s y m p t o t i c  e x p r e s s i o n s  f o r  b i a s  and v a r i a n c e  c a n  be combined to
g ive  an e x p r e s s i o n  f o r  the  MSE which can  t h e n  be min imised  a l g e b ­
r a i c a l l y  w i th  r e s p e c t  to  h,  The r e s u l t s  f rom t h i s  s u g g e s t  r a t e s  
p r o p o r t i o n a l  to  n f o r  a  = 0 and 1 and n f o r  a  = 1 /2 .
C l e a r l y  t h e s e  a r e  o n ly  a p p r o p r i a t e  f o r  t h e  c a se  ot = 0 d e s p i t e  the  
l a r g e  sample s i z e s  c o n s i d e r e d .  The a s y m p t o t i c  s u g g e s t i o n  t h a t  when 
a  — 1 /2  t h e  b i a s  w i l l  be lower i s  s u p p o r t e d  though by the  p l o t  o f  the  
e x a c t  b i a s  a t  h 0p t f o r  normal  d a t a  ( f i g u r e  2 .2 )  which i s  f l a t t e r  t han  
f o r  a  = 0 and 1 ( f i g u r e s  2 .1  and 2 . 3 ) .
The m in im ised  MISE's a r e  p l o t t e d  i n  f i g u r e  2 .1 4  where i t  i s  c l e a r  
t h a t  o: = 1 /2  does indeed  produce  th e  b e s t  pe r fo rm ance  a t  a l l  sample 
s i z e s  c o n s i d e r e d .  The k i n k  in  t h e  a  = 1 cu rve  o c c u r s  a t  t h e  sample 
s i z e  n  ■= 383 a f t e r  which MISE i s  f u r t h e r  m in im ised  by s w i t c h i n g  
t o  s m a l l e r  h v a l u e s .
T h i s  p r o c e s s  o f  f i n d i n g  o p t im a l  smoo th ing p a r a m e t e r s  was r e p e a t e d
f o r  two o t h e r  d i s t r i b u t i o n s ,  namely a Gamma(2, \/ r2) r e p r e s e n t i n g  skew-
2 2 n e s s  and th e  bimodal m ix tu re  0 . 5 .N ( 0 .8 6 6 , 0 . 5  ) + 0 . 5 . N ( - 0 .8 6 6 , 0 . 5  ) .
The p a r a m e t e r s  o f  b o th  d i s t r i b u t i o n s  have been  chosen  t o  g ive  u n i t
v a r i a n c e  so t h a t  d i r e c t  compar isons  w i t h  t h e  s t a n d a r d  normal r e s u l t s
may be made .
The r e s u l t s  f o r  t h e  Ga(2 , \ / "2)  d i s t r i b u t i o n  a r e  p l o t t e d  in
f i g u r e  2 .1 5 .  Th i s  shows t h a t  a  *= 1 /2  p e r fo rm e d  b e s t  a t  v i r t u a l l y
a l l  sample s i z e s  c o n s i d e r e d ,  o: •= 0 p roduced  a  poor  performance  f o r
n < 400 bu t  i s  v i r t u a l l y  i n d i s t i n g u i s h a b l e  f rom a  = 1 /2  t h e r e a f t e r .
a  *  1 i s  s l i g h t l y  i n f e r i o r  t o  a  — 1 /2  even f o r  l a r g e  sample s i z e s .
The m in im ised  MISE's f o r  each  method and a t  e ach  sample s i z e  a r e  a l l
h i g h e r  t h a n  th e  c o r r e s p o n d i n g  r e s u l t s  f o r  the  s t a n d a r d  normal .  For
-0 29a  — 0 and 1 /2  t h e  hQpt  v a l u e s  a r e  p r o p o r t i o n a l  t o  n ‘ and 
-0  34n r e s p e c t i v e l y  and so a g a i n  o n l y  b r o a d l y  i n  l i n e  w i th  the
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a s y m p t o t i c  s u g g e s t i o n  when a  = 0.  When a  *= 1 ^op t  i s  a g a in  
p r o p o r t i o n a l  t o  two d i f f e r e n t  powers o f  n a c c o r d i n g  to  the  sample 
s i z e  due to  a  l o c a l  minimum in  the  i n t e g r a n d  s q u a r e d  b i a s  c u rv e .
For  the  bimodal d i s t r i b u t i o n  th e  r e s u l t s  a r e  q u a l i t a t i v e l y  s i m i l a r
t o  t h o s e  from th e  Gamma ( s e e  f i g u r e  2 . 1 6 ) .  However, l a r g e r  sample
s i z e s  a r e  r e q u i r e d  f o r  a  = 0 t o  approach  th e  pe r fo rm ance  o f  a  = 1/2
and f o r  a  = 1 /2  t o  be s u p e r i o r  t o  a  = 1. The minimum MISE's f o r
each  method and sample s i z e  a r e  a l l  g r e a t e r  t h a n  th o s e  f o r  t h e
s t a n d a r d  normal but  l e s s  t h a n  th e  c o r r e s p o n d in g  r e s u l t s  f o r  the
-0 24Gamma. Th is  t im e ,  when a  = 0, hQp t  i s  p r o p o r t i o n a l  t o  n  ‘ and 
so once more i s  i n  l i n e  w i t h  t h e  a s y m p t o t i c  r e s u l t s  whereas  f o r  a  = 1 /2  
i t  i s  n and f o r  o; = 1 i t  ha s  two d i f f e r e n t  v a l u e s  depending
on sample s i z e .
In  o r d e r  to  a s s e s s  t h e  e f f e c t i v e n e s s  o f  a p p l y i n g  normal  op t im al  
smoo th ing  to  non-normal  d a t a  t h e  MISE's were c a l c u l a t e d  when the  
fo rm ulae  ( 2 . 3 . 3 )  were a p p l i e d  t o  d a t a  f rom t h e  Gamma and bimodal 
d i s t r i b u t i o n s .  These r e s u l t s  a r e  i l l u s t r a t e d  i n  f i g u r e s  2 .17  and 
2 ,1 8 .  With d a t a  f rom a Gamma d i s t r i b u t i o n  th e  r e l a t i v e  pe r fo rm ances  
o f  t h e  t h r e e  methods a r e  v e r y  s i m i l a r  t o  t h e  Gamma o p t im a l  c a s e .
With t h e  bimodal d i s t r i b u t i o n  i t  i s  d i f f i c u l t  t o  i d e n t i f y  a  markedly  
s u p e r i o r  pe rfo rm ance  by any o f  t h e  thpee  methods when th e  normal  
o p t im a l  fo rm ulae  a r e  u s e d .
For  t h e  t h r e e  u n d e r l y i n g  d i s t r i b u t i o n s  c o n s i d e r e d ,  t h e  b e s t  
o v e r a l l  pe r fo rm ance  i s  a c h i e v e d  by th e  a d a p t i v e  method w i t h  a  = 1/2 
a s  i m p l ie d  by t h e  a s y m p t o t i c  t h e o r y .  The r e s u l t s  a l s o  i n d i c a t e  t h a t  
t h e  use  o f  normal  o p t im a l  smoo th ing p r o v id e s  a s im ple  and r e a s o n a b l y  
e f f e c t i v e  t e c h n i q u e .  As e x p e c t e d  t h i s  i s  l e a s t  e f f e c t i v e  w i t h  t h e  
bimodal  d i s t r i b u t i o n .  A lso ,  when th e  sample s i z e  i s  l a r g e ,  t h e r e  i s
l i t t l e  l o s s  i n  MISE but much g a i n  i n  comput at i ona l  s i m p l i c i t y  by
u s i n g  the  f i x e d  k e r n e l  method.
From a p r a c t i c a l  p o i n t  o f  view t h e  use o f  a  = 1 has  the  g r e a t  
a d va n ta ge  o f  p r o d u c i n g  an e s t i m a t o r  whose smoo th ing p a ra m e t e r  h is
s c a l e  i n v a r i a n t  t h u s  removing th e  need  t o  p ro v id e  an e s t i m a t e  o f  
s c a l e .
Suppose t h a t  t h e  unknown d e n s i t y  f  i s  to  be e s t i m a t e d  from a
random sample o f  s i z e  n f rom X u s in g  the  a d a p t i v e  e s t i m a t o r  f a
w i t h  smoo th ing  p a r a m e t e r  h .  Then th e  MISE can be c a l c u l a t e d  from 
t h e  i n t e g r a t e d  s q u a r e d  b i a s  and v a r i a n c e  based  on ( 2 . 2 . 6 )  and ( 2 , 2 . 7 ) .
I f  the  X j ' s a r e  t r a n s f o r m e d  t o  Zf = k X j , i = 1, . . . , n f o r  some 
c o n s t a n t  k )> 0 t h e n
where g i s  the  d e n s i t y  f u n c t i o n  f o r  t h e  random v a r i a b l e  Z = kX.
I f  t h e  same smooth ing  p a r a m e t e r ,  h ,  i s  u sed  i n  an a d a p t i v e  
e s t i m a t o r  o f  g we have:
g ( z )  = ~  f ( z / k ) ( 2 . 3 . 4 )
E ( g a ( Z ) ) = J f i i g L  K [ < g r y ) g ( y )  ] g ( y ) d y  ( 2 . 3 . 5 )
r f ( y / k ) a
J , ct, i . a
( z - y ) f ( y/k>a, F(y/k>
—  J - T T - d y  (2.3.6)
Now l e t  w = y / k  so t h a t  dy *= kdw and
( 2 . 3 . 7 )
Hence ,
f f (w) a  Kr ( z - k w ) f (w )« - 
J h L
f ( z /k> 2
f(w)dw -  — ^-----  j  dz ( 2 . 3 . 8 )
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But z  = kx which g i v e s  dz “  kdx and hence 
f 2I b i a s  ( z )  dz =
1 f f 1 f f (w )«  ^ r ( x "w) f ( w ) l  e , r ,  s i 2 j  0
k  J V^=i \ ~ —  K [ -  k c - l h  J f ( w ) d w  '  f ( x ) J  d x  (2-3
= i  |  b i a s 2 ( x ) d x  (2.3
i f  and o n l y  i f  a  = 1. S i m i l a r l y ,
20! C£
E('ga ( z ) 2 ) = J K2[ (5 l ^ 8 ( y )  ] g ( y ) d y  ( 2 . 2
f ( y /k) 2“ (Z-y ) f (y /k)“ f ( y /k>
-  -O o k 2 \--------------------  — i------  dy (2.2J k 2a h2 1 k^h J k
Again  l e t  w = y / k which g i v e s :
E < ^ < z > 2 > -  J f(W)dW ^
Hence ,
I v ( g a ( x ) ) d z  -  |  [ E (g „ ( z )2 )  - [E(ga ( z ) ) ] 2 ] dz (2.2
.  [ f  f g !  f(w) dw]2dz (2.2
which on s u b s t i t u t i n g  z •= kx,  g i v e s
J V(gQ!( z ) )dz  = i  J V ( fa ( x ) ) d x  (2.2
i f  and o n l y  i f  a  *= 1.
T h e r e f o r e ,
MISE(g1 ( z ) )  -  i  MISE ( " ^ ( x ) )  (2.2
so t h a t  t h e  o p t im a l  h f o r  e s t i m a t i n g  g i s  t h e  same a s  t h a t
• 9) 
. 10 )
. 11 )
. 12 )
.13)
,14)
.15)
.16)
.17)
f o r
e s t i m a t i n g  f  and  i s  t h u s  independent  o f  the  s c a l e  o f  t h e  d a t a  
p r o v id e d  a  = 1.
The s c a l i n g s  o f  h f o r  o t h e r  v a lu e s  o f  a: when e s t i m a t i n g  a
d e n s i t y  w i t h  n o n - u n i t  v a r i a n c e  a r e  as  fo l lo w s  :
a  S c a l i n g
0 <i
1/2  o-1/2
. ~( l -cOg e n e r a l  a  a
where a  i s  an e s t i m a t e  o f  the  s t a n d a r d  d e v i a t i o n  o f  t h e  d a t a .  In  
p r a c t i c e  i t  i s  p r o b a b l y  b e t t e r  t o  use  a  ro b u s t  e s t i m a t e  o f  s c a l e  such 
as  t h e  median o f  t h e  a b s o l u t e  d e v i a t i o n s  from t h e  median  d i v i d e d  by 
0 .6745 (MAD/0.6745) (Hogg (1979))  r a t h e r  t h a n  th e  e m p i r i c a l  s t a n d a r d  
d e v i a t  i on .
S i lv e r m a n  (1986,  5 .3 )  s u g g e s t s  the  p r a c t i c a l  s o l u t i o n  o f  m u l t i ­
p l y i n g  t h e  h d e r i v e d  f o r  d a t a  w i th  u n i t  v a r i a n c e  by th e  ge om e t r i c  
mean o f  t h e  { f ( x j ) } ,  where f ( ' )  i s  the  p i l o t  e s t i m a t e  employed in  
the  smoo th ing  p a r a m e t e r ,  t o  f r e e  h from the  s c a l e  o f  t h e  d a t a .
2 . 4 .  Optimal  Smoothing f o r  Adap t ive  E s t i m a t o r s  o f  M u l t i v a r i a t e  
Dens i t  i e s .
In  o r d e r  t o  a s s e s s  t h e  performance  o f  t h e  t h r e e  smooth ing 
t e c h n i q u e s  ( i . e .  a  = 0, 1 /2  and 1 /p )  i n  h i g h e r  d im ens ions  a  
s t a n d a r d  p - v a r i a t e  normal d i s t r i b u t i o n  N p ( 0 , l p )  and a  long t a i l e d  
p - v a r i a t e  normal m ix t u re  0 . 2 1 9 ,N p(0 ,4 Ip )  + 0 . 8 7 1 . N p ( 0 ,0 . 16Ip)  which 
a l s o  has  a u n i t  c o v a r i a n c e  m a t r i x ,  were c o n s i d e r e d .  Ip  d e n o te s  the  
i d e n t i t y  m a t r i x  o f  o r d e r  p .  The c h o ic e  o f  non-normal  d i s t r i b u t i o n  
i s  r a t h e r  l i m i t e d  because  o f  t h e  c o n s i d e r a b l e  c o m p u t a t i o n a l
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a d v a n ta g e s  o f  r e t a i n i n g  r a d i a l  symmetry as  d i s c u s s e d  below.
Also  r a d i a l  symmetry a l low s  the  use o f  the  same smooth ing  p a ram ete r  
in  each  c o - o r d i n a t e  d i r e c t i o n  so t h a t  f o r  example when a  = 0 the  
k e r n e l  f u n c t i o n  o v e r  p o i n t  xj  i s  a N p ( x j , h l p )  d e n s i t y .
As in  t h e  u n i v a r i a t e  c a se  i t  i s  n e c e s s a r y  t o  use  num er ica l  
i n t e g r a t i o n  t o  e v a l u a t e  the  mean i n t e g r a t e d  s q u a r e d  e r r o r s
I ~ 2
I E { f ( x ) - f ( x ) }  dx.  I f  the  u n d e r l y i n g  d e n s i t i e s  a r e  c hosen  to  be 
r a d i a l l y  symmetr ic  t h e n  i t  w i l l  f o l l o w  t h a t  the  mean s q u a re d  e r r o r  
w i l l  a l s o  be r a d i a l l y  symmetr ic  as  a f u n c t i o n  o f  x.  T h e r e f o r e ,  i f  
a  t r a n s f o r m a t i o n  t o  p o l a r  c o - o r d i n a t e s  i s  made i . e .
x^ = r^  . co s0^  , s i n 0 2 .................................................. s ^n ^ p - l
X2 = r ] _ . s i n 0 ; [ . s i n 0 2 ..................................................s in#p_^
X3  = r^ . c o s 0 2 - s i n < ? 3 .......................................... s i n 0 p _ i
X4 = r^  . c o s 03 . s i n 04 ................ . . . . s i n 0p_]_
xp = r i  cos  0p - l  ( 2 . 4 . 1 )
where r^  > 0,  0^ e [0 ,2x]  and £ [ o , i r ] ,  j  = 2 , .............., p - l .  The
J a c o b i a n  o f  t h i s  t r a n s f o r m a t i o n  i s  :
r l  » P -  2
( 2 . 4 . 2 )
-1 P"1d—  i—1. r i p FT s i n *1 04 , p «= 3 , 4 , 5 ,
j =2 J
The MISE can  be w r i t t e n  as  :
f E ( f ( x ) - f ( x ) } 2dx -  Cp.f r1p' 1 . E ( f ( r 1 ) - f ( r 1) ) 2dr1
0
where
CD -  2x, n = 2,
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2 x  x  x  0 x
C„ = f d0^ . f sin02<i02 ■ [ s i n 0 3 ^ 3  [ s i n p ^p - l^^p-1
0 0 0 J 0
, n -  3 , 4 , 5 ...................  ( 2 . 4 . 4 )
/ / 2In  f a c t ,  Cp = p.volume o f  a u n i t  sphe re  = p --------------  where
r(P/2+i)
T ( - )  i n d i c a t e s  t h e  Gamma f u n c t i o n .
The MISE can  be w r i t t e n  a s :
°°
cp I  r xp~ (B2 ( r 1)+ V (r1) ) d r 1 ( 2 . 4 . 5 )
0
where B ( r l )  an<* V(r^)  deno te  t h e  b i a s  and v a r i a n c e  terms a t  
r a d i a l  d i s t a n c e  r ^ . The d i m e n s i o n a l i t y  o f  t h e  i n t e g r a l  o f  the  MSE 
has  t h e r e f o r e  been  reduced  from p t o  1.
TNow l e t  £  de no te  the  v e c t o r  ( 0 , 0 , .............., 0 , r x )  so t h a t
B ( r ^ )  = E ( f ( r ) ) - f ( . r ) . E x p r e s s i o n  ( 2 . 2 . 6 )  shows t h a t  t h i s  p -d im e ns iona l  
i n t e g r a l  may be w r i t t e n  as
B ( r i )  -  J b ( 11 r 11 , nyu, l | r - y | | ) d y  ( 2 , 4 . 6 )
f o r  a s u i t a b l y  chosen  f u n c t i o n  b and where II* II d e n o te s  the
E u c l i d e a n  norm.
Ano ther  p o l a r  c o o r d i n a t e  t r a n s f o r m a t i o n  a l l o w s  us  t o  w r i t e
llyil = r2 ( 2 . 4 . 7 )
and
2 2 2 Ur-yil = lirii + | |y| |  -  2 | | r i t . Ilyll. cos0
2 2= r l + r 2 “ 2 r ^ . r 2 . c o s 0  ( 2 . 4 . 8 )
where 8 i s  t h e  a n g le  be tween v e c t o r s  r  and y .
—29 —
The p - d i ine ns iona l  i n t e g r a l  f o r  t h e  b i a s  has t h e r e f o r e  been 
r e d u c e d  to  on ly  two i . e .
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B (r i )  = C p - i  [ r 2^ [ [ b ( r ^ , r 2 , r |  + \ \  - 2 . r ^ . r 2 . c o s 0 ) . ( s i n 0 ) P ^ d f l l d ^
0 0 J
( 2 . 4 . 9 )
For  example,  i f  b o th  f  and th e  k e r n e l  K a r e  p - d im e n s io n a l  s t a n d a r d  
normal t h e n  the  i n t e g r a l  w i l l  depend on llyll i n  f ( y )  and on lix-yn 
i n  K ( ‘ ) .  The argument  f o r  e v a l u a t i n g  t h e  v a r i a n c e  term V(r^)  
f o l l o w s  t h a t  f o r  B( r^)  u s in g  th e  a p p r o p r i a t e  f u n c t i o n s .
Th i s  shows t h a t  when b o th  t h e  u n d e r l y i n g  d e n s i t y  and k e rn e l  
f u n c t i o n  a r e  r a d i a l l y  symmetr ic  and a r e  f u n c t i o n s  o f  llyil and llx-yi! 
r e s p e c t i v e l y  the  o r i g i n a l  p^ d im ens iona l  i n t e g r a l  can  be reduced  to  
two two d im e n s io n a l  i n t e g r a l s  f o r  t h e  MSE f o l l o w e d  by a one 
d im e n s io n a l  i n t e g r a l  t o  c a l c u l a t e  t h e  MISE,
T h i s  t h e n  makes num er ica l  i n t e g r a t i o n  a  f e a s i b l e  t o o l  f o r  the  
c a l c u l a t i o n s  i n v o lv e d  f o r  m u l t i v a r i a t e  d e n s i t y  e s t i m a t o r s .  As 
m e n t ione d  e a r l i e r  i t  does r e s t r i c t  t h e  c h o ic e  o f  u n d e r l y i n g  d e n s i t y  
th ough .  For  example,  to  c o n s t r u c t  a long t a i l e d  a l t e r n a t i v e ,  a 
p - d i m e n s i o n a l  d e n s i t y  may be formed by th e  p r o d u c t  o f  p 1 - d im e ns iona l  
t - d i s t r i b u t i o n s  on 3 d e g re e s  o f  f reedom s c a l e d  t o  have u n i t  v a r i a n c e .  
The d im e n s io n  r e d u c t i o n  t e c h n i q u e  d e s c r i b e d  above cannot  t h e n  be used  
because
f(2S) -  (2 / t ) p . ( 1 + x i  r 2 ............. ( l+Xp2 ) " 2 ( 2 . 4 . 1 0 )
canno t  be e x p r e s s e d  as  a  f u n c t i o n  o f  | |x| |  as  i n  t h e  normal c a s e .
To overcome t h i s  problem, c o n s i d e r  a random v e c t o r  X w i th  
d e n s i t y
—3 0 -
f ( x )  ”  a .Np (x , (r i  . I p ) + ( l - a ) . N p ( x s<T2 . I p ) , 0 < a < 1. ( 2 . 4 . 1 1 )
In t h i s  c a se  E(X) -  0 and V(X) = (aerf + ( l - a ) ^ )  . I p . To o b t a i n  a 
u n i t  c o v a r i a n c e  m a t r i x  s e t
( 2 . 4 . 1 2 )
Hence ,
( 2 . 4 . 1 3 )
In o r d e r  t o  keep  0 < a  < 1 v a l u e s  o f  (T[ and a 2 w i t h i n  a 
r e g i o n  bounded by <r^  = a 2 , <72 = 1, 0*2 -  0 and > cr2 a r e  a l l o w ­
a b l e .  Choosing cr]_ = 2 and <72 = 0 . 4  g i v e s  a v a l u e  o f  a = 0.219 
and r e s u l t s  in  a  long t a i l e d  a l t e r n a t i v e  f o r  which t h e  d imens ion  
r e d u c t i o n  t e c h n i q u e  can be used .
The f i r s t  d i s t r i b u t i o n  t o  be c o n s i d e r e d  i s  t h e  s t a n d a r d  p-  
d im e n s io n a l  normal d i s t r i b u t i o n .  The h - v a l u e s  which minimise MISE 
were found f o r  each  o f  the  t h r e e  methods a t  s e v e r a l  sample s i z e s  
(25 < n < 6400) f o r  d imens ions  two t o  s i x  and a l s o  f o r  d imens ion  t e n .  
The tw o - d im e n s io n a l  i n t e g r a l s  were e v a l u a t e d  by NAG s u b r o u t i n e  D01FCF 
(NAG (1988) )  which u se s  an a d a p t i v e  s u b d i v i s i o n  s t r a t e g y .  P l o t s  were 
o b t a i n e d  o f  the  minimum MISE vs l o g (n )  f o r  each  o f  t h e s e  d imens ions  
and a r e  i l l u s t r a t e d  i n  f i g u r e s  2 . 1 9 - 2 . 2 4 .
In  d im ens ion  2 the  two a d a p t i v e  methods a r e  e q u i v a l e n t  and 
a r e  c o n s i s t e n t l y  b e t t e r  t h a n  o: ** 0 f o r  each  n.  In  d imens ion  
3 a  = 1 / p  a c h i e v e s  t h e  s m a l l e s t  MISE a t  e ach  n f o l l o w e d  by a  = 1 / 2 .  
a  =  1 / p  i s  a l s o  t h e  b e s t  i n  d im ens ion  4 and t h e  d i f f e r e n c e  between 
a  = 1 /2  and a  = 0 i s  g r e a t l y  r e d u c e d  e s p e c i a l l y  f o r  l a r g e  sample 
s i z e s  (n  > 1600) .  When t h e  d im ens ion  i s  5 a  = 1 / p  a g a i n  a c h ie v e s
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t h e  s m a l l e s t  MISE's a t  each  n w h i le  a  = I /2  and a  = 0 a r e  v e r y  
s i m i l a r  in  pe r fo rm a nc e .  In  d imens io n  6 a  =■ l / p a g a i n  pe r fo rm s  b e s t  
bu t  Q! = 0 i s  b e t t e r  t h a n  a  => I /2  a t  each  n. The r e l a t i v e  
p o s i t i o n s  a r e  t h e  same i n  d im e ns ion  10 but  now a  = 1 /2  pe r fo rm s  v e ry  
much worse t h a n  the  o t h e r  two.
To i l l u s t r a t e  t h e  b i a s  and s t a n d a r d  d e v i a t i o n  t h e s e  were p l o t t e d  
as  a f u n c t i o n  o f  x^ o n ly  -  any c r o s s  s e c t i o n  th ro u g h  the  o r i g i n  
w i l l  have the  same p r o f i l e  be c ause  o f  r a d i a l  symmetry.  P l o t s  were 
o b t a i n e d  f o r  each  d im ens ion  c o n s i d e r e d  p r e v i o u s l y  and f o r  n  = 50 
o n l y .  The op t im al  v a l u e s  o f  t h e  smoothing p a ra m e te r  were used  in  each 
c a s e .  See f i g u r e s  2 . 2 5 - 2 . 2 8  f o r  d imens ions  3 and 6.
In  each  d im ens ion  t h e  maximum b i a s  o c c u r s  a t  x = 0 where the  
c u r v a t u r e  in  t h e  d e n s i t y  i s  g r e a t e s t  f o r  a  = 0 and 1 /p  but  a t
x = ± ( 1 , .........., 1 ) ^  f o r  o: = 1 /2  excep t  in  d im ens ion  10 when
i t  i s  a l s o  a t  x — 0. For  e ach  d imens ion  and method th e  b i a s  
a p p ro a c h e s  z e ro  i n  t h e  t a i l s  and t h e  p o s i t i v e  p a r t  o f  t h e  b i a s  cu rve s  
a l s o  become much c l o s e r  t o  z e r o  as  t h e  d im ens ion  i n c r e a s e s .  The 
f l a t t e s t  b i a s  cu rve  i n  each  d im ens ion  i s  f o r  a  = 1 /2  f o l l o w e d  by 
a  = 1 / p .  However by d im e ns ion  10 th e  d i f f e r e n c e s  a r e  much l e s s  marked.
The s t a n d a r d  d e v i a t i o n  c u r v e s  f o r  each  method have a  mode a t  x = 0 
and a pp roach  z e r o  i n  t h e  t a i l s  f o r  each  d im ens ion .  However, in  
c o n t r a s t  t o  t h e  b i a s  c u r v e s ,  o: = 0 has  t h e  lowes t  s t a n d a r d  d e v i a t i o n  
cu rve  i n  each  d im e ns ion  f o l l o w e d  by a  = 1 /p  w i t h  t h a t  f o r  a  = 1/2 
b e i n g  most peaked .  As d im e ns ion  i n c r e a s e s  t h e  r e l a t i v e  d i f f e r e n c e s  
i n c r e a s e ,  e s p e c i a l l y  be tween  a  = 1 /2  and th e  o t h e r  two.
In c o n c l u s i o n ,  f o r  m u l t i v a r i a t e  s t a n d a r d  normal  d a t a ,  by u s i n g  an 
a d a p t i v e  method a  r e d u c t i o n  i n  b i a s  i s  a c h i e v e d  over  t h e  f i x e d  bu t  a t
—32 —
t h e  expense  o f  i n c r e a s i n g  th e  v a r i a n c e  o f  the  e s t i m a t e d  d e n s i t y .  For 
a  = 1 / p  t h i s  t r a d e - o f f  s t i l l  r e s u l t s  in  an op t im al  MISE s m a l l e r  t h a n  
f o r  t h e  o t h e r  two bu t  t h e  i n c r e a s i n g l y  poor  pe r fo rm a nc e  i n  te rms  o f  
s t a n d a r d  d e v i a t i o n  f o r  a  = 1 /2  e x p l a i n s  why i t  does  i n c r e a s i n g l y  
worse in  MISE t h a n  th e  o t h e r  two.
For  t h e  long t a i l e d  m u l t i v a r i a t e  normal m ix tu re  t h e  op t im al  h -  
v a l u e s  were d e t e r m i n e d  t o g e t h e r  w i th  the  c o r r e s p o n d i n g  MISE's a t  
s e v e r a l  sample s i z e s  f o r  d im ens ions  two to  s i x .  The p l o t s  o f  
minimum MISE vs  l o g ( n )  a r e  shown i n  f i g u r e s  2 .29-2,33. The minimum 
MISE's a r e  much h i g h e r  bu t  the  o v e r a l l  p a t t e r n  o f  r e s u l t s  i s  v e ry  
s i m i l a r  t o  the  m u l t i v a r i a t e  s t a n d a r d  normal  ca se  w i t h  t h e  a d a p t i v e  
a  -  1 / p  method i n c r e a s i n g l y  a c h i e v i n g  s m a l l e r  MISE's t h a n  the  o t h e r  
two methods.  Also  by d imens io n  6, o: = 0 i s  g e n e r a l l y  do ing  a  l i t t l e  
b e t t e r  t h a n  o; = 1 / 2  a t  e ach  n.  The i n c r e a s i n g l y  poor  pe rfo rmance  
o f  Q! = 1 /2  i s  a g a i n  due t o  t h e  l a r g e  i n c r e a s e  i n  v a r i a n c e ,  r e l a t i v e  
t o  t h e  o t h e r  two methods,  as  d imens ion  i n c r e a s e s .
There  a r e  s t r o n g  s i m i l a r i t i e s  i n  the  r e s u l t s  f o r  t h e s e  two u n d e r ­
l y i n g  d i s t r i b u t i o n s  which i n d i c a t e  t h a t  i n  g e n e r a l  t h e  a d a p t i v e  method 
w i t h  a  = 1 / p  would make a good c h o ic e  f o r  m u l t i v a r i a t e  d a t a .  The 
a s y m p t o t i c  argument  i n  f av o u r  o f  a  = 1 /2  becomes i n c r e a s i n g l y  l e s s  
e f f e c t i v e  as  d i m e n s i o n a l i t y  i n c r e a s e s .
As i n  t h e  u n i v a r i a t e  c a s e  t h e  normal op t im al  h - v a l u e s  were used  to  
c a l c u l a t e  t h e  MISE when e s t i m a t i n g  t h e  long  t a i l e d  d e n s i t y  by t h e  
a  =*= 1 / p  method.  R e s u l t s  f o r  sample s i z e s  100 and  1600 a r e  g i v e n  
in  t a b l e  2 .1
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Table  2 . 1 .  Va lues  o f  MISE i n c u r r e d  when e s t i m a t i n g  th e  long t a i l e d  
Normal m ix tu re  d e n s i t y  by the  a  -  1 /p  method u s i n g  Normal op t im al  
h - v a l u e s .
Dimension
2
3
4
5
6
MISE <r°/o i n c r e a s e  from minimum value") 
n  °  100 n = 1600
0.01282 (1%) 
0.01849 (2%) 
0.02168 (1%) 
0.02281 (0 .5 % )  
0.02191 (1%)
0 .00240 (2%) 
0.00373 (2%)  
0.00557 (l°/o) 
0 .00724  (2°/o) 
0 .00808 (4%)
The i n c r e a s e s  a r e  g e n e r a l l y  on ly  by a few p e r c e n t  t h u s  g i v i n g  suppor t  
t o  a  s t r a t e g y  o f  u s i n g  the  normal op t im al  h - v a l u e s  t o  smooth non-normal 
m u l t i v a r i a t e  d a t a .  These v a l u e s  can  be a p p ro x im a te d  by t h e  s im ple  
fo rm ula e  g i v e n  i n  t h e  f o l l o w i n g  t a b l e .
Tab le  2 . 2 .  A pprox im a t ion  fo rmulae  f o r  t h e  normal o p t im a l  g l o b a l
smoo th ing  p a ra m e t e r s  when u s i n g  t h e  a d a p t i v e  ( a  -  1 /p )  
method.
Dimension
2
3
4
5
6
Optimal h .
- 0 . 1 8 50 . 3 9 3 . n
0 . 3 3 6 . n - 0 .1 4 3
0 . 3 3 1 . n -0 .1 3 1
0 .331 .  n - 0 . 1 2 0
0 . 3 3 3 .n - 0 .1 1 2
The s c a l e  i n v a r i a n c e  o f  p r o p e r t y  o f  t h e  a  = 1 / p  method as  d i s c u s s e d  
f o r  u n i v a r i a t e  d a t a  a l s o  c a r r i e s  over  t o  t h e  m u l t i v a r i a t e  c a s e  w i t h  
v e c t o r s  r e p l a c i n g  s i n g l e  v a r i a b l e s  in  t h e  p r o o f  o f  S e c t i o n  2 . 3 .
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F i g u r e  2 . 1 .  E x a c t  a n d  a s y m p t o t i c  b i a s  a nd  s t a n d a r d  d e v i a t i o n  i n c u r r e d  by  t h e  f i x e d  k e r n e l  me t h o d
when e s t i m a t i n g  a n  N ( 0 , 1 )  d e n s i t y ,  n -  50 ,  h — 0 . 5 2 .
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Figure  2 .2 .  Exact and asymptotic  b ia s  and s tandard  d e v ia t io n  in cu r re d  by the method
w ith  a -  0 .5  when e s t im a t in g  an N(0,1) d e n s i ty ,  n -  50, h -  0 .351.
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F i g u r e  2 . 3 .  Ex a c t  a n d  a s y m p t o t i c  b i a s  a n d  s t a n d a r d  d e v i a t i o n  i n c u r r e d  by  t h e  a d a p t i v e  met hod  w i t h
a  -  1 when e s t i m a t i n g  a n  N ( 0 , 1 )  d e n s i t y ,  n  -  50 ,  h  -  0 , 2 1 9 .
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Figure  2 .4 .  Exact and asym ptotic  b ia s  and s t a n d a rd  d e v ia t io n  in cu rred  by the Fixed kernel method 
as a fu n c t io n  o f  h when e s t im a t in g  an N(0,1) d e n s i ty ,  x -  0, n -  50.
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Figure  2 .5 .  Exact and asym pto tIc  b ia s  and standard  d ev ia t io n  Incurred  by the adap t ive  method with 
et -  0 .5  as  a fu n c t io n  o f  h when e s t im a tin g  an N(0,1) d e n s i ty ,  x -  0, n -  0 .50 .  
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Figure  2 .6 .  Exact and asym pto t ic  b ia s  and s tandard  d e v ia t io n  incu rred  by the ad ap t iv e  method with 
Q -  1 as  a fu n c t io n  o f  h when e s t im a tin g  an N(0,1) d e n s i ty ,  x -  0, n -  50.
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F l g u r e  2 . 7 ,  f ( x - l u )  a n d  i t s  q u a d r a t i c  a p p r o x i m a t i o n  when F i s  a n  N ( 0 , 1 )  d e n s i t y  f u n c t i o n ,  x  -  0 ,  h  — 0 . 5 ,
Figure  2 .8 .  f ( x - h t ) . K ( t )  and i t s  approximation when f  and K a re  N(0,1) d e n s i ty  fu n c t io n s ,  x -  0,  h “  0 .5 .
—  —  Pi J>pro*'irNf-Vio fx .
P. 12
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F l g u r e  2 . 9 .  f ( x - h t ) . K ( t )  a n d  I t s  a p p r o x i m a t i o n  when f  and K a r e  N ( 0 , 1 )  d e n s i t y  f u n c t i o n s ,  x -  0 ,  h -  2 .
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j-0.05
-0.15
Figure 2 .1 0 .  f ( x - h t / f ( x ) ) 2 . K ( t . f  ( x - h t / f ( x ) ) / f ( x ) ) / f  (x) and i t s  approx im at ion  when f  and K are
N (0 ,1) d e n s i ty  fu n c t io n s ,  x -  0, h -  0 .1 .
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Flgure  2 .11 .  F(x“h t / f ( x ) ) 2 , K ( t . f ( x - h t / f ( x ) ) / f ( x ) ) / f ( x )  and Sts approxim ation  when f  ’ and K ar*
N(0 , 1 ) d e n s i ty  fu n c t io n s ,  x «• 0, h -  0 .3 .
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Figure  2 .1 2 .  f ( x - h t / f ( x ) ) 2 . K ( t . f ( x - h t / f ( x ) ) / f ( x ) ) / f ( x )  and i t s  approximatIon when f  and K .are
N(0,1) d e n s i t y  fu n c t io n s ,  x -  0 ,  h -  0 .5 .
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Flgure  2 .1 3 .  Exact i n te g r a t e d  squared b ias  incurred  by the adap tive  method with or -  1 as a fu n c tio n  
o f  the  smoothing parameter h when e s t im a tin g  an N(0,1) d e n s i ty .
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Figure  2 .1 4 .  Minimum MISE as a fu n c t io n  o f  log(n) fo r  the methods 
d e n s i ty  i s  N(0 ,1).
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F l g u r e  2 . 1 5 .  Minimum MISE os  a f u n c t i o n  o f  l o g ( n )  f o r  t h e  me t h o d s  a  -  0 ,  I / 2  a n d  1 when t h e  u n d e r l y i n g
d e n s i t y  I s  Camma ( 2 , \ / 7 ) .
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Figure  2 .16 .  Minimum MISE as a fu n c t io n  o f  log(n) fo r  the methods a -  0 ,  */2 *n<* * when the underly ing  
d e n s i ty  Is  0 .5 N (-0 .8 6 6 ,0 .5 2) + 0 . 5N(0.8 6 6 ,0 .52) .
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Flgure 2 .17 .  The MISE when u s in g  normal optimal smoothing pa ram ete rs ,  as a fu n c tio n  o f  log (n ) ,  
for the  methods a — 0,  l / j  and 1 when the underly ing  d e n s i ty  Is Camma ( 2 ,n / 7 ) .
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Figure  2 .1 8 .  The MISE when us ing  normal optimal smoothing pa ram ete rs ,  as a fu n c t io n  o f  lo g (n ) ,  fo r  the
methods a  -  0,  I / 2  and 1 when the underly ing d e n s i ty  i s  0 .5 N (-0 .8 6 6 ,0 .5 ^ )  + 0 .5 N ( 0 .8 6 6 ,0 .5 ^
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F i g u r e  2 . 1 9 .  Minimum MISE a s  a f u n c t i o n  o f  l o g ( n )  f o r  t h e  m e t h o d s  a -  0  a nd  * / 2  • ' hen t h e  u n d e r l y i n g
d e n s i t y  i s  N 2 ( f i , l 2 ) *
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Figure  2 .20 .  Minimum MISE as a func tion  o f  log(n) for  the  methods a  — 0, 1/2 ,n<* ^/3 *hen the
u n d e r ly in g  d e n s i ty  i s  ^ ( £ , 1 3 ) .
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F l g t i r e  2 . 2 1 .  Minimum MISE a s  a f u n c t i o n  o f  l o g ( n )  f o r  t h e  me t h o d s  a  -  0 ,  I / 2  and  when t h e
u n d e r l y i n g  d e n s i t y  I s  '
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F i g u r e  2 . 2 3 .  Minimum HISE a s  ■ f u n c t i o n  o f  l o g ( n )  f o r  t h e  me th o ds  a  -  0 ,  V 2 * nd * / 6  • ' hen t h e
u n d e r l y i n g  d e n s i t y  I s  NgCQ. Ig ) .
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Figure  2 .24 .  Minimum MISE as a fu n c t io n  o f  log(n) fo r  the methods a  -  0, 1/2 mn<* VlO when the  
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Figure  2 .2 5 .  The exact  b ia s  a t  the optimal h -vah ies  for  methods a  -  0, */2 ar*d V j  
o f  x^ f o r  a sample o f  s i z 6  50 from a N3 (5.1 13 ) d i s t r i b u t i o n .
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Figure  2 .26 .  The exac t  s ta n d a rd  d e v ia t io n  a t  the  optimal h-va lues fo r  methods o -  0, 
fu n c t io n  o f  x j  fo r  a sample o f  s i z e  50 from a N3 CO., 1 3) d i s t r i b u t i o n .
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Figure 2 .27 .  The exact b ia s  at the optimal h-values for methods a -  0,  1/2 *nc* •* 11 func tion
o f  x j  f o r  a sample o f  s iz e  50 from a NgCQ.Ig) d i s t r i b u t i o n .
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Figure  2 .2 8 .  The exac t  s tan d ard  d e v ia t io n  at  the optimal h -v a lu es  f o r  methods a — 0, I / 2  and 1/g  as a 
fu n c t io n  o f  x j  fo r  a sample o f  s i z e  50 from a Ng(fl,Ig)  d i s t r i b u t i o n .
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Figure  2 .29 .  Minimum MISC as a fu n c tio n  o f  log(n) fo r  the methods ot *• 0 and ^ / 2  
d e n s i ty  Is  0.219N2 ( f i ,4 . I 2) + 0.781N2 (fi,0 .16 l 2) .
0 .0 S 0 --
0. 035 - -
0 .0 5 0 --
0 .0 3 0 --
0.010--
5.0 5.5 5.0 5.5 r.o 8.0 6.5 t.o
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F i g u r e  2 . 3 1 .  Minimum MISE a s  a f u n c t i o n  o f  l o g ( n )  f o r  t h e  me t h o d s  a  — 0 ,  I / 2  and  1 / ^  when t h e
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Figure  2 .3 2 .  Minimum MISE as a func tion  o f  Iog(n) fo r  the methods a  -  0,' I / 2  and l / j  when the 
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F l g u r e  2 . 3 3 .  Minimum MISE a s  a f u n c t i o n  o f  l o g ( n )  f o r  t h e  me t h o d s  a — 0 ,  ^ / i  a nd  1 / g  when t h e
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Chapter 3. Bias reduction for Nonparametric Estimators.
A. D e n s i t y  E s t i m a t o r s .
3 . 1 .  I n t r o d u c t i o n .
As in  c h a p t e r  2 we have an independent  random sample { X ^ , . . . , X n } 
from an unknown u n i v a r i a t e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n ,  f ,  f o r
A
which an e s t i m a t e  i s  r e q u i r e d .  Let f (x )  de n o te  t h e  e s t i m a t o r  o f  f  
a t  the  p o i n t  x.
In  c h a p t e r  2 t h e  e x a c t  p r o p e r t i e s  o f  a d a p t i v e  k e r n e l  d e n s i t y  
e s t i m a t o r s  were s t u d i e d  and compared w i th  t h o se  b a s e d  on u s i n g  a f i x e d  
k e r n e l .  Globa l  com par isons  were made by e v a l u a t i n g  t h e  e x a c t  MISE 
f o r  each  o f  t h e  e s t i m a t o r s  a t  d i f f e r e n t  sample s i z e s  and f o r  
d i f f e r e n t  u n d e r l y i n g  d i s t r i b u t i o n s  which showed t h a t  g r e a t e r  a c c u r a c y  
c o u ld  o f t e n  be o b t a i n e d  by u s i n g  an a d a p t i v e  method. For  s t a n d a r d  
normal  d a t a  i t  was a l s o  shown t h a t  the  i d e a l  v e r s i o n s  o f  t h e  a d a p t i v e  
e s t i m a t o r s ,  and i n  p a r t i c u l a r  a  = 1/ 2 , a r e  e f f e c t i v e  a t  r e d u c i n g  
b i a s  but  a t  t h e  expense  o f  some i n c r e a s e  in  v a r i a n c e .
In t h i s  c h a p t e r  p a r t i c u l a r  a t t e n t i o n  w i l l  be p a i d  t o  t h e  b i a s  o f
A
e s t i m a t o r s .  R o s e n b l a t t  (1956)  p roves  t h a t  i f  f ( x )  i s  symmetr ic  and
A
j o i n t l y  Bore l  m ea su rab le  i n  {X]_ , . . . ,Xn } t h e n  f ( x )  i s  no t  u n b i a s e d  
f o r  f ( x ) .  The p r o o f  i s  v a l i d  f o r  e s t i m a t o r s  which  a r e  a l l o w e d  t o  
t a k e  n e g a t i v e  v a l u e s  as  w e l l  as  t h o se  r e s t r i c t e d  t o  b e i n g  n o n - n e g a t i v e .  
Yamoto (1972) c o n s i d e r s  t h e  s p e c i a l  ca se  o f  n o n - n e g a t i v e  k e r n e l  
e s t i m a t o r s  which i n t e g r a t e  t o  one and p roves  t h a t  f o r  f i n i t e  samples  
t h e s e  a r e  b i a s e d .  We t h e r e f o r e  cannot  c o n s t r u c t  e s t i m a t o r s  
c o m p l e t e l y  w i t h o u t  b i a s .  The aim i n  t h i s  c h a p t e r  t h e n  i s  t o  f i n d  
k e r n e l  e s t i m a t o r s  which have l e s s  b i a s  t h a n  a s im p le  f i x e d  k e r n e l  
e s t i m a t o r  b a s e d  on u s i n g  a  s t a n d a r d  normal k e r n e l .  I t  would a l s o  be
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d e s i r a b l e  i f  such  e s t i m a t o r s  had reduced  MISE. These p r o p e r t i e s  
w i l l  be p a r t i c u l a r l y  u s e f u l  when the  e s t i m a t e  b a s e d  on a c t u a l  
o b s e rv e d  sample d a t a  i s  to  be used  in  a n o t h e r  s t a t i s t i c a l  p roce du re  
such as  t h e  c o n s t r u c t i o n  o f  a c o n f id e n ce  i n t e r v a l  f o r  f ( x )  when 
c o r r e c t  c e n t r i n g  i s  v e r y  i m p o r t a n t .  Th is  w i l l  be c o n s i d e r e d  f u r t h e r  
in  C h a p te r  4 .
When f ( x )  i s  a  f i x e d  k e rn e l  d e n s i t y  e s t i m a t o r  i t s  exac t  
e x p e c t a t i o n  i s  g i v e n  by
where t h e  k e r n e l  K i s  a  symmetr ic  f u n c t i o n  s a t i s f y i n g  th e  c o n d i t i o n s
( 2 . 1 . 2 ) bu t  w i t h  t h e  more g e n e ra l  moment c o n d i t i o n
I f  K i s  a  symmetr ic  n o n - n e g a t iv e  d e n s i t y  f u n c t i o n  w i t h  f i n i t e  
v a r i a n c e  t h e n  ( 2 . 1 . 2 )  and ( 3 . 1 . 2 )  w i l l  h o l d  f o r  k = 2 -  f o r  example 
when u s i n g  a s t a n d a r d  normal d e n s i t y .
Th i s  e x p e c t e d  v a l u e  i s  a  c o n v o l u t i o n  o f  t h e  u n d e r l y i n g  d e n s i t y  
w i t h  t h e  k e r n e l  s c a l e d  by the  smoothing p a ra m e te r  h and i s  a
A
smoothed v e r s i o n  o f  f .  The b i a s ,  E [ f ( x ) ] - f ( x ) , depends e x p l i c i t l y  
on b o th  K and h but  not  on the  sample s i z e  n .  However, i f  h 
i s  cho s en  as  a f u n c t i o n  o f  n t h e n  the  b i a s  w i l l  depend  i m p l i c i t l y  
on n.  Indeed ,  i t  i s  u s u a l l y  assumed t h a t  h i s  a  p o s i t i v e  f u n c t i o n  
o f  n such  t h a t
( 3 . 1 . 1 )
CO
1 , J -  0
0 , j  -  1 , . . . , k - l
^k ^  0 , j  — k
( 3 . 1 . 2 )
1 im h (n )  = 0 and 1 im n . h ( n )  = °o
i»°°
( 3 . 1 . 3 )
which e n s u r e s  t h a t  the  b i a s  (and v a r i a n c e )  t e n d  t o  z e r o  as  n g e t s  
l a r g e r  so t h a t  t h e  e s t i m a t o r  i s  c o n s i s t e n t .  The dependence  o f  the  
v a l u e  o f  h on n w i 11 be assumed but s u p p r e s s e d  in  t h e  subsequent  
n o t a t  ion .
As d i s c u s s e d  i n  c h a p t e r  2, R o s e n b l a t t  (1956)  and P a rz e n  (1962) us 
T a y l o r  s e r i e s  e x p a n s io n s  to  o b t a i n  a s y m p t o t i c  e x p r e s s i o n s  f o r  the  
b i a s  and v a r i a n c e  o f  a f i x e d  k e rn e l  e s t i m a t o r  w i t h  k  = 2 which 
p r o v i d e  a  good a p p ro x i m a t io n  to  the  e x a c t  smal l  sample b i a s  and 
v a r i a n c e  a t  the  p o i n t  x .  These a r e  g iv e n  by
b i a s ( f ( x ) ) = ( 1 / 2 ) .  h2 . f ( 2 ) ( x ) . 0 2 + o ( h 2 ) ( 3 . 1 . 4 )
v a r  ( f  ( x ) ) = f ( x )  . ( n . h ) - ;l| K ( t ) 2dt  + o ( ( n h ) “1 ) ( 3 . 1 . 5 )
The o p t im a l  h f o r  m in im is ing  the  MSE (MISE) b a s e d  on t h e s e
- 1 / 5r e s u l t s  i s  p r o p o r t i o n a l  t o  n 1 . Th is  means t h a t  t h e  b i a s  and
v a r i a n c e  reduc e  a t  the  same r a t e  and r e s u l t s  i n  an o p t im a l  r a t e  o f
c onve rge nc e  f o r  t h e  MSE (MISE) o f  n . In  f a c t ,  i f  h i s  chosen  t
be p r o p o r t i o n a l  t o  n  a , where a  > 0 , t h e n  p r o v i d e d  a  < 1 , the
1e s t i m a t o r  i s  c o n s i s t e n t  i n  MSE (MISE). Choos ing a  > w i l l  r e s u l t
1i n  an  e s t i m a t o r  w i t h  s m a l l e r  b i a s  t h a n  f o r  a  = ^  bu t  a t  the  
expense  o f  i n c r e a s e d  v a r i a n c e  and MSE (MISE). R a t h e r  t h a n  s im ply  
a d j u s t i n g  th e  v a l u e  o f  t h e  smoothing p a r a m e t e r  t o  r ed u c e  b i a s  we 
r e q u i r e  methods t h a t  w i l l  not  on ly  reduce  b i a s  but  a l s o  MSE (MISE).
In  t h i s  c h a p t e r  t h r e e  main approaches  w i l l  be d e s c r i b e d  and 
d i s c u s s e d .
The f i r s t  i s  t o  use ' h i g h e r  o r d e r 1 k e r n e l s  which  w i l l  e l i m i n a t e  
t e rm s  up t o  0 ( h r ) in  t h e  a s y m p to t i c  e x p a n s io n
f  J
b i a s ( f ( x ) )  = y  f U ) (x)-m h j + 0 (h r + l )  ( 3 . 1 . 6 )
. 1  1! J
J=1 J
which  was F i r s t  p roposed  by B a r t l e t t  (1963) .  The r e s u l t i n g  e s t i m a t o r s  
w i l l  have lower o r d e r  b i a s ,  f a s t e r  op t im al  r a t e s  o f  convergence in  
MSE (MISE) but  r e q u i r e  the  r e l a x a t i o n  o f  the  n o n - n e g a t i v i t y  c o n s t r a i n t  
f o r  t h e  k e r n e l .  In  p a r t i c u l a r ,  t h e  deve lopments  o f  Gasse r  e t  al  (1985) 
and Shucany and Sommers (1977) a r e  d i s c u s s e d  in  S e c t i o n s  3 .2  and 3.3  
r e s p e c t  i v e l y .
Second ly ,  i t  i s  p roposed  to  c o n s t r u c t  an  e s t i m a t o r  f o r  the  b i a s  
and s u b t r a c t  i t  f rom th e  o r i g i n a l  d e n s i t y  e s t i m a t o r .  In  S e c t i o n  3 .4  
t h e  p r i n c i p a l  a s y m p t o t i c  b i a s  t e rm  when k = 2 ( i . e .  ( ^ / 2 ) h2 f ( 2 ) ( x ))
i s  e s t i m a t e d  u s i n g  th e  second  d e r i v a t i v e  o f  t h e  d e n s i t y  e s t i m a t o r .
T h i s  a pp roach  i s  shown to  be e q u i v a l e n t  t o  u s i n g  t h e  ' h i g h e r  o r d e r 1 
we igh t  f u n c t i o n  W(t) = K ( t )  -  0 ~ / 2 ) K ^ ^ ( t  ) .  In  S e c t i o n  3 .6  the  
second  d e r i v a t i v e  i s  e s t i m a t e d  s e p a r a t e l y  f rom t h e  d e n s i t y  wh i le  in  
S e c t i o n  3 .5  an e s t i m a t o r  o f  t h e  exa c t  b i a s  b a s e d  on ( 3 . 1 . 1 )  i s  
c o n s i d e r e d .
F i n a l l y ,  t h e  approach  o f  T e r r e l l  and S c o t t  (1980)  who use  a 
m u l t i p l i c a t i v e  c o r r e c t i o n  f a c t o r  and r e l a x  t h e  i n t e g r a l  c o n s t r a i n t  
i s  d i s c u s s e d .
T h e i r  e f f e c t i v e n e s s  i n  a  f i n i t e  sample s i t u a t i o n  i s  a s s e s s e d  
t h r o u g h  a  s i m u l a t i o n  s tu d y  f o r  d i f f e r e n t  sh a p es  o f  u n d e r l y i n g  d e n s i t y .  
T h i s  s t u d y  a l s o  i n v o lv e s  compar isons  w i t h  a d a p t i v e  methods which have 
b een  shown i n  c h a p t e r  2 t o  be e f f e c t i v e  i n  r e d u c i n g  b i a s .  I n  the  
i n i t i a l  d i s c u s s i o n  o f  each  o f  t h e  methods t h e  emphasi s  w i l l  be on t h e i r  
a s y m p t o t i c  p r o p e r t i e s .
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3 . 2 .  Minimum V ar iance  and Optimal K e r n e l s .
The MISE i s  an a p p r o p r i a t e  l o s s  f u n c t i o n  when th e  shape o f  the  
u n d e r l y i n g  d e n s i t y  i s  o f  p r i n c i p a l  i n t e r e s t .  For  a k e r n e l  w i th  
k = 2 t h e  a s y m p t o t i c  v a l u e  o f  t h e  MISE when h i s  chosen  o p t i m a l l y  
i s
which can  i n  t u r n  be made as  smal l  as  p o s s i b l e ,  p r o v i d e d  h i s  chosen  
o p t i m a l l y ,  by m in im is in g
w i t h  r e s p e c t  t o  t h e  f u n c t i o n  K s u b j e c t  t o  the  c o n s t r a i n t s  t h a t
The s o l u t i o n  t o  t h i s  problem i n  t h i s  c o n te x t  was g i v e n  by 
Epanechn ikov  (1969)  and the  so c a l l e d  "Epanechn ikov  k e r n e l "  i s  the  
q u a d r a t i c  f u n c t i o n
Th is  k e r n e l  among t h o s e  w i t h  k =2 i s  o p t im a l  t h e n  in  the  
s e n s e  t h a t  i t  m in im ises  t h e  a s y m p t o t i c  MISE. However, Table  3 .1  o f  
S i lv e r m a n  (1986) shows t h a t  t h e r e  i s  l i t t l e  a s y m p t o t i c  l o s s  i n  u s in g  
some o t h e r  subop t im al  k e r n e l  w i t h  k «= 2 .
G a s s e r  e t  a l  (1985) f u r t h e r  g e n e r a l i s e  t h i s  p rob lem  by c o n s i d e r i n g  
two c l a s s e s  o f  k e r n e l  which s a t i s f y  moment c o n d i t i o n s  o f  v a r i o u s  
o r d e r s  f o r  e s t i m a t i n g  a  d e n s i t y  and i t s  d e r i v a t i v e s .  These a r e
(5/ 4 > - 0 2  2 / 5 . ( jK (t )2d t)4 / 5 . ( J f ( 2>(x)2dx)1//5.n 4/5 (3 .2 .1 )
( 3 . 2 . 2 )
( 3 . 2 . 3 )
and
o . w.
( 3 . 2 . 4 )
"minimum v a r i a n c e "  and " o p t im a l"  k e r n e l s  which min imise  the a s y m p to t i c  
v a r i a n c e  and MISE r e s p e c t i v e l y .
I t  i s  assumed t h a t  0  ^ v < k -2  and t h a t  v and k a r e  e i t h e r  
b o t h  even  o r  b o t h  odd. As d i s c u s s e d  e a r l i e r  use o f  a k e r n e l  s a t i s f y i n g
( 3 . 2 . 5 )  w i l l  r e s u l t  in  an a s y m p t o t i c  b i a s  o f  0(h^-) .
The minimum v a r i a n c e  k e r n e l s  o f  o r d e r  ( r , k )  a r e  s o l u t i o n s  to  
t h e  v a r i a t i o n a l  problem:
s u b j e c t  t o  the  moment c o n d i t i o n s  ( 3 . 2 . 5 ) .
The s u p p o r t  i s  t a k e n  to  be [ - 1 , 1 ]  so t h a t  r *= 1. They show t h a t  
t h e  minimum v a r i a n c e  k e r n e l s  a r e  symmetr ic  when v i s  even and 
a n t i s y m m e t r i c  when i> i s  odd and t h a t  t h o s e  o f  o r d e r  ( r , k )  on 
[ - 1 , 1 ] a r e  u n i q u e l y  d e f i n e d  po ly n o m ia l s  o f  d e g re e  k ~2 w i t h  k -2  
r e a l  r o o t s  in  ( - 1 , 1 ) .
Optimal  k e r n e l s  o f  o r d e r  ( v , k )  a r e  a g a i n  symmetr ic  f o r  v even 
and a n t i s y m m e t r i c  f o r  v odd and min imise  t h e  f u n c t i o n a l
A k e r n e l  K o f  o r d e r  k f o r  e s t i m a t i n g  t h e  d e r i v a t i v e
( v = 0 , 1 , 2 . . . . , )  i s  d e f i n e d  as
0 , j  = 0 , . . . , p - l . y + l , . . , , k -1T
( 3 . 2 . 5 )
T
( 3 . 2 . 6 )
- r
- 1  - i
s u b j e c t  t o  c o n d i t i o n s  ( 3 . 2 . 5 ) .
( k - r ) ( 3 . 2 . 7 )
- 5 7 -
To a v o id  de g e n e r a c y ,  t h e  k e r n e l  o r d e r  ( f ' .k )  d e f i n e d  on [ - 1 , 1 ]  
must have a t  l e a s t  k -2  changes  o f  s i g n  on ( - 1 , 1 ) .
Tab le  1 below g i v e s  t h e  f u n c t i o n a l  form o f  the  minimum v a r i a n c e  
and op t im al  k e r n e l s  o f  v a r i o u s  o r d e r s  whi le  Table  2 g i v e s  v a l u e s  o f  
B, V and T which a r e  d e f i n e d  by
1
B = f  t k .K „ ( t ) d t  
-1
1 ( 3 . 2 . 8 )
V = f  K „ ( t ) 2dt  
-1
and T = [V Ck" °  . B( 2 ' +1>]2/<2k+l )
and a r e  the  components  o f  t h e  e x p r e s s i o n s  f o r  t h e  a s y m p t o t i c  b i a s ,  
v a r i a n c e  and MISE which depend on th e  k e r n e l .  V and T a r e  the  
f u n c t i o n a l s  m in im ised  above .  These t a b l e s  a r e  r e p r o d u c e d  from Gasser  
e t  a l  (1985) .
Table  3 . 1 .  Examples  o f  minimum v a r i a n c e  and op t im a l  k e r n e l s .
Order  Minimum v a r i a n c e
(0,2) !/2
(0,4) (3/8)(-5x2+3)
(0,6) (15/l28)•(63x4-70x2+15)
(1,3) (-3/2)-x
(1,5) (15/8)(7x 3-5x )
(2,4) (l05/32)•(-45x4+42x 2-5)
(2,6) (105/32).(-45x4+42x 2-5)
Opt imal
( 3/ 4 ) . ( - x 2+ D
(15/32).(7x2-10x2+3)
(35/256)•(-99x6+189x4-105x2+15) 
(15/4)•(x3-x)
( 1 0 5 / 3 2 ) • ( - 9 x 3+14x3-5x)
(105/l6)(-5x4+6x 2-1)
(315/64)(77x 6-135x4+63x2-5)
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Table  3 . 2 .  Asympto t ic  b i a s ,  v a r i a n c e  and MISE f o r  op t im al  and minimum
v a r i a n c e k e r n e l s , s t a n d a r d and one o r d e r  h i g h e r  (k~j>+2 and ^ ^ + 4 ]
v_ k ke rne  1 B V X
0 2 opt  . 0.2000 0.6000 0.3491
min. V. 0.3333 0.5000 0.3701
4 o p t . -0 .0476 1.250 0.6199
min. V. -0 .0 857 1 .125 0.6432
1 3 opt  . -0 .4 286 2.143 0.7477
min. V. -0 .6000 1.500 0.8137
5 o p t . 0 .1515 11.93 2.168
min. V. 0.2381 9.375 2.328
2 4 o p t . 1 .333 35 .0 0 6.685
min. V. 1 .714 22 .5 0 7.262
6 o p t . -0 .6293 381.6 27.16
min. V. -0 .90091 275.6 29.50
The v a l u e s  o f  T i n  Tab le  3 . 2  show t h a t  t h e  minimum v a r i a n c e  k e r n e l s  
a r e  a l l  s u bop t im a l  by l e s s  t h a n  10% w i t h  r e s p e c t  t o  a s y m p t o t i c  MISE.
One o f  t h e  a nom a l ie s  w i t h  t h e  k e r n e l s  when k -v^4  i s  t h a t  the  
t h e o r y  r e q u i r e s  t h a t  t h e  u n d e r l y i n g  d e n s i t y  s h o u ld  have a t  l e a s t  k - v  
c o n t i n u o u s  d e r i v a t i v e s  but  t h e  k e r n e l s  th em s e lv e s  a r e  d i s c o n t i n u o u s  
a t  + and -  1 which l e a d s  t o  e s t i m a t e s  which a r e  a l s o  d i s c o n t i n u o u s .
To p a r t i a l l y  c i r cumven t  t h i s  p rob lem  M ull e r  (1984)  c o n s t r u c t s  k e r n e l s  
w i t h  s u p p o r t  [ —1 , 1 ] o f  o r d e r  (P jk )  which a r e  u  t im es  d i f f e r e n t i a b l e  
(u  0 ) and min imise  t h e  v a r i a n c e  o f  t h e  u t 1^ d e r i v a t i v e  o f  t h e  
e s t i m a t e .  These k e r n e l s  a r e  p o l y n o m ia l s  o f  d e g re e  (k + 2u -2)  and a r e  
t a b u l a t e d  i n  Tab le  1 o f  t h a t  p a p e r  f o r  u -  2 and 3 and f o r  impor tan t  
v a l u e s  o f  v and  k.
When u s i n g  t h e  op t im al  k e r n e l  o f  o r d e r  ( 0 , 4 )  t o  e s t i m a t e  t h e  
d e n s i t y  i . e .
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K ( t )  = ( 15/ 3 2 > * ( 7 t4  " 10t2  +3) ( 3 . 2 . 9 )
a p r a c t i c a l  fo rm u la  f o r  c hoos ing  the  v a lu e  o f  t h e  smooth ing  p a r a ­
m ete r  can  be o b t a i n e d  by assuming t h a t  f  i s  a  p a r t i c u l a r  d i s t r i ­
b u t i o n  such  as  N ( 0 , 1 ) ,  The a s y m p to t i c  MISE ( S i l v e r m a n  (1986,  p . 67))
can  t h e n  be m in im ised  w i t h  r e s p e c t  to  h to  g i v e :
-1  / g  ^
hop t  = 3 . 2 4 3  [ J f (4 ) ( x ) 2dx] . n"  ^  ( 3 . 2 . 1 0 )
and u s i n g  th e  r e s u l t  t h a t  J f ^ ( x ) 2 dx = 1 .85125 f o r  a  s t a n d a r d  
normal  d i s t r i b u t i o n  g i v e s
hopt  = 3 .0 2 9 .n ~ 1/9  ( 3 . 2 . 1 1 )
f o r  N (0 ,1 )  d a t a .  I f  t h e  v a r i a n c e  i s  not  one t h e n  ( 3 . 2 . 1 1 )  sho u ld  
be m u l t i p l i e d  by a ( r o b u s t )  measure o f  s c a l e .
A l t e r n a t i v e l y ,  t h e  exac t  p ro ce d u re  d e s c r i b e d  i n  S e c t i o n  3 .1  o f  
Ch a p te r  2 can  be u s e d  by a g a i n  assuming t h e  u n d e r l y i n g  d i s t r i b u t i o n  
i s  N ( 0 , 1 ) .  T h i s  was c a r r i e d  out  f o r  n ine  sample s i z e s  between
n — 25 and n = 6400 and r e s u l t e d  i n  t h e  fo rm u la
hopt  “  3 . 9 0 4 . n " ° - 134 ( 3 . 2 . 1 2 )
which i s  no t  too  d i s s i m i l a r  f rom ( 3 . 2 . 1 1 ) .  Use o f  ( 3 . 2 . 1 2 )  i n  f a c t  
g i v e s  s l i g h t l y  l a r g e r  v a l u e s  o f  h t h a n  does ( 3 . 2 . 1 1 )  bu t  t h e s e  
d i f f e r e n c e s  l e s s e n  as  n i n c r e a s e s .
A prob lem  when e s t i m a t i n g  t h e  d e n s i t y  f u n c t i o n  (p = 0) u s i n g  a 
k e r n e l  w i t h  k ^ 4 i s  t h a t  n e g a t i v e  e s t i m a t e s  o f  t h e  d e n s i t y  can  be
o b t a i n e d  e s p e c i a l l y  i n  t h e  t a i l s  where t h e r e  i s  l i t t l e  d a t a .  Such
n e g a t i v e  v a l u e s  s h o u l d  t h e r e f o r e  be r e s e t  to  z e r o  bu t  t h e  r e s u l t i n g
e s t i m a t e  w i l l  t h e n  no t  be a  bona f i d e  d e n s i t y  i n  t h a t  i t  w i l l  no t
i n t e g r a t e  t o  one .
A s im p le  way t o  overcome t h i s  i s  by t h e n  r e s c a l i n g  t h e  e s t i m a t e  
by f [ f ( x ) d x l  ^ . The r e s u l t  o f  t h i s  however ,  i s  t h a t  a nom a l ie s  in
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p a r t s  o f  t h e  d i s t r i b u t i o n  w i t h  l i t t l e  d a t a  a f f e c t  t h e  e s t i m a t e  i n  the
more im por ta n t  main body o f  the  d i s t r i b u t i o n .  An a l t e r n a t i v e  i t e r a t i v e
c o r r e c t i o n  p r o c e d u r e  which c onve rges  t o  a bona f i d e  e s t i m a t e  was
s u g g e s t e d  by Ga jek  (1986)  which has an o p t i m a l i t y  p r o p e r t y  ove r  any
o t h e r  c o r r e c t i o n  p r o c e d u r e  w i t h  r e s p e c t  to  w e ig h te d  MISE i . e .  
f - 2E ( f ( x )  -  f ( x ) )  .W(x)dx. A n e c e s s a r y  c o n d i t i o n  on the  weight  f u n c t i o n  
w i n  t h e  MISE though  i s  t h a t  J w(x) dt  i s  f i n i t e  which means t h a t  
t h e  weight  w s h o u l d  i n c r e a s e  f o r  " l a r g e "  a rguments  which t h e r e b y  
i n c r e a s e s  t h e  impor tance  o f  t h e  t a i l s .  No gu idance  i s  g i v e n  in  the  
p a p e r  as  t o  a more s p e c i f i c  c h o ic e  o f  weight  f u n c t i o n  and t h e  e f f e c t  
d i f f e r e n t  c h o i c e s  have on t h e  r e s u l t i n g  e s t i m a t e  nor  to  t h e  speed  o f  
convergence  o f  t h e  a l g o r i t h m .
In  t h e  d e r i v a t i o n  o f  fo rm ula  ( 3 . 2 . 1 2 ) ,  which in v o lv e d  num er ica l  
i n t e g r a t i o n ,  no r e s c a l i n g  was c a r r i e d  out  which removed th e  i n f l u e n c e  
o f  t h e  t a i l s  a s  d i s c u s s e d  above .  Th is  i s  j u s t i f i e d  by the  a ve rage  
a r e a s  b a s e d  on 25 s i m u l a t i o n s  o f  d a t a  from fou r  d i f f e r e n t  d i s t r i b u t i o n s  
g i v e n  i n  t h e  f o l l o w i n g  t a b l e .
Table  3 . 3 .  The mean and s t a n d a r d  d e v i a t i o n  o f  t h e  a r e a s  o f  d e n s i t y  
e s t i m a t o r s  u s i n g  t h e  k e r n e l  K ( t )  -  ( ^ 5/ 3 2 ) • ( 7 t ^ - 1 0 t ^ + 3 )  w i t h  no 
r e s c a l i n g  b a s ed  on 25 s i m u l a t i o n s .
D i s t r i b u t  ion  
N(0 ,1 )
Gamma (2 ,  \/~2)
Mean
1.015
1.003
0 . 5 [ N ( x - 0 . 8 6 6 , 0 . 5 )
+ N ( x + 0 . 8 6 6 , 0 . 5 ) ] 1 .033
n = 50 
S t .  d e v i a t i o n
0.000066
0.000007
0.000044
N = 100 
Mean S t . d e v i a t  ion
1.008
1.001
1 .032
0.000025
0.000001
0.000035
t ( 3 ) 1.006 0.000020 1.002 0.000012
The l a r g e s t  mean e r r o r s  occu r  f o r  the  bimodal normal m ix tu re  but  t h es e  
a r e  o n l y  3,3% and 3.2% f o r  n = 50 and 100 r e s p e c t i v e l y .  All  the  
o t h e r s  a r e  1.5% or  l e s s .  There i s  a l s o  l i t t l e  v a r i a b i l i t y  in  the  
r e s u l t s  f o r  each  o f  t h e  s e t s  o f  25 samples .  For  l a r g e r  sample s i z e s  
t h e  e r r o r s  w i l l  be even l e s s .  Hence, r e s e t t i n g  n e g a t i v e  e s t i m a t e s  to  
z e r o  but  no t  r e s c a l i n g  r e s u l t s  in  a d e n s i t y  e s t i m a t e  which i s  v e ry  
c l o s e  t o  b e in g  bona f i d e .
On th e  o t h e r  hand,  t h e s e  r e s u l t s  c o u ld  be u s e d  t o  a rgue  t h a t  
i f  r e s c a l i n g  i s  c a r r i e d  out  the  i n f l u e n c e  o f  t h e  t a i l s  on th e  main 
p a r t  o f  t h e  d i s t r i b u t i o n  w i l l  be q u i t e  s m a l l .  T h e r e f o r e ,  the  d e c i s i o n  
on w h e th e r  to  r e s c a l e  o r  not  r e a l l y  depends on what t h e  e s t i m a t e  i s  
r e q u i r e d  f o r .  I f  o n ly  a s imple  p i c t o r i a l  r e p r e s e n t a t i o n  o f  the  
d e n s i t y  e s t i m a t e  i s  r e q u i r e d  t h e n  do ing  no r e s c a l i n g  s i m p l i f i e s  the  
c o m p u t a t i o n s  and s h o u ld  be q u i t e  a d e q u a t e .  However, i f  t he  e s t i m a t e  
i s  t o  be u s e d  i n  a n o t h e r  s t a t i s t i c a l  p r o c e d u r e  t h e n  i t  may be b e t t e r  
t o  c a r r y  out  some form o f  r e s c a l i n g  t o  o b t a i n  a  t r u e  d e n s i t y .
3 .3  J a c k n i f i n g .
T h i s  i s  b a s e d  on the  g e n e r a l i s e d  j a c k n i f e  method o f  Schucany,
Gray and Own ( 1 971 ) ,  In  t h i s  c o n te x t  l e t  (X]_, . . . ,Xn ) be n 
indepe nde n t  and i d e n t i c a l l y  d i s t r i b u t e d  o b s e r v a t i o n s  from the  
d i s t r i b u t i o n  F (0 )  where 8 i s  an  unknown p a r a m e t e r  and a l s o  l e t  
t ^  and t 2 be two e s t i m a t o r s  o f  8 which a r e  b i a s e d .
i . e .  E [ t r ( Xl t . . . , X n ) ]  -  8 = b r ( n , 8)  *  0 ,  r  -  1 , 2 .
Let  R = b]^(n, 0) / b 2 (n , 0) . I f  0 i s  now d e f i n e d  t o  be
A
( t i - R t 2 ) / ( l - R )  t h e n  E[0] = 8 assuming t h a t  R i s  known.
For  d e n s i t y  e s t i m a t i o n  Schucany and Sommers (1977)  d e f i n e  the  
" j a c k n i f e  e s t i m a t o r "  to
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g(x)  = [ f ( x j K j h i )  -  R . f ( x ; K , h 2 ) ] / ( l - R )
( 3 . 3 . 1 )
where R ^ 1 i s  a  c o n s t a n t ,  K i s  the  k e r n e l  f u n c t i o n  and h^ and
/N /v
h 2 a r e  smooth ing  p a r a m e t e r s .  The e s t i m a t o r s  f ( * ; K , h i )  and f ( * ; K , h 2)
a r e  b o t h  assumed t o  s a t i s f y  ( 3 . 1 . 6 )  f o r  k = 2. They show t h a t  i f
R i s  s e t  t o  be t h e  r a t i o  o f  the  p r i n c i p a l  t e rms  i n  t h e  a s y m p t o t i c
e x p a n s i o n  f o r  t h e  b i a s  which,  because  the  k e r n e l  f u n c t i o n s  a r e  the
2 2same f o r  b o t h  e s t i m a t o r s ,  i s  s im ply  t h e n  t h e  t e rm  i n  the b i a s ,
( 2 )E [ g ( x ) ]  -  f ( x ) , c o n t a i n i n g  f  (x) i s  removed.
They a l s o  show t h a t
g(x) -  ( n .h i ) " 1 I  [K(Zj) -  a ' 3 . K ( ( Z , / a ) ] / ( l - a " 2) (3 .3 .2 )
i= l
where a = h^ /h^  and Zj = ( x - X j ) / h j  so t h a t  t h e  same e s t i m a t o r  
c o u ld  have been  p roduce d  by u s i n g  the  s i n g l e  k e r n e l
K*(t)  = [K(t) -  a"3 . K ( t / a ) ] / ( l - a - 2 ) . ( 3 .3 .3 )
K* s a t i s f i e s  t h e  c o n d i t i o n  ( 3 . 1 . 2 )  f o r  k -= 4 and i s  t h e r e f o r e  
i n  t h e  c l a s s  o f  k e r n e l s  s u g g e s t e d  by B a r t l e t t  w i t h  k = 4.
Note t h a t  t h e  j a c k n i f e  e s t i m a t o r  can be e x p r e s s e d  as
g (x )  -  fX x jK .h i )  + [ l / ( a 2 - l ) ] . f f ( x ; K , h 1 ) -  >  (x;K,  a h i )  ]
( 3 . 3 . 4 )
which s u g g e s t s  t h a t  [ l / ( a 2- l ) ] . [ f ( x ; K ,h ^ )  -  f ( x ; K , a h i ) ]  i s  an
As
a d d i t i v e  b i a s  r e d u c i n g  c o r r e c t o r  f a c t o r  f o r  f ( x ; K , h ^ ) .
Now l e t
-1 ng(x)  -  (n .h ! )  . I  K*(x-Xj) /hj )  ( 3 .3 .5 )
1-1
so t h a t
: [g (x)]  -  f ( x )  + ( l / 2 4 ) . h 4 . f ( 4 ) ( x ) . J  t 4 . K * ( t ) d t  + o(h4 )
( 3 . 3 . 6 )
and
V [g (* ) ]  -  f l x ) / ; ^ ! ! ) ) . ^ * ^ ) 2^  + o (n h 1 ) -1  ( 3 . 3 . 7 )
The q u a n t i t i e s  J t ,K * ( t ) d t  and j  K * ( t ) 2d t  can  be s i m p l i f i e d  as  
f o l l o w s :
2 -1f  t 4 . K * ( t ) d t  1 ------  . f  t 4 K(t ) d t  -    . f  t 4K ( t / a ) d t
J ( a2- l )  J ( a 2- l )  J
a2 a -  ^ 5
= u^i) •n’4 " (^17 -a •”’4
-  -a2 .m4 ( 3 . 3 . 8 )
where 1114 i s  d e f i n e d  by ( 3 . 1 . 2 )  and e q u a l s  3 i f  K i s  the  s t a n d a r d  
normal  d e n s i t y .
J K * ( t ) 2dt -  { [-^2— 2  {K( ‘ ) 2 + a_6 - K ( t / a ) 2 
-  2 . a “3 . K ( t ) . K ( t / a ) ] ]  dt
2a^ 2 . [ J K ( t ) 2dt  + a "6 J K ( t / a ) 2dt  -  2a 3 . J  K ( t ) K ( t / a ) d t ]
( 3 . 3 . 9 )
When K i s  a s t a n d a r d  normal  d e n s i t y
) 9 Q-2
( 3 . 3 . 1 0 )j  K * ( t ) 2dt  = a42 _ i  \ 2( a  - 1 )
1 ^ a ”5 2 a 2■ + ———  — ■
1 \ T Z  2 \ T Z  \ f  2 . 7r. (1+a2 )
Schucany and Sommers s u g g e s t  w i th o u t  j u s t i f i c a t i o n  u s i n g  a  va lu e  
a  c l o s e  t o  1. T h i s  s u g g e s t i o n  can  be i n v e s t i g a t e d  by c o n s i d e r i n g  
e x p r e s s i o n s  ( 3 . 3 . 8 )  and ( 3 . 3 . 1 0 ) .  I f  a  s t a n d a r d  normal d e n s i t y  
f u n c t i o n  i s  u s e d  as  t h e  k e r n e l  t h e n  when 9a4 ( i . e .  t h e  s qua re  o f
( 3 . 3 . 8 ) )  i s  p l o t t e d  a g a i n s t  a i t  can be s e en  from f i g u r e  3 .1  t h a t
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f o r  a  > 1 t h e  i n t e g r a t e d  s q u a re d  b i a s  would i n c r e a s e  v e r y  r a p i d l y .
The p l o t  o f  ( 3 . 3 . 1 0 )  a g a i n s t  a  ( f i g u r e  3 .2 )  shows t h a t  the  i n t e g r a t e d
v a r i a n c e  would d e c r e a s e  f a i r l y  r a p i d l y  f o r  0 < a  < 1 w h i l e  fo r
a  > 1 t h e  d e c r e a s e  i s  q u i t e  s low.  Combining t h e s e  i n  the  e x p r e s s i o n
T = (V» . B2 ) which i s  p r o p o r t i o n a l  t o  t h e  a s y m p t o t i c  MISE
e v a l u a t e d  a t  t h e  a s y m p t o t i c a l l y  op t im al  smooth ing  p a ra m e t e r  and a g a in  
p l o t t i n g  a g a i n s t  a ( f i g u r e  3 .3 )  shows t h a t  t h e  MISE would de c re a s e  
f a i r l y  r a p i d l y  f o r  0 < a  < 0 . 6 , more g e n t l y  f o r  0 .6  < a  < 1 , a t t a i n
a  minimum a s  a  —» 1 and i n c r e a s e  f a i r l y  s l o w l y  f o r  a. > 1.  This
g i v e s  c r e d e n c e  t h e n  t o  a c h o ic e  o f  a n e a r  1 bu t  f o r  a l a r g e  range  o f  
v a l u e s  o f  a t h e  i n c r e a s e d  l o s s  i n  MISE would no t  be g r e a t .
I t  i s  o f  i n t e r e s t  to  see  what form K *( t )  t a k e s  i n  the  l i m i t  as
a —» 1.  T h i s  i s  a l s o  not  c o n s i d e r e d  by Schucany and Sommers but  u s in g
L ' H o p i t a l ' s  r u l e  g i v e s
l im  K*( t )  = 0 . 5 . t . K ( 1 > ( t )  + 1 . 5 . K ( t )  
a-»X
= K L( t ) ,  s a y .  ( 3 . 3 . 1 1 )
I f  K ^ ( t )  i s  a  s t a n d a r d  normal  d e n s i t y  t h e n
KL(t ) = - 0 . 5 t 2 . N ( t ; 0 , l )  + 1 . 5 . N ( t ; 0 , l )
-  N ( t ; 0 , 1 )  -  0 . 5 . ( t 2 - l ) . N ( t ; 0 , l ) .
-  N ( t ; 0 , 1 )  -  0 . 5 . n ( 2) ( t ; 0 , 1 )  ( 3 . 3 . 1 2 )
where N ( t ; 0 , l )  de n o te s  t h e  s t a n d a r d  normal  d e n s i t y  e v a l u a t e d  a t  t .  
T h i s  i s  e q u i v a l e n t  to  e s t i m a t i n g  the  d e n s i t y  u s i n g  a  normal  k e rn e l  
and t h e n  s u b t r a c t i n g  an e s t i m a t e  o f  t h e  p r i n c i p a l  b i a s  te rm,
0 . 5 . h 2 . f ( 2 ) ( x ) , b a s ed  on th e  second  d e r i v a t i v e  o f  t h e  e s t i m a t e .  Thi s  
a p p ro a c h  w i l l  be d i s c u s s e d  f u r t h e r  i n  S e c t i o n  3 . 4 .
The v a l u e  o f  B = j  t 4 .KL( t ) d t  -  -3  and V -  J  KL ( t ) 2dt  = 0.476
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so t h a t  T = 0 .660  which compares w i th  0 .620  f o r  the  op t im al  k e rn e l  
and 0.643  f o r  t h e  minimum v a r i a n c e  k e r n e l  o f  Gasse r  e t  a l  (1985) .  
(See t a b l e  3 . 1 ) .
J a c k n i f i n g  can  a l s o  be implemented by u s i n g  a d i f f e r e n t  k e r n e l  
f o r  each  o f  t h e  two e s t i m a t o r s  i n  ( 3 . 3 . 1 )  ( i . e  and K2 ) and 
Schucany and Sommers g ive  a l g e b r a i c  d e t a i l s  b a sed  on such  an approach .
The b i a s  t erm h4 . f ( 4 ) ( x )  can  be e l i m i n a t e d  i f  and K2 a r e
c hosen  such  t h a t  t h e y  d i f f e r  in  t h e  second or  f o u r t h  moments and
h^ and h2 a r e  chosen  i n  t h e  r a t i o
B ia s  terms c o n t a i n i n g  h i g h e r  powers  o f  h can  be e l i m i n a t e d  i f  
more t h a n  two e s t i m a t o r s  a r e  combined.
In a  smal l  s i m u l a t i o n  s t u d y  t h e y  d e m o n s t ra te  t h e  e f f e c t i v e n e s s  o f  
t h e  j a c k n i f e  e s t i m a t o r  i n  r e d u c i n g  MSE.
3 . 4 .  Using a  k e r n e l  f u n c t i o n  W(t) -  K ( t )  -  ( V 2 ) ( t ) .
C o n s id e r  e s t i m a t i n g  a  d e n s i t y  f  u s i n g  a f i x e d  k e r n e l  d e n s i t y  
e s t i m a t o r  w i t h  k *= 2 i n  ( 3 . 1 . 6 )  and th e n  s u b t r a c t i n g  an e s t i m a t e  o f  
t h e  p r i n c i p a l  b i a s  t e rm  ( ^ / 2 ) h 2 . fC2 ) ( x )  based  on the  second  
d e r i v a t i v e  o f  t h e  e s t i m a t o r .
The terra  i n  b r a c k e t s ,  a f t e r  c a r r y i n g  out  t h e  d i f f e r e n t i a t i o n ,  i s
( 3 . 3 . 1 3 )
n 2
I . e .  f ( x )  -  n ' 1 I  {h -1K(x-X1) / h ) - ( l / 2)h2 . ^  h-iKCCx-X^/h)}
h - i .K C C x -X iV h )  -  ( V 2 ) - h2/ ( h - 3 . K < 2 ) ( ( x - X i ) / h ) )  
-  h ' 1 [ K ( ( x - X i ) / h ) - ( 1/ 2 ) - K ( 2 ) ( ( x - X i ) / h ) ] ( 3 . 4 . 2 )
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Hence ,
n
f ( x )  = n - i . h "1 2  W ((x -X j ) /h )  ( 3 . 4 . 3 )
i = l
where
W(t) -  K ( t )  -  ( 1/ 2 ) . K ( 2 ) ( t )  ( 3 . 4 . 4 )
Assume t h a t  the  k e r n e l  K i n t e g r a t e s  t o  one and s a t i s f i e s  the  
moment c o n d i t i o n  ( 3 . 1 . 2 )  w i th  k =■ 2. Then
J W(t )d t  = j  ( K ( t )  -  ( 1/ 2 ) . k ( 2 ) } d t  -  1 p r o v i d e d  J k ( 2 ) ( t ) d t  = 0
( 3 . 4 . 5 )
J t . W ( t )  dt  = 0 p r o v i d e d  | t k C 2 ) ( t ) d t  = 0 ( 3 . 4 . 6 )
J t 2 .W(t) dt = 0 provided J t 2 . k ( 2 ) ( t ) d t  = 2 .m2 ( 3 . 4 . 7 )
J t 2 .W(t) dt  = 0 p r o v i d e d  J t ^ , k ( 2 ) ( t ) d t  = 0 ( 3 . 4 . 8 )
J t 4 .W(t) dt  = m4 - ( 1 / 2 )  J t 4 . k ( 2) ( t ) d t  * 0 . ( 3 . 4 . 9 )
C l e a r l y  W(t) i s  a k e r n e l  f u n c t i o n  s a t i s f y i n g  th e  moment 
c o n d i t i o n s  ( 3 . 1 . 2 )  w i t h  k = 4 so t h a t  t h e  a s y m p t o t i c  b i a s  w i l l  be 
0(h*).
I f  K i s  cho s en  to  be t h e  s t a n d a r d  normal d e n s i t y  t h e n  th e  
above c o n d i t i o n s  ( ( 3 . 4 . 5 - ( 3 . 4 . 9 ) )  on the  k e r n e l  and  i t ' s  second  
d e r i v a t i v e  a r e  s a t i s f i e d .
i . e .  W(t) = N ( t ; 0 , 1 )  -  0 . 5 . N ( 2 ) ( t ; 0 t l )
-  N ( t ; 0 , l )  -  0 . 5 ( t 2 - l ) . N ( t ; 0 , 1 )
-  0 . 5 ( 3 - t 2 ) . N ( t ; 0 f1) ( 3 . 4 . 1 0 )
Th i s  i s  t h e  same weight  f u n c t i o n  t h a t  was found  by j a c k n i f i n g  u s in g  
N(0 ,1 )  k e r n e l s  and l e t t i n g  a  —» 1.
I t  i s  o f  i n t e r e s t  to  f i n d  o t h e r  f u n c t i o n s  K which s a t i s f y
( 3 . 4 . 5 ) - ( 3 . 4 . 8 ) .  Suppose t h e n  t h a t  K i s  a po lynom ia l  o f  deg ree  m 
d e f i n e d  on [ - 1 , 1 ] and  z e r o  o t h e r w i s e .  K needs t o  be a  symmetr ic  
f u n c t i o n  so i t  i s  o n l y  n e c e s s a r y  to  c o n s i d e r  t e rm s  i n v o l v i n g  even 
powers o f  t ,
i . e .  K ( t )  = amt m + • <+a0 ’ m even ( 3 . 4 . 1 1 )
where t h e  {aj} a r e  c o n s t a n t s .  T h e r e f o r e ,
K (2 ) t  = m . ( m - l ) a mt m“2 + ( m - 2 ) ( m - 3 ) . am_2 t m-^ + . . .+ 2 . 1 . a 2
( 3 . 4 . 1 2 )
Now,
and
1 m
f K ( t ) d t  = 2. 2 a j / ( i + l )  = 1 ,  i ,  m even  ( 3 . 4 . 1 3 )
-1  1=0
1 m
[ K ( 2 ) ( t ) d t  = 2 2 a j . i = 0 ,  i ,  m e ven  ( 3 . 4 . 1 4 )
-1  1=0
1 m
j t 2K ( t ) d t  = 2 2  a i / ( i + 3 )  i ,  nt even  ( 3 . 4 . 1 5 )
-1  i =0
1 m
t 2 .K<2 ) ( t ) d t  = 2. 2  i . ( i - 1 ) . a j / ( i + l )  i ,  m even ( 3 .4 . 1 6 )  
-1 1-0
so t h a t  t o  s a t i s f y  ( 3 . 4 . 7 )  i t  i s  r e q u i r e d  t h a t
m m
2  i . d - D . a i d + l )  = 2 2  a j / d + 3 )  ( 3 . 4 . 1 7 )
i =0 i =0
m
i . e .  2  a i { ( i 3+ 2 . i 2 - 5 . i - 2 ) / ( ( i + l ) . ( i + 3 ) ) }  = 0 ( 3 . 4 . 1 8 )
1-0
For  m = 0 c o n d i t i o n  ( 3 . 4 . 1 8 )  i m p l ie s  t h a t  - ( 2 / 3 ) a o  = 0  so t h a t
aQ = 0. For  m = 2 c o n d i t i o n  ( 3 . 4 . 1 4 )  i m p l i e s  t h a t  O.aQ + 2a 2 = 0
so t h a t  a 2 = 0 .  T h e r e f o r e ,  no po lynom ia l s  o f  d e g re e  2 o r  l e s s  s a t i s f y
the  r e q u i r e d  c o n d i t i o n s .  However, when m — 4 we have :
0 . aQ + 2 . a 2 + 4 , a 4 = 0 from ( 3 , 4 . 1 4 )
a 0 + ( 1 / 3 ) . a 2 + ( 1 / 5 ) . a 4 -  1 /2  f rom ( 3 . 4 . 1 3 )
- ( 2 / 3 ) . a 0 + ( 4 / 1 5 ) . a 2 + ( 7 4 / 3 5 ) . a4 -  0 f rom ( 3 . 4 . 1 8 )
S o lv in g  t h i s  s y s te m  o f  l i n e a r  e q u a t i o n s  p r oduce s  t h e  k e r n e l
f u n c t  ion
K ( t )  =
so t h a t
( 2 1 / 8 0 ) . t 4 -  ( 2 1 / 4 0 ) . t 2 + 249/400 ,  -1 < t  < 1
0 , o .w ( 3 . 4 . 1 9 )
K<2 ) ( t )  -
f ( 2 5 2 / 8 0 ) . t 2 - 4 2 /4 0 ,  -1 < t < 1 
0 , o.w. ( 3 . 4 . 2 0 )
Hence ,
W(t) -  K ( t )  -  (1/ 2 ) , k ( 2 ) ( t )
( 2 1 / 8 0 ) t 4 -  ( 2 1 / 1 0 ) . t 2 + 459 /400 ,  -1  < t « 1
0 , o .w,
( 3 . 4 . 2 1 )
P l o t s  o f  W(t) b a s ed  on t h e  s t a n d a r d  normal k e r n e l  and on ( 3 . 4 . 2 1 )  
t o g e t h e r  w i t h  t h e  o p t im a l  k e r n e l  o f  o r d e r  ( 0 , 4 ) ,  a r e  shown i n  f i g u r e
3 . 4 .  Each o f  t h e s e  f u n c t i o n s  t a k e  n e g a t i v e  v a l u e s .  The one b a s e d  on 
the  s t a n d a r d  normal  has  a b r o a d e r  shape th a n  th e  o t h e r  two,  i s  n e g a t i v e  
f o r  i t  I > V Z  and a s y m p t o t i c a l l y  approaches  z e r o .  The op t im al  
po lynomia l  i s  more peaked  t h a n  ( 3 . 4 . 2 1 ) ,  c r o s s e s  t h e  t - a x i s  a t  ± 0.65  
and has  minima o f  - 0 . 2 7  a t  t  ■=* ± 0 .8 5 .  ( 3 . 4 . 2 1 )  c r o s s e s  t h e  t - a x i s  a t  
t  == ± 0 .7 7  and h a s  minima o f  - 0 . 6 9  a t  ± 1 .  Both t h e  p o l y n o m ia l s  a re  
d i s c o n t i n u o u s  a t  ± 1 .
The q u a n t i t i e s  B, V and T ( 3 . 2 . 8 )  a r e  g i v e n  i n  t h e  f o l l o w i n g  t a b l e .
Table  3 . 4 ,  A sym pto t ic  b i a s ,  v a r i a n c e  and MISE f o r  k e r n e l s  o f  the  form 
W(t) -  K ( t )  - 0 . 5 . K 2 ( t ) .
Y T
0 .4 760  0.6600
1 .1258  0.6384
In  t e rm s  o f  a s y m p t o t i c  MISE t h e r e  i s  l i t t l e  l o s s  i n  u s in g  one o f  
t h e s e  two weigh t  f u n c t i o n s  i n s t e a d  o f  the  a s y m p t o t i c a l l y  op t im al  k e rne l  
o f  o r d e r  ( 0 , 4 )  which has  T = 0 .6 199 .  The p o lynom ia l  v e r s i o n  
pe r fo rm s  s l i g h t l y  b e t t e r  t h a n  the  minimum v a r i a n c e  k e r n e l  o f  o r d e r  
( 0 , 4 )  which has  T = 0 .6 432 .  The normal  v e r s i o n  has  the  advantage  
t h a t  t h e  r e s u l t i n g  d e n s i t y  e s t i m a t e ,  b e f o r e  a d ju s t m e n t  f o r  any 
n e g a t i v e  v a l u e s ,  has  co n t in u o u s  d e r i v a t i v e s  o f  a l l  o r d e r s .
3 . 5 .  E s t i m a t i n g  t h e  e xac t  b i a s .
The e x a c t  e x p e c t e d  v a lu e  o f  a f i x e d  k e r n e l  e s t i m a t o r ,  f ( x ) ,  i s  
g i v e n  by ( 3 . 1 . 1 )  and in v o lv e s  the  t r u e  f  which  i n  p r a c t i c e  i s  
unknown. I t  c a n  be r e p l a c e d  by a f i x e d  k e r n e l  e s t i m a t e  t o  p r o v id e  
i n  t u r n  an e s t i m a t e  o f  t h e  e x p e c t a t i o n  i . e .
00 1
|  h K ( ( x - y ) / h ) .  f ( y ) d y  *= A ( x ) , s a y ,  ( 3 . 5 . 1 )
-CO
An e s t i m a t e  o f  t h e  b i a s  i s  t h e n
A(x) -  f ( x )  ( 3 . 5 . 2 )
so t h a t  a  b i a s  c o r r e c t e d  e s t i m a t e  o f  f ( x )  i s
f * ( x )  -  f ( x )  -  [ A(x) -  f ( x )  ]
-  2 . f ( x )  -  A(x) ( 3 . 5 . 3 )
To show t h a t  t h i s  has a s y m p t o t i c a l l y  r ed u c e d  b i a s  c o n s i d e r :
w m  b
0. 5 ( 3 - t 2 ) N ( t ; 0 , 1 )  - 3 .000
—  -  —  t 2 + -0  082680 10 400 *
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E [ f * ( x )  ] = 2 . E[f<x)  ] -  E[A<x) ] ( 3 . 5 . 4 )
Now,
E[ f ( x )  ] -  f ( x )  + ( l / 2 ) . h 2 . f ( 2 ) ( x )  + 0 ( h 4 ) ( 3 . 5 . 5 )
from ( 3 . 1 . 6 )  i f  f ( - )  i s  based  on u s in g  a k e r n e l  w i t h  k = 2. Also,
00
E[ A ( x )  ]  “  |  h _1 . K ( ( x - y ) / h ) . E [ f ( y ) ] d y
-CO
00
= J h_1 . K ( ( x - y ) / h ) f ( y ) d y
-00
CO
+ J h " 1 . K ( ( x - y ) / h ) . ( l / 2 ) . h 2 f ( 2>(y)dy  + 0 (h4 ) ( 3 . 5 . 6 )
— CO
By making t h e  change o f  v a r i a b l e  t = ( x - y ) / h  and u s i n g  the  
a s s u m p t io n s  t h a t  K i s  symmetr ic  and i n t e g r a t e s  t o  one
E[A(x)  ] = f ( x )  + h2 . f ( 2) ( x )  + 0 ( h 4 ) ( 3 . 5 . 7 )
T h e r e f o r e ,
E [ f * ( x ) ]  = f ( x )  + 0 (h4 ) . ( 3 . 5 . 8 )
I f  K i s  assumed t o  be a s t a n d a r d  normal  d e n s i t y  t h e n  A(x) 
c a n  be e v a l u a t e d  a n a l y t i c a l l y  as  f o l l o w s :
00
A(x) = J {h"1 . K ( ( x - y ) / h ) . f ( y ) } d y
-00
o o  n
= J {h -1 . K ( ( x - y ) / h )  . n ”1 .!!"1 £  K ( ( y - x * ) / h } d y
i = l
n oo
= n -1  2  f {h 1 , K ( ( x - y ) / h ) . h ~ 1K ((y ~ x i ) / h ) } d y
i = l  -oo
n oo
= n~1 2  |  ( N ( x ; y , h 2 ) . N ( y ; x i , h 2 )}dy
i = l  _oo
n
-  n - l  I  N ( x ; x , , 2 h 2 )  ( 3 . 5 . 9 )
i = l
= f ( x ;  \ / 2h) b a s ed  on an  N(0 ,1 )  k e r n e l .
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T h e r e f o r e ,  t h e  b i a s  c o r r e c t e d  e s t i m a t o r  b a s ed  on a s t a n d a r d  normal 
k e r n e l  i s
2 . f ( x ; h )  -  f ( x ; V r2h) ( 3 . 5 . 1 0 )
which i s  j u s t  a j a c k n i f e  e s t i m a t o r  w i t h  a  = \/~2. When a -  \ f i  
B = 6 .0 0 0 ,  V = 0 .4065  and T = 0 .6690  and so i t  i s  s l i g h t l y  
i n f e r i o r  i n  te rms  o f  a s y m p t o t i c  MISE to  t h o s e  k e r n e l s  w i t h  k = 4 
c o n s i d e r e d  in  S e c t i o n  3 .2  -  3 . 4  -  s ee  t a b l e s  3 . 2  and 3 . 4 .
3 . 6 .  S u b t r a c t i n g  an  e s t i m a t e  o f  ( I / 2 ) . h ^ , f ( 2 ) ( x ) .
In  t h e  a s y m p t o t i c  e x p r e s s i o n  f o r  t h e  b i a s  o f  a f i x e d  k e rn e l  
e s t i m a t o r  the  p r i n c i p a l  t erm when k = 2 i s  ( I / 2 ) . h ^ . f ( 2 ) ( x ) . ( 3 . 1 , 6 )  
In  t h i s  s e c t i o n  i t  i s  p ropose d  to  c o n s t r u c t  a  k e r n e l  e s t i m a t o r  f o r  
t h i s  q u a n t i t y  and s u b t r a c t  i t  f rom t h e  o r i g i n a l  e s t i m a t o r .
In  o r d e r  to  implement t h i s  method a c h o ic e  o f  k e r n e l  and 
a p p r o p r i a t e  smoo th ing pa ra m e te r  needs t o  be made f o r  e s t i m a t i n g  th e  
se cond  d e r i v a t i v e .  A f i x e d  k e r n e l  e s t i m a t o r  f o r  f ( 2 ) ( x )  i s d e f i n e d  
t o  be
i - l  h '  '
where K2 i s  d e r i v e d  from a tw ice  d i f f e n t i a b l e  f u n c t i o n  and s a t i s f i e s  
t h e  c o n d i t i o n s
J t J .K2 ( t ) d t
0 , j  -  0 , 1 , 3 , . . . . k - l
2 ! , j  -  2
02 j k  * 0 , j  -  k
( 3 . 6 . 2 )
so t h a t  t h e  o r d e r  o f  t h e  k e r n e l  i s  ( 2 ,k )  and h 2 i s  t h e  smoothing 
p a r a m e t e r  ( M u l le r  and Gasse r  ( 1 9 7 9 ) ) .
I f  i t  i s  assumed t h a t  f  i s  f o u r  t im es  d i f f e r e n t i a b l e  t hen
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E [ f ( 2 ) (x) ] = V  . J  K2 ( t ) . F ( x - h 2 t ) d t  ( 3 . 6 . 3 )
h2
and
V a r ( f ( 2 ) ( x ) )  = - L _ -  . [  K2 ( t ) 2 . f ( x - h 2 t ) d t
n .h ^
1 2 
“ — 4 { |  K2 ( t ) . f ( x - h 2 ) d t}  ( 3 . 6 . 4 )
nh2
M u l le r  and  Gasse r  (1979) .
The a s y m p t o t i c  MISE i s  t h e n
, \  K2 ( t ) 2dt  + — ? -*  . h2 ( k " 2) . J f < k ) ( x ) 2dx 
n . h 2 ( 2 !)
. [ j  t kK2 ( t ) d t ]  + o [ n h "5 + h2 ( k ~2 ) ] ( 3 . 6 . 5 )
The e s t i m a t o r  i s  t h e r e f o r e  c o n s i s t e n t  i n  MISE i f
l im  h 2 = 0 and 1 im n . h ^  = ® ( 3 . 6 . 6 )
n-*co n-><H
and f ( 2 ) ( - )  i s  c o n t i n u o u s  i n  x .  (M u l le r  and  G a s s e r  ( 1 9 7 9 ) ) .
T h e r e f o r e ,  i f  h 2 i s  p r o p o r t i o n a l  t o  n “a , p r o v i d e d  
0 < a  < V s « f ^ ^ ( x )  w i l l  be c o n s i s t e n t  f o r  f  ^ 2  ^ (x) . Hence,
A
d i f f e r e n t i a t i n g  f ( x )  tw ice  w i l l  not  p r o v i d e  a  c o n s i s t e n t  e s t i m a t o r  
i f  t h e  a s y m p t o t i c a l l y  op t im al  v a lu e  o f  h ,  wh ich  i s  p r o p o r t i o n a l  to
-Vsn ' D , i s  u sed .
The v a l u e  o f  h 2 which m in im ises  t h e  a s y m p t o t i c  MISE ( 3 . 6 , 5 )  i s
1
r 5 V2 k 1 x ,< 2k+ l )
h2 "  [2 . ( k - 2 ) • ^  • |  f ( k ) ( t ) 2d t  ■ 5 ]
( 3 . 6 . 7 )
where
v 2 , k  “  |  K2 ( t ) 2dt
—73 —
and
_1/ 9so t h a t  i f  k — 4 h2 s h o u ld  be chosen  p r o p o r t i o n a l  to  n
That  the  method o f  t h i s  s e c t i o n  w i l l  a s y m p t o t i c a l l y  reduce  the
b i a s  t o  0 (h4 ) can be s e e n  as  f o l l o w s :
f * ( x )  ~ f ( x )  -  ( V 2 ) . h 2 f ( 2 ) (x)  ( 3 . 6 . 8 )
where h and h 2 a r e  t h e  smooth ing  p a r a m e t e r s  u s e d  in  the  k e r n e l  
e s t i m a t o r s ,  b a sed  on t h e  k e r n e l  f u n c t i o n s  K and K2 , o f  the
d e n s i t y  and  second  d e r i v a t i v e  r e s p e c t i v e l y .  Now,
E [ f * ( x ) ]  = E [ f ( x ) ]  -  ( V 2 ) h2 . E f f ( 2 ) ( x ) ]
-  f ( x )  + ( l / 2 ) h 2 f ( 2 ) (x) + 0 (h4 )
-  ( ! / 2 ) h 2 { f ( 2 ) (x) + (h2/ 4 ! )  J t 4K2 ( t ) d t . f ( 4 ) (x) + 0 (h2 )}
4 ~ ( 2 )= f ( x )  + 0 (h ) ,  p r o v id e d  f  (x) i s  c o n s i s t e n t
( 3 . 6 . 9 )
A1 s o ,
Now,
V [ f * ( x ) ]  -  V [ f ( x )  ] + ( 1 / 4 )h4 . V[' f( 2 ) ( x ) ]  
-  C o v ^ f (x ) ,  f ^ 2 \ x ) l
C o v [ f ( x ) , f < 2 ) (x ) ]
“ Covb  2 K[—  ■ ~3  .2 M-t^ }1=1 n  h 2 j - 1  1
-*[£
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Cons i d e r  t h e  f i r s t  term:
T h e r e f o r e ,
^  ( 2 )C o v ( f ( x ) t f U ; ( x ) )
-  f  K ( t )  ,K2 ( h t / h 2 ) d t  + 0 ( n " 1)
nk2
-  i  [[f<x, + ^  f ( 2 ) (x)  + 0 ( h 4 ) ] . ( f ( 2 ) <x> + 2| |  t 4K2 ( t ) d t  f ( 4 ) (x)
+ °<h 2>]]
u s i n g  t h e  s e p a r a t e  changes o f  v a r i a b l e  t = ( x - y ) / h  and t  = ( x - y ' ) / h 2
-  f  K ( t )  .K2 ( h t / h 2 ) d t  + 0 ( n _1)
nh2
p r o v i d e d  h = 0 ( n ”V 5 ) and h 2 -  0 ( n " V 9 ) .  Hence,
VP*<X>] “ I T  I K<l >2dt + IT • I K2 ( U 2dt
nh2
-  h2 . f K(t) .K2 (h t /h 2)dt + 0 (n_1) (3 .6 .10 )
nh2
_1/c - 1 / Q
I f  h -  0 ( n  D) and h2 = 0 ( n  t h e n  a s y m p t o t i c a l l y
y[ F * ( x ) ] -  ^  |K ( t ) Z d t ( 3 . 6 . 1 1 )
which i s  the  same as  f o r  f ( x )  when u s i n g  a k e r n e l  o f  ord er  ( 0 , 2 )
The r a t i o  o f  t h e  a s y m p t o t i c a l l y  op t im al  smooth ing  p a r a m e t e r s  
f o r  e s t i m a t i n g  t h e  d e n s i t y  and i t ' s  second  d e r i v a t i v e  i s
Vs
h_
h 2
V
1 0, 2  
4 * 2
B0.2 J f 2 ( t ) 2dt
V
5 2,4
B2,4 I f4^ ) 2dt
' / 9
-4/45
(3.6.12)
-4/45 c . n  '  , say.
T h e r e f o r e ,
. -1 V 4 5  .h 2 •= c 1 . n . h
but  c depends  on t h e  unknown q u a n t i t y
( J f<2)(o2dt]
/ 9
/  5
r ,  say,
(3.6.13)
(3.6.13)
I f  i t  i s  assumed t h a t  b o th  f  and K a r e  s t a n d a r d  normal  
d e n s i t i e s  t h e n
, V 9
A l s o ,
(1.85125)
(0.21157)
l / 5
1.46092,
V0,2  " I N ( t , l ) 2dt - - 1
2 V 7
, ,2 -  IT -I t 2N ( t . l ) d t  -  \
2 ,4 |  n2 ( t , 1 ) dt 8 n / t
B2,4 ' \ dt - I •
“ 76 —
Hence, f o r  s t a n d a r d  normal d a t a  choose
h2 = 0 . 8 8 7 . n 4 / 4 5 .h ( 3 . 6 . 1 5 )
( 2 )so t h a t  more smooth ing  w i l l  be a p p r o p r i a t e  f o r  e s t i m a t i n g  N ( x ; 0 , l )  
p r o v id e d  n > 4.  The a s y m p t o t i c a l l y  op t im al  h v a l u e  f o r  e s t i m a t i n g
- V st h e  s t a n d a r d  normal  d e n s i t y  i t s e l f  i s  1 . 0 5 9 . n  ' and s u b s t i t u t i n g
t h i s  i n t o  ( 3 . 6 . 1 5 )  g i v e s
h 2 -  0 . 9 4 0 .n**1^  ( 3 . 6 . 1 6 )
I f ,  however an op t im a l  po lynomia l  k e r n e l  o f  o r d e r  ( 2 , 4 )  i s  u sed
f o r  e s t i m a t i n g  t h e  second  d e r i v a t i v e  such as
r (105 /16 )  , ( - 5 t 4+ 6 t 2 - l ) ,  i t l  < 1 
K2 ( t )  -  ( 3 . 6 . 1 7 )
I 0 , o .w.
( se e  t a b l e  3 .1 )  t h e n  t h e  o p t im a l  h 2 v a lu e  i s
U _ f5 35 1 1-1X/9 , ,  ,
2 ~ W • 324-1 ' j f W (x)2dx ' <3'6 ’18)
Also ,  i f  a  s t a n d a r d  normal k e r n e l  i s  u sed  i n  t h e  e s t i m a t o r  o f  
the  d e n s i t y  t h e n
V  9
[ j  f  ( X )  dx] _4 „
-  0 .26841 . —  ---------------- ------- . n  '  ( 3 . 6 . 1 9 )
h2 1A  
[ |  f 2 ( x ) 2dx]
I f  we a g a i n  assume t h a t  f  i s  an N(0 ,1 )  d e n s i t y  t h e n
h 2 = 2 .5 50  . n " 4 / 4 5 .h ( 3 . 6 . 2 0 )
2.701  . n ~1 /9  ( 3 . 6 . 2 1 )
i f  h -  1 .059  . n - V s -
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Three  o t h e r  u n d e r l y i n g  d i s t r i b u t i o n s  each  w i t h  u n i t  v a r i a n c e  
but  o f  d i f f e r e n t  shape were c o n s i d e r e d  f o r  c a l c u l a t i n g  r .  These 
a r e  as  f o l l o w s :
( i )  Normal m ix t u re  ; f ( x )  = 0 . 5N(x ; - 0 . 866 , 0 . 5 )
+ 0 . 5N(x;0 . 8 6 6 , 0 . 5 )  -  bimodal
( i i )  t ( 3 )  s c a l e d  to  have u n i t  v a r i a n c e :
f ( x )  = — . ----- -— » -  long  t a i l e d .
* ( l + x 2) 2
( i i i )  Gamma (2 ,  s / 2 )  : f ( x )  = 2 , x . e  X -  skewed.
The v a l u e s  o f  J f ^ 2 ^ ( x ) 2dx, J  f ^ 4 ^ ( x ) 2dx and r  a r e  gi  
t a b l e  3 . 5 .
ven in
Ta b le  3 . 5  The v a l u e s  o f  J f^ (x) dx, J f  ( x ) V x  and
1/ g  1/j.
r  — [ |  f ^ 4 ^ ( x ) 2dxj  . J f ^ 2^ ( x ) 2dxj f o r  v a r i o u s  u n d e r l y i n g
d i s t r i b u t  i o n s .
D i s t r i b u t  ion
N ( 0 ,1 )  
Bimodal 
Long t a i l e d  
Skewed
J f ( 2 ) ( x ) 2dx [  f W ( x )(4)
0.2116
3.5536
3.2229
16.0208
dx
1,8513
562 .2524
814 .6744
11 .3969
1.4609
1.5682
1.6665
0.7525
D e s p i t e  t h e  i n t e g r a l  q u a n t i t i e s  v a r y i n g  c o n s i d e r a b l y  t h e  r a t i o s  r 
a r e  f a i r l y  s i m i l a r ,  excep t  i n  the  ca se  o f  the  h i g h l y  skewed Gamma, w i th  
t h e  a v e ra g e  v a l u e  b e in g  1 .3620 .  S u b s t i t u t i n g  t h i s  v a l u e  f o r  r  in to  
t h e  r a t i o  o f  smooth ing  p a ra m e t e r s  when N^2 ) ( t ; 0 , l )  i s  u s e d  as  a
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k e r n e l  f o r  e s t i m a t i n g  f ^ 2^ ( x )> ( 3 . 6 . 1 2 ) ,  g i v e s
h2 -  0 . 9 5 . n 4 / 4 5 .h ( 3 . 6 , 2 2 )
When t h e  op t im a l  polynomia l  ( 3 . 6 . 1 7 )  i s  u sed  f o r  K2 and 
r  = 1 .3 620  i s  s u b s t i t u t e d  i n t o  the  r a t i o  o f  o p t im a l  smoo th ing 
p a r a m e t e r s  ( 3 . 6 . 1 2 )  i t  i s  found t h a t
h 2 = 2 . 7 4 . n 4 / 4 5 .h ( 3 . 6 . 2 3 )
The s l i g h t l y  s i m p l e r
h2 = 2 . 7 4 . n 1/ 1 1 .h ( 3 . 6 . 2 4 )
w i l l  be u s e d  in  p r a c t i c e .  Th is  r e s u l t  i s  v e r y  s i m i l a r  t o  t h e  r e s u l t  
when t h e  d a t a  i s  assumed to  have come from an N (0 ,1 )  d i s t r i b u t i o n
( 3 . 6 . 2 1 ) .
These fo rm u lae  b a s ed  on an ave rage  v a lu e  o f  r  s h o u l d  p r o v id e  a
s im ple  bu t  r e a s o n a b l y  e f f e c t i v e  guide  to  t h e  amount o f  smooth ing
( 2 )r e q u i r e d  f o r  e s t i m a t i n g  f  (x) f o r  a v a r i e t y  o f  u n d e r l y i n g  
d i s t r i b u t  i o n s .
( 2 )As r e g a r d s  t h e  b e s t  c h o ic e  o f  k e rn e l  f o r  e s t i m a t i n g  f  (x) the
a s y m p t o t i c  MISE's e v a l u a t e d  a t  the  a s y m p t o t i c a l l y  o p t im a l  h 2 v a lu e s
i . e .  T = (V4 .B10) ^9 can  be c a l c u l a t e d  f o r  t h e  k e r n e l  f u n c t i o n  
( 2 )
N ( t ; 0 , l )  and t h e  op t im al  polynomial  o f  o r d e r  ( 2 , 4 ) .  The r a t i o  o f  
t h e s e  v a l u e s  g i v e s  t h e  a s y m p t o t i c  e f f i c i e n c y .  The v a l u e s  o f  T a re
N<2 ) ( t ; 0 , l )  : T -  7 .930  (V -  3 /  t B -  12)
Optimal  po lynom ia l  : T = 6.685 (Table  3 . 2 )
so t h a t  T ( o p t i m a l ) / T ( N o r m a l ) = 0 .843 ,  i . e .  t h e  normal  k e r n e l  i s  on ly  
84.3% as  e f f i c i e n t  a s  t h e  op t im al  one. Th i s  i s  i n  c o n t r a s t  to  t h e  
v e r y  h i g h  e f f i c i e n c i e s  o f  subop t im al  k e r n e l s  f o r  e s t i m a t i n g  t h e  d e n s i t y
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i t s e l f .
C o n s i d e r  now t h e  s i t u a t i o n  when t h e  v a r i a n c e  i s  no t  equal  to  one. 
Let t h e  random v a r i a b l e  X have u n i t  v a r i a n c e  and pd f  f ( x )  and l e t  
Y ~ a .X  where a  i s  a s c a l a r .
Then, t h e  p d f  o f  Y, g say ,  i s
g ( y )  = a - 1 . f (tt" 1 . y)
w i t h  d e r i v a t i v e s :
g ^ ( y )  = o r2 . f  ( a -1 .y) 
g ( 2 ^(y)  -  a ^ . f ^ V a r V y )  
g^3 \ y )  = a~4 . f ^ ( a r V y )
g ^ ( y )  “  o r 5 . f ^ 4 V a - 1 .y )  ,
H ence ,
j  g^2V y ) 2dy = |  c r 6 f ^ 2 \ a “1 .y ) d y  
= a -5 |  f ( 2 ) ( t ) 2dt
and
|  g^4 \ y ) 2dy “  |  a -10  . f ^ 4 V a - 1 .y ) d y  
= c r 9 |  f ( 4 ) ( t ) 2dt
where t  = a “V y .
T h e r e f o r e ,
[ { g^4 ) ( y ) 2dy] ■ [ J g ^ 2^ ( y ) 2dy]
-  [a-9.  } f ( 4 ) ( t ) 2d t ] 1 / 9 . [«-5 |  f ( 2 ) (t  j  dyJ1/5
-  [ J  f (4 ) < t ) 2d t ]  / 9 . [ J f ( 2 ) ( t ) 2d t ]  / 5  = r .
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T h e r e f o r e  when the  v a r i a n c e  i s  not  one t h e  smoo th ing  pa ram ete r  
f o r  t h e  d e n s i t y ,  which w i l l  i t s e l f  invo lve  an e s t i m a t e  o f  the  s t a n d a r d  
d e v i a t i o n ,  can  be m u l t i p l i e d  by the  same f a c t o r  a s  in  t h e  u n i t  v a r i a n c e  
c a s e .
M u l l e r  e t  a l  (1987) d e s c r i b e  a  number o f  methods o f  smoothing 
p a r a m e t e r  c h o ic e  f o r  d e r i v a t i v e s  in  a n o n p a r a m e t r i c  r e g r e s s i o n  
c o n t e x t .  T h e i r  ' ' f a c t o r  method" i s  the  one t h a t  might  b e s t  a l s o  be 
a p p l i e d  t o  d e r i v a t i v e s  o f  d e n s i t y  f u n c t i o n s .  I f  we choose k e r n e l s  
K and K,, f o r  e s t i m a t i n g  the  d e n s i t y  and i t s  p th  d e r i v a t i v e ,  
r e s p e c t i v e l y  w i t h  bo th  hav ing  th e  same k v a l u e  i n  ( 3 . 2 . 5 )  t h e n  the 
r a t i o  o f  o p t im a l  smooth ing p a ra m e t e r s  i s
1
(2p+l )k , k * ^ o , k
v  v • B2 v o . k .  r , k
2 . 2k+l
= d „ , k ( 3 .6 .2 5 )
So, by u s i n g  th e  same v a lu e  o f  k t h e  t e rm s  i n  t h e  r a t i o  dependent
on d e r i v a t i v e s  o f  t h e  unknown d e n s i t y  c a n c e l  out  l e a v i n g  a c o n s t a n t
which depends o n l y  on the  k e r n e l s  K and Kr .
For  t h e  c a s e  v «= 2 i t  i s  n e c e s s a r y  t o  use
K ( t )  = 15/ 3 2 - ( 7 t 4 -  1 0 t 2 + 3 ) ,  i t l  < 1 ( 3 . 6 . 2 6 )
and
k 2 ( t )  -  ( 105/ l 6 > (”5t4  “ 6t2  + *)> I t l  < 1 ( 3 . 6 .2 7 )
which b o t h  have k = 4 and r e s u l t  i n  t h e  f a c t o r  d 2 4 = 0 .8919 .  Table
1 o f  t h e i r  p a p e r  l i s t s  t h e  f a c t o r s  d p k f o r  v a r i o u s  v a l u e s  o f  v
and k.
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Hence,  i f  u s i n g  t h i s  method t o  f i n d  a v a lu e  f o r  h 2 a c h o ic e  o f  h 
f o r  e s t i m a t i n g  the  d e n s i t y  u s i n g  a k e rn e l  w i t h  k  = 4 needs  t o  be 
made. As d i s c u s s e d  in  S e c t i o n  3 , 2 .  an e s t i m a t o r  o f  the  d e n s i t y  based  
on a k e r n e l  w i t h  k = 4 w i l l  have b i a s  = O(h^) which i s  t h e  same 
o r d e r  as  when an e s t i m a t o r  o f  (^-/2 ) h ^ f ( x )  i s  s u b t r a c t e d  from 
a k e r n e l  e s t i m a t o r  w i t h  k =■ 2. A lso ,  because  ( 3 . 6 . 2 6 )  has  d i s ­
c o n t i n u i t i e s  a t  ± 1  t h e  r e s u l t i n g  e s t i m a t e  w i l l  i t s e l f  be d i s ­
c o n t i n u o u s .  T h e r e f o r e ,  as  we a r e  t r y i n g  to  b i a s  c o r r e c t  an e s t i m a t o r  
w i t h  b i a s  o f  o r d e r  h^ i t  i s  p e rh a p s  b e t t e r  t o  b a s e  t h e  c h o ic e  o f  
smooth ing  p a ra m e t e r  f o r  use  w i t h  K2 ( 3 . 6 . 2 7 )  on the  deg re e  o f  
smooth ing  employed w i t h  a k e r n e l  hav ing  k = 2 and  c o n t i n u o u s  
d e r i v a t i v e s  such  as  a s t a n d a r d  normal  k e r n e l .  The smal l  sample 
b e h a v io u r  o f  s u b t r a c t i n g  b i a s  and u s i n g  a k e r n e l  w i t h  k = 4 w i l l  be 
i n v e s t i g a t e d  f u r t h e r  in  t h e  s i m u l a t i o n  s t u d y  o f  S e c t i o n  3 . 8 .
Using th e  f a c t o r  method a l s o  r e q u i r e s  more c o m p u ta t io n  as  smooth ing 
p a r a m e t e r s  have t o  be c hosen  f o r  k e r n e l s  w i t h  k = 2 and k = 4.
M ul le r  e t  a l  (1987)  s u g g e s t  u s i n g  c r o s s - v a l i d a t i o n .  On th e  o t h e r  hand 
use  o f  a fo rm ula  such  as  ( 3 . 6 . 2 4 )  r e q u i r e s  o n l y  one smooth ing  p a r a ­
m e te r  c h o ic e  f o r  e s t i m a t i o n  o f  t h e  d e n s i t y .  However, s i m i l a r  v a l u e s  
o f  h2 a r e  in  f a c t  o b t a i n e d  i f  i n s t e a d  o f  c r o s s - v a l i d a t i o n  the  normal 
op t im a l  fo rm ulae  d e r i v e d  by f i n d i n g  t h o s e  h - v a l u e s  which min imise  the  
e x a c t  MISE f o r  a  v a r i e t y  o f  sample s i z e s  a r e  u s e d  i . e .
N ( 0 ,1)  k e r n e l  : h -  1 . 2 . n "°*214 . cr ( 3 . 6 . 2 8 )
Optimal  po lynomia l  (k  = 4) : h = 3 , 9 0 4 . n  a  ( 3 . 6 . 2 9 )
When t h e  o p t im a l  po lynomia l  ( 3 . 6 . 2 7 )  i s  u sed  f o r  K2 t h e  f a c t o r  
method g i v e s
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h 2 = (0 .8919)  ( 3 . 9 0 4 . n - 0 . 1 3 4 ■ <r)
( 3 . 6 . 3 0 )
whereas  u s i n g  ( 3 . 6 . 2 4 )  r e s u l t s  in
( 3 . 6 . 3 1 )
Using the  f a c t o r  method in  t h e  form ( 3 . 6 . 3 0 )  r e s u l t s  in  s m a l l e r  
h 2 v a l u e s  t h a n  found u s i n g  ( 3 . 6 . 3 1 )  f o r  a l l  n  > 45.  The d i f f e r e n c e s  
however ,  a r e  not  l a r g e .  For  example i f  n = 100 h 2 = 1 .825 when 
t h e  f a c t o r  method ( 3 . 6 . 3 0 )  i s  u s e d  and 1.839  i f  ( 3 . 6 . 3 1 )  i s  u sed .
When t h e  sample s i z e  i s  much l a r g e r  t h e  d i f f e r e n c e s  a r e  s t i l l  smal l  -  
a t  n = 1000 h 2 = 1 .340  u s i n g  ( 3 . 6 . 3 0 )  and 1 .385  when u s in g  ( 3 . 6 . 3 1 ) .  
These smal l  d i f f e r e n c e s  s h o u ld  have l i t t l e  e f f e c t  in  p r a c t i c e .
A prob lem w i t h  s u b t r a c t i n g  an e s t i m a t e  o f  t h e  b i a s  f rom a non­
n e g a t i v e  e s t i m a t e  i s  t h a t  i t  may r e s u l t  i n  a  n e g a t i v e  e s t i m a t e  o f  
d e n s i t y  as  i s  t h e  c a se  w i t h  t h e  op t im al  k e r n e l s ,  which have n e g a t i v e  
s i d e l o b e s ,  o f  S e c t i o n  3 . 2 .  Such an e s t i m a t e  must be r e s e t  t o  z e ro  
but  t h e  r e s u l t s  o f  the  s i m u l a t i o n  s t u d y  g i v e n  in  t a b l e  3 .6  i n d i c a t e  
t h a t  i f  no r e s c a l i n g  t a k e s  p l a c e  t h i s  w i l l  make l i t t l e  d i f f e r e n c e .
The d e t a i l s  o f  t h e  s t u d y  a r e  a s  d e s c r i b e d  in  S e c t i o n  3 .2  and the  same 
s e e d  was u s e d  f o r  t h e  random number g e n e r a t o r  so t h a t  r e s u l t s  can 
be d i r e c t l y  compared.  The s i m u l a t e d  d a t a  s e t s  were smoothed u s i n g  
smoo th ing  p a r a m e t e r s  c a l c u l a t e d  from th e  e x a c t  o p t im a l  formula  f o r  
s t a n d a r d  normal d a t a .
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Table  3 . 6 . The mean and s t a n d a r d  d e v i a t i o n  o f  t h e  a r e a s  o f  d e n s i t y  
e s t i m a t e s  b a s ed  on s u b t r a c t i n g  an e s t i m a t e  o f  the  a s y m p t o t i c  b i a s  
f rom a f i x e d  normal  k e r n e l  e s t i m a t e  w i th  no r e s c a l i n g  and f o r  25 
s im u l a t  i o n s .
D i s t r i b u t  ion  
N(0 ,1 )
Gamma ( 2 , \ f 2 )
0 . 5 N ( x ; - 0 . 8 6 6 , 0 . 5 )
+ 0 . 5 N ( x ; 0 . 8 6 6 , 0 . 5 ) ]
t (3)
N = 50 N = 1 0 0
Mean S t . dev. Mean S t . d e v .
1.009 0.000024 1 .0 0 4 0.000007
1.002 0.000003 1 .001 0.000000
1.020 0.000032 1.018 0.000021
1.003 0.000014 1.001 0.000009
These means and s t a n d a r d  d e v i a t i o n s  a r e  a l l  l e s s  t h a n  th e  c o r r e ­
s pond ing  r e s u l t s  when u s i n g  th e  op t im al  k e r n e l  o f  o r d e r  ( 0 , 4 ) .  (Table  
3 . 3 ) .  The l a r g e s t  mean e r r o r s  occur  a g a in  when e s t i m a t i n g  the  
bimodal normal m i x t u r e  but  a t  o n ly  2% f o r  n = 50 and 1.8% f o r  
n = 100 t h e s e  a r e  s t i l l  v e r y  s m a l l .
3 , 7 ,  R e l a x i n g  t h e  i n t e g r a l  c o n s t r a i n t .
In  o r d e r  t o  improve t h e  r a t e  o f  conve rgence  i n  MISE o f  t h e  k e rn e l
- 4 / 5  - 8 / 9mmethod from 0 ( n  ) t o  r a t e s  l i k e  0 ( n  / ) T e r r e l l  and S c o t t
(1980)  c o n s i d e r  r e l a x i n g  th e  c o n s t r a i n t  t h a t  t h e  d e n s i t y  e s t i m a t e
s h o u ld  i n t e g r a t e  t o  one r a t h e r  t h a n  a l l o w i n g  t h e  k e r n e l  f u n c t i o n  to
t a k e  n e g a t i v e  v a l u e s .  They l i m i t  the  c h o ic e  o f  k e r n e l  t o  be symmetr ic
and n o n - n e g a t i v e  so t h a t  t h e  odd moments in  t h e  T a y l o r  s e r i e s  e x p a n s io n
A
o f  E [ f ( x ) ]  a r e  a l l  z e r o .  E q u a t i o n ( 3 . 1 . 6 ) may t h e n  be w r i t t e n  in  
the  form:
J l .  h2 + J * .  h* +f (x)  ■ f (x)  • ' ■] ( 3 . 7 . 1 )
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whe:r e  a j  = Q  t 1 . K ( t ) d t j / i !.
Tak ing  l o g a r i t h m s ,  a p p l y i n g  the  s e r i e s  e x p a n s io n  f o r  n a t u r a l  
l o g a r i t h m s  and i g n o r i n g  h i g h e r  o r d e r  terms in  h t h e n  lA g i v e s :
a2 _ [a4 f ( x ) - ( 1/ 2 ) a ^ ] h 4
log{E[ f ( x )  ]} = l o g ( f ( x ) )  . + ■ h 2 + ---------------- -^-------------  ( 3 . 7 . 2 )
f  (x)
The te rm  i n  h 2 can  be e l i m i n a t e d  by c o n s i d e r i n g  t h e  l i n e a r  
combinat  ion :
(4 / 3) • l o g {E[ f ( * ; h > ]} -  ( V 3 )  • l o g { E [ f ( x ; 2h) ]}
[4 a4 f ( x )  -  2a ? l h 4
= l o g f ( x ) ----------------5------- t i   ( 3 , 7 . 3 )
f ( x ) Z
Taking  e x p o n e n t i a l s  and u s i n g  a s e r i e s  e x p a n s io n  f o r  t h e  
e x p o n e n t i a l  f u n c t i o n  t h e n  g i v e s :
E [ f ( x ; h )  ] ' 3 , E[ f ( x ; 2 h ) ' 1/3 
[2a? -  4a4 f ( x ) |
-  f ( x )  + -------------   . h* ( 3 . 7 . 4 )
The e s t i m a t o r  t h e y  p ropose  i s  t h e n  t h e  r a t i o  o f  two n o n - n e g a t i v e  
k e r n e l  e s t i m a t o r s  i . e .
f  (x) = f ( x ; h )  ^  . f ( x ; 2h) ^
2 / 3
-  f ( x ; h ) . { f ( x ; h ) / f ( x ; 2 h ) }  ( 3 . 7 . 5 )
so t h a t  t h e  t e rm  i n  b r a c k e t s  i s  a m u l t i p l i c a t i v e  c o r r e c t i o n  f a c t o r  f o r
A A A
f ( x ; h ) .  The v a l u e  o f  f  (x)  i s  t a k e n  to  be z e r o  i f  f ( x ; h )  i s  z e r o .
A f i x e d  k e r n e l  e s t i m a t o r  b a s e d  on smooth ing p a r a m e t e r  h  t e n d s  
t o  s y s t e m a t i c a l l y  o v e r e s t i m a t e  i n  t h e  t a i l s  and u n d e r e s t i m a t e  i n  the
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main body o f  the  d i s t r i b u t i o n .  I n c r e a s i n g  th e  v a l u e  o f  h t e n d s  to  
e x a g g e r a t e  t h i s  e f f e c t .  T h e r e f o r e ,  t h e  e f f e c t  o f  t h e  c o r r e c t i o n  
f a c t o r  s h o u l d  be t o  i n c r e a s e  f ( x ; h )  i n  the  main body and d e c re a s e  
i t  i n  t h e  t a i l s  and so t h e r e b y  r e d u c i n g  b i a s ,
A ^
T e r r e l l  and S c o t t  show t h a t  f  (x) does in d ee d  have b i a s  o f  o rd e r  
lA and v a r i a n c e  o f  o r d e r  (nh)~^ .  In  f a c t ,
2a2 '  4a4 f <x > ,
E[F (x)  ] -  f ( x )  + - — ------- • h4 + o ( h 4 ) ( 3 . 7 . 6 )
and
V [ f * ( x ) ]  -  v [ ^  f ( x ; h )  -  i " f ( x ; 2 h ]  + 0 (1 )
-  ^  V [ f ( x ; h ) ]  + i  v [ f ( x ; 2 h ) ]  -  |  C o v [ f ( x ; h ) , f ( x ; 2 h ) ]  + 0 (1)
Now, f o r  any n o n - z e r o  c o n s t a n t  k,
V [ f ( x ; k h ) ]  -  |  K ( t ) 2dt  + 0 ( i )  ( 3 . 7 . 7 )
C o v [ f ( x ; h ) , f ( x ; k h ) ]  -  i  [ j - L  . k [ 2 ^ ]  k [ ^ ]  f ( y ) d y
'  I  E K( ^ ]  f(y )d y - 1 EE K(e? ]  f (y H
Making t h e  change  o f  v a r i a b l e  t  *=* ( x - y ) / h  and expand ing  as  
T a y l o r  s e r i e s  g i v e s :
C o v [ f ( x ; h ) , f ( x ; 2 h ]
“  n [ J Eh K< O . K ( t / k )  { f ( x ) -h t  f ( 1 ) (x) + f ( 2 ) (x)
+ o ( h 2 ) } d t ]  -  i  [ ( ( f ( x )  + o ( h 2 ) ) ( f ( x )  + o ( h 2 ) ) ]
“  knh ’ K<t ) - K ( t / k ) ‘i« + °Ch > ( 3 . 7 . 8 )
Hence ,
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V [ f * 0 0 ]  -  5^  • T T  ■ J K ( t ) 2dt  
+ 7  ■ KZT  '  \  K^ 2it '  I  '  ’  I K < * >  K < V 2 ) d t
+ 0 ( i)  (3.7.9)
These r e s u l t s  can be used  to  d e r i v e  an a s y m p t o t i c a l l y  op t im al  
smoo th ing  s t r a t e g y  when u s i n g  a  s t a n d a r d  normal k e r n e l  and a l s o  
assum ing  t h a t  t h e  u n d e r l y i n g  d i s t r i b u t i o n  i s  s t a n d a r d  no rmal .
For  K ( t )  *= N ( t ; 0 , l )  we have a 2 = anc* a4 =
( 1 / g ) . f ( x )  so t h a t
- *  ( V 2 ) - { n ( 2 ) ( x ; 0 , 1 ) 2 -  N( 4 ) ( x ; 0 , l ) . N ( x ; 0 , l ) ]  h'
b i a s  f  (x)  = -----------------------------
T h e r e f o r e ,
so t h a t
N ( x ; 0 ,1 )
= N ( x ; 0 , l ) . ( 2 x 2~ l ) . h 4 ( 3 . 7 . 1 0 )
b i a s 2 (x)  = N (x ;0 , 0 . 5 ) . —— . (4x4 - 4 x 2+ l ) h 8 ( 3 .7 . 1 1 )
2 vAr
f o 2 h 8 h 8b i a s 2 (x )dx  = — ------- -    ( 3 . 7 . 1 2 )
2 \/lr \/ir
A l s o ,
t* ,  . . . .  f l 6
Hence
V [ f * ( x ) ]  -  f C x ) . ^  ■ J N ( t ; 0 , l ) 2dt  + J N(t ; 0 , l ) 2dt
■ TSnE • J N < t ; 0 , 1 > . 2 _NCt;0 ,A)d t]  ( 3 . 7 . 1 3 )
[Mb. K ( t )  -  N(t ; 0 , 1 )  4  K(‘ /2> “  2 . N ( t ; 0 , 4 ) ] .
V [ f * ( x ) ]  = f ( x ) .  [Q' ^ - ]  ( 3 . 7 . 1 4 )
and
- 8 7 -
i/r r \ 1a 0.3586V [ f  (x) ]dx - — —  ( 3 .7 .1 5 )
Combining the  e x p r e s s i o n s  f o r  the  i n t e g r a t e d  s q u a r e d  b i a s  ( 3 . 7 . 1 2 )  
and i n t e g r a t e d  v a r i a n c e  ( 3 . 7 . 1 5 )  we have:
MTcr. h8 , 0 .3586MISE = ------- +  r —  ( 3 .7 . 1 6 )/** till
V  7T
D i f f e r e n t i a t i n g  ( 3 , 7 . 1 6 )  w i t h  r e s p e c t  to  h , s e t t i n g  the  r e s u l t  
equa l  t o  z e r o  and t h e n  s o l v i n g  f o r  h g i v e s :
h = 0 .7 5 4 7 .n ~ 1/9  ( 3 .7 .1 7 )
S u b s t i t u t i n g  t h i s  op t im al  h - v a l u e  i n t o  t h e  MISE ( 3 . 7 . 1 6 )  g ives
_ 8 / o
t h e  minimum MISE o f  0 . 4 1 8 . n  / 9 .
In  t h e i r  p a p e r  T e r r e l l  and S c o t t  c o n s i d e r  d e v i s i n g  a  smooth 
s t r a t e g y  f o r  s t a n d a r d  normal d a t a  but  u s i n g  a u n i f o r m  k e r n e l  i . e .
f 1 , I t l  < \
K ( t )  -  z ( 3 . 7 . 1 8 )
I 0 , O.W.
However,  t h e r e  a r e  some e r r o r s  i n  t h e i r  c a l c u l a t i o n s .  For  the
b i a s  we have a 2 = f  ^  ( x ) / 24 and a4 «  f ^ ^ ( ^ ) / l 9 2 0 -  Using ( 3 . 7 . 4 )
t h e n  g i v e s :
b i a s  f * ( x )  = - L  ( x4 + 4x2 _ 2 ) .  N ( x ; 0 , l ) h 4 ( 3 .7 . 1 9 )
By ( 3 . 7 . 9 )  t h e  v a r i a n c e  i s :
V a r { f * ( x ) }  = 2 5 . N (x ;0 , l ) / ( 1 8 n h )  ( 3 . 7 . 2 0 )
A s t r a i g h t f o r w a r d  c a l c u l a t i o n  t h e n  shows t h a t  t h e  MISE i s  g iven
by
MISE = +--------—-------  . h 8 ( 3 . 7 . 2 1 )
18nh 663552
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which i s  m in im ised  by
h = 2.  840.  n -1/ /9 ( 3 . 7 . 2 2 )
- 8/ow i t h  a  r e s u l t i n g  minimum MISE = 0 . 6 1 1 . n  / y  which i s  46% l a r g e r  t hen  
th e  v a l u e  o b t a i n e d  when a s t a n d a r d  normal  k e r n e l  i s  u sed  -  a  marked 
drop  i n  pe r fo rm a n c e .
Because o f  t h e  m u l t i p l i c a t i v e  c o r r e c t i o n  f a c t o r ,  use  o f  the  
e s t i m a t o r  f  (x)  ( 3 . 7 . 5 )  w i l l  r e s u l t  i n  an e s t i m a t e  which does not  
i n t e g r a t e  t o  one. In  f a c t  T e r r e l l  and S c o t t  remark  t h a t  t h e  a r e a  
w i l l  a lways  converge  to  one from above f o r  any s a m p l ing  d e n s i t y .  To 
c he ck  on t h e  s i z e  o f  e r r o r  t h e  s i m u l a t i o n  s t u d y  c a r r i e d  out  in  
S e c t i o n s  3 .2  and 3 .6  was a g a i n  u n d e r t a k e n  u s i n g  th e  e s t i m a t o r  ( 3 . 7 . 5 )  
w i t h  t h e  smooth ing  p a ra m e te r  chosen  by ( 3 . 7 . 1 7 )  m u l t i p l i e d  by a 
r o b u s t  measure o f  s c a l e .  The r e s u l t s  a r e  g i v e n  i n  t a b l e  3 . 7 .
Tab le  3 . 7 . The mean and s t a n d a r d  d e v i a t i o n  o f  t h e  a r e a s  o f  d e n s i t y
A ^
e s t i m a t e s  found u s i n g  the  e s t i m a t o r  f  (x)  w i t h  a  s t a n d a r d  normal 
k e r n e l .  25 s i m u l a t i o n s  were c a r r i e d  o u t .
D i s t r i b u t  ion  
N(0 ,1 )
Gamma (2 ,  \ f l )
0 . 5 N ( x ; - 0 . 8 6 6 , 0 . 5 )
+ 0 . 5N (x ;0 . 866 , 0 . 5 )
t (3)
N -  50 N « 100
Mean S t . dev. Mean
1.026 0.000049 1.017
1 .010 0.000015 1.008
1,039 0.000023 1 .034
1.021 0.000016 1.015
S t . d e v .
0.000014
0.000006
0.000017
0.000012
The mean e r r o r s  a r e  a l l  a t  l e a s t  0.8% w i t h  t h e  l a r g e s t  a t  over  
3% a g a i n  f o r  t h e  bimodal normal  m i x t u r e s .  These means and s t a n d a r d
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d e v i a t i o n s  a r e  c o n s i s t e n t l y  h i g h e r  t h a n  t h o s e  found in  S e c t i o n  3 .2  
and 3 , 6 .
The a pproach  o f  t h i s  s e c t i o n  may be g e n e r a l i s e d  by c o n s i d e r i n g  a 
s equence  o f  n o n - n e g a t i v e  and symmetr ic  k e r n e l  d e n s i t y  e s t i m a t e s
A
{ f ( x ; i h ) ;  i = 1  s}  and t a k i n g  a m u l t i p l i c a t i v e  com b in a t io n  o f
t h e s e  w i t h  i*h exponent
, 1 N( i - l )  2 . s . ( s - 1 ) -------( s - i + 1 )
 ^ ; ’ ( s + 1 ) ( s+ 2 ) _____( s + i )  ‘
The r e s u l t i n g  n o n - n e g a t iv e  e s t i m a t o r  w i l l  have a s y m p t o t i c  
MISE = 0 (n~4S/ ( 4 s - 1 ) ) .
3 . 8 .  S i m u l a t i o n  s t u d y .
In  S e c t i o n s  3 . 2 - 3 . 7  s i x  methods f o r  c o n s t u c t i n g  d e n s i t y  
e s t i m a t o r s  which reduce  a s y m p t o t i c  b i a s  and MISE have been  d i s c u s s e d .  
These e ach  f a l l  i n t o  a t  l e a s t  one o f  t h r e e  a p p ro a c h e s  t o  t h i s  
p rob lem  which a r e :
( i )  S u b t r a c t i n g  a b i a s  r e d u c i n g  c o r r e c t i o n  f a c t o r .
( i i )  Using a  k e r n e l  which can  t a k e  n e g a t i v e  v a l u e s  so t h a t  c e r t a i n  
h i g h e r  o r d e r  moments t h a n  t h e  second  a r e  z e r o .  ( i . e .
k > 2 i n  ( 3 . 2 . 5 ) ) .
( i i i )  Using a  m u l t i p l i c a t i v e  c o r r e c t i o n  f a c t o r .
A number o f  t h e  s i x  methods c l e a r l y  o n l y  f a l l  i n t o  one o f  t h e s e
t h r e e  c a t e g o r i e s .  The f i r s t  i s  when s u b t r a c t i n g  an  e s t i m a t e  o f  the
p r i n c i p a l  a s y m p t o t i c  b i a s  t e rm  (^-/2 ) h ^ f ^ ^ x )  where t h e  e s t i m a t e  o f  
( 2 )f  (x)  u t i l i s e s  a d i f f e r e n t  deg ree  o f  smooth ing  t o  t h a t  u s e d  f o r  
e s t i m a t i n g  th e  d e n s i t y  i t s e l f  ( S e c t i o n  3 . 6 ) .  Second ly ,  t h e r e  a r e  the  
minimum v a r i a n c e  and o p t im a l  k e r n e l s  o f  G asse r  e t  a l  (1985)  and t h i r d l y  
t h e  method o f  T e r r e l l  and S c o t t  (1980)  which f a l l s  i n t o  c a t e g o r y  ( i i i ) .
However, each  o f  the  o t h e r  t h r e e  methods ( J a c k n i f i n g ,  u s i n g  the  
weigh t  f u n c t i o n  W(t) = K ( t )  -  O ' / 2 )  K ^ ^ ( t )  and e s t i m a t i n g  the  
e x a c t  b i a s )  can be p l a c e d  i n t o  e i t h e r  c a t e g o r i e s  ( i )  o r  ( i i ) .  Also ,  
each  o f  t h e s e  t h r e e  methods were shown to  be e q u i v a l e n t  to  a n o t h e r  
o f  t h e s e  t h r e e  methods f o r  c e r t a i n  c h o ic e s  o f  k e r n e l  a n d / o r  r e l e v a n t  
p a r a m e t e r s .  S u b t r a c t i n g  an e s t i m a t e  o f  t h e  e x a c t  b i a s  i s  e q u i v a l e n t  
t o  J a c k n i f i n g  u s i n g  normal  k e r n e l s  and t h e  s ubop t im al  v a l u e  o f  the  
p a r a m e t e r  a = \/"2. J a c k n i f i n g  was shown to  be e q u i v a l e n t  to  u s in g  a 
k e r n e l  o f  o r d e r  4 bu t  when a g a i n  u s i n g  normal  k e r n e l s  and o p t i m a l l y  
l e t t i n g  a  —» 1 i t  i s  a l s o  e q u i v a l e n t  t o  u s i n g  th e  weight  f u n c t i o n  
W(t) = K ( t )  -  ^ / 2K^ ^ ( 0  w i t h  K(*) t a k e n  t o  be t h e  s t a n d a r d  normal 
d e n s i t y .  W(t) c o n s t r u c t e d  i n  t h i s  way pe r fo rm s  s l i g h t l y  worse 
a s y m p t o t i c a l l y  t h a n  th e  minimum v a r i a n c e  and op t im al  k e r n e l s  o f  
o r d e r  4 . However, t h e  po lynomia l  v e r s i o n  o f  W(t) ( 3 . 4 . 2 1 )  does 
p e r f o r m  a s y m p t o t i c a l l y  b e t t e r  t h a n  th e  minimum v a r i a n c e  k e r n e l  but  
i s  s t i l l  s l i g h t l y  i n f e r i o r  t o  t h e  op t im al  k e r n e l .
In  t h e  s i m u l a t i o n  s t u d y  th e n ,  which i s '  i n t e n d e d  to  examine smal l  
sample p e r fo rm a n c e ,  t h r e e  o f  t h e  methods d i s c u s s e d  i n  t h i s  c h a p t e r  a r e  
i n c l u d e d .  These a r e  e i t h e r  t h e  o n l y  method o r  t h o s e  which have th e  
b e s t  a s y m p t o t i c  p r o p e r t i e s  i n  each  o f  t h e  above t h r e e  c a t e g o r i e s  and 
a r e :
/ O \
1. S u b t r a c t i n g  an e s t i m a t e  o f  ( l / 2 ) h 2 f^ (x)  f rom an e s t i m a t e
b a s e d  on an  N (0 ,1 )  k e r n e l .  The e s t i m a t e  o f  t h e  second  d e r i v a t i v e
w i l l  use  t h e  o p t im a l  k e r n e l  o f  o r d e r  ( 2 , 4 )  i . e .
r(105/ 6) C - 5 t W - i )  , i t  1 < 1 
K(t )  -
LO , o t h e r w i s e  .
2. Using t h e  o p t im a l  k e r n e l  o f  o r d e r  4 ,  i . e .
r ( 15/ 3 2 ) < 7 t 4 - 1 0 t Z - 3 )  , i t  i < 1
K ( t )  -
lO , o t h e r w i s e  .
3. The method o f  T e r r e l l  and S c o t t  (1980)  w i th  the  two e s t i m a t e s  
b o t h  u s i n g  an  N(0 ,1 )  k e r n e l  i . e .
f* (x)  -  f ( x , h )  . [ f ( x , h ) / f < x , 2 h ) ]  / 3
In  a d d i t i o n ,  t h e  f o l l o w i n g  t h r e e  methods a r e  a l s o  i n c l u d e d . :
4 .  Using a  s im ple  f i x e d  N(0 ,1 )  k e r n e l  e s t i m a t e .
1
5.  The a d a p t i v e  method w i t h  a  — ^ b a s e d  on an N(0 ,1 )  k e r n e l
and a p i l o t  e s t i m a t e  c o n s t r u c t e d  u s i n g  method 4.
6 . The a d a p t i v e  method w i t h  a  — 1 which i s  a g a i n  based  on an
N(Q,1) k e r n e l  and a  method 4 p i l o t  e s t i m a t e .
The f i x e d  k e r n e l  method 4 i s  i n c l u d e d  so t h a t  t h e  p e r fo rm ances  o f  
t h e  o t h e r  a s y m p t o t i c a l l y  s u p e r i o r  methods can  be d i r e c t l y  compared.
The two a d a p t i v e  methods a r e  a l s o  i n c l u d e d  because  i t  was d e m o n s t r a t e d  
i n  c h a p t e r  2 t h a t  t h e i r  i d e a l  v e r s i o n s  can  reduce  b o t h  b i a s  and MISE.
In  t h i s  s t u d y  t h e  p e r fo rm a n c es  o f  t h e i r  f e a s i b l e  v e r s i o n s  w i l l  be 
a s s e s s e d .
Data  were s i m u l a t e d  from 4 d i s t r i b u t i o n s  each  h a v in g  a  d i f f e r e n t  
d e n s i t y  shape .  These a r e :
1. S t a n d a r d  no rmal .
2.  Gamma ( 2 , \ / 2 )  -  skewed.
3. 0 . 5 , N ( - 0 . 8 6 6 , 0 . 5 )  + 0 . 5N(0. 866 , 0 . 5 )  -  bimodal normal  m ix t u r e .
4 .  S t u d e n t ' s  t ( 3 )  -  long t a i l e d .
In c h a p t e r  2, method pe r fo rm ance  was a s s e s s e d  v i a  e x a c t  c a l c u l a t i o n s  o f  
MISE u s i n g  nu m er i ca l  i n t e g r a t i o n .  The aim o f  t h e  s i m u l a t i o n  s t u d y
t e c h n i q u e s  in  t h i s  c h a p t e r  a r e  t o  t r y  and r e f l e c t  t h e  pe r fo rm a nc es  
as  maybe r e a l i s e d  i n  a c t u a l  r e a l  a p p l i c a t i o n s  o f  t h e  methods .  To 
t h i s  end e m p i r i c a l  l o s s  f u n c t i o n s  and an e a s i l y  implemented  p r a c t i c a l  
smoo th ing  p a r a m e t e r  c h o ic e  ba sed  on n o r m a l i t y  a r e  u s e d .  Such an 
a p p ro a c h  a l s o  e n a b l e s  f e a s i b l e  v e r s i o n s  o f  the  a d a p t i v e  methods to  be 
e a s i l y  i n c l u d e d .
Samples  o f  s i z e  50 and 100 were used .  For  a  p a r t i c u l a r  random 
sample t h e  u n d e r l y i n g  d e n s i t y  i s  e s t i m a t e d  a t  x - v a l u e s  e q u a l l y  
s pa ce d  a t  i n t e r v a l s  o f  0 . 2 .  For  the  d i s t r i b u t i o n s  1 -4  t h e  d e n s i t i e s  
were e s t i m a t e d  i n  ( - 4 , 4 ) ,  ( 0 , 1 0 ) ,  ( - 5 , 5 )  and ( - 6 , 6 ) r e s p e c t i v e l y  and 
t h e r e f o r e  r e s u l t e d  i n  e s t i m a t e s  a t  40,  50,  50 and 60 p o i n t s  
r e s p e c t i v e l y .  T h i s  was r e p e a t e d  f o r  1000 random samples  in  each  case  
thus  p r o d u c i n g  1000 e s t i m a t e s  o f  the  d e n s i t y  a t  e ach  x - v a l u e .  These 
were u s e d  t o  c o n s t r u c t  e m p i r i c a l  e s t i m a t e s  o f  E [ f ( * k ) ]  anc* E[ f ( xk) ]> 
k =* 1 , . . . , M  where M d e n o te s  the  number o f  d i s t i n c t  x - v a l u e s  a t  which 
the  d e n s i t y  i s  e s t i m a t e d  f o r  a  g iv e n  d i s t r i b u t i o n .  The next  s t e p  
was t o  use  t h e s e  i n  e s t i m a t e s  o f  the  l o s s  f u n c t i o n s  a v e ra g e  s q u a re d  
b i a s  (ASB) and a v e ra g e  v a r i a n c e  (AVAR) which can  be combined t o  
e s t i m a t e  t h e  a v e ra g e  mean s q u a re d  e r r o r  (AMSE), i . e .
T M . 1000
ASB 1"  M 2k=l [1000 .2J=1
I M I 1000
AVAR 1~ M Xk-1 [1000 2  J=1
- 1 0 0 0  A 2
J (xk) " [lOOO 2  Afj<xk) ]  ] 
J=1
( 3 . 8 , 2 )
ASME -  ASB + AVAR ( 3 . 8 . 3 )
A
Here f ( * )  d e n o te s  t h e  t r u e  d e n s i t y  and f j ( ' )  t h e  e s t i m a t e  based  
on t h e  j t h  random sample .
T his  p r o c e d u r e  was t h e n  in  t u r n  r e p e a t e d  10 t im es  when n = 50 
and 5 t im es  when n — 100. The a v e ra g e s  o f  the  r e s u l t i n g  10 (o r  5) 
ASB's ,  AVAR'S and AMSE's, to  be deno ted  AASB, AAVAR and AAMSE 
r e s p e c t i v e l y ,  were u s e d  to  compare pe r fo rm ances  w i t h  t h e  s t a n d a r d  
e r r o r s  p r o v i d i n g  a  measure o f  s t a b i l i t y .  The main c o m p u ta t io n a l  
e f f o r t  i n  t h i s  whole p r o c e d u r e  has  gone i n t o  o b t a i n i n g  good e s t i m a t e s  
o f  E [ f ( x k ) ]  and E [ f ( x j c) 2 ].
The sm ooth ing  s t r a t e g y  employed f o r  each  method i s  b a s e d  on the  
a p p r o p r i a t e  op t im a l  fo rm ula  f o r  smooth ing  d a t a  f rom a s t a n d a r d  normal 
d i s t r i b u t i o n .  These a r e  as  f o l l o w s :
Method.
-n 214 A
a  w i th  h2 = 2 . 7h
“0 .134  - 
cr
1/ q  ~' V <j
.214 - 
cr
1 . ^Nopt
oiECMi—1II
2 . ^Nopt -  3 .904  n
3. ^Nopt = 0 . 7 5  n~
4. ^Nopt = 1 . 2  n"°
5. ^Nopt = 0 . 9  n" °
6 . ^Nopt = 0 .2 6  n “ '
Nopt
v a
For methods 1-5 a  r e p r e s e n t s  a r o b u s t  measure  o f  s c a l e .  An 
e s t i m a t e  b a s e d  on t h e  median o f  t h e  a b s o l u t e  d e v i a t i o n  (MAD) was 
u s e d .  (Hogg ( 1 9 7 9 ) ) ,  i . e .
A
a  = median j x j  -  median ( x j )  j /0 . 6 7 4 5  ( 3 . 8 . 4 )
Method 6 i s  s c a l e  i n v a r i a n t  as  d i s c u s s e d  i n  c h a p t e r  2.
As remarked i n  c h a p t e r  2, t h e  s i m u l a t i o n  s t u d y  o f  Bowman (1985) 
shows t h a t  normal  op t im a l  smoo th ing p r o v i d e s  a  s im p le  bu t  e f f e c t i v e
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g u i d e .  I t  i s  most e f f e c t i v e  f o r  unimodal  d e n s i t i e s  bu t  a l s o  has some 
s u c c e s s  i n  t h e  p r e s e n c e  o f  b i m o d a l i t y  as  long a s  t h e  modes a r e  not  too 
h i g h l y  s e p a r a t e d .  In  a d d i t i o n  though,  r e s u l t s  were a l s o  o b t a i n e d  when 
u s i n g  t h e  above fo rm ulae  s c a l e d  by the  f a c t o r s  2/ 3  and ^ / 3 .
D a ta  samples  f rom the  Gamma ( 2 , \ / r2) d i s t r i b u t i o n  on ly  t ak e  
p o s i t i v e  v a l u e s  so t h a t  t h e  d e n s i t y  f u n c t i o n  i s  z e r o  f o r  n e g a t i v e  x. 
Hence, we a l s o  r e q u i r e  f ( x )  t o  be z e ro  f o r  a l l  n e g a t i v e  x.  The 
d e n s i t y  s h o u l d  t h e r e f o r e  on ly  be e s t i m a t e d  a t  p o s i t i v e  x - v a l u e s  bu t ,  
f o r  example,  i f  a f i x e d  normal k e r n e l  i s  u sed  an e s t i m a t e  which 
i n t e g r a t e s  to  one can on ly  be o b t a i n e d  by c o n s t r u c t i n g  th e  e s t i m a t e  f o r  
x - v a l u e s  g r e a t e r  t h a n  about  -4h .  S o l u t i o n s  t o  t h i s  p rob lem  a re  
d i s c u s s e d  by S i lv e r m a n  (1986, p . 2 9 -32 ) .  The one c hosen  to  be used  here  
i s  t o  r e f l e c t  t h e  d a t a  i n  t h e  o r i g i n  and t h e n  e s t i m a t e  the  d e n s i t y  f o r  
x > 0 u s i n g  t h e  d a t a  s e t  o f  s i z e  2n but  s t i l l  w i t h  the  v a lu e  l / n 
i n  t h e  e s t i m a t o r .  The e f f e c t  o f  t h i s  i s  t o  add t h e  s i z e  o f  the  i n v a l i d  
p o s i t i v e  e s t i m a t e  f o r  c e r t a i n  n e g a t i v e  x - v a l u e s  t o  t h e  e s t i m a t e  a t  the  
c o r r e s p o n d i n g  p o s i t i v e  x ’ s .  Th is  t h e n  r e s u l t s  i n  an  e s t i m a t e  which does 
i n t e g r a t e  t o  one ove r  p o s i t i v e  x and s a t i s f i e s  f ^ \ o + )  = 0 .
The s e e d s  f o r  t h e  random number g e n e r a t o r  were chosen  so t h a t  fo r  
a  p a r t i c u l a r  sample s i z e  n ,  and d i s t r i b u t i o n  t h e  s e e d  i s  t h e  same.
T h i s  r e s u l t s  in  t h e  same d a t a  s e t s  b e in g  sampled and e n a b l e s  d i r e c t  
com par i sons  to  be made bo th  be tween th e  methods as  w e l l  as  w i t h i n  
methods when u s i n g  d i f f e r e n t  amounts o f  sm oo th ing .  The f u l l  r e s u l t s  
a r e  c o n t a i n e d  i n  t a b l e s  3 . 8 - 3 . 1 5 .  A lso ,  f o r  sample s i z e  50 th e y  a re  
i l l u s t r a t e d  i n  f i g u r e s  3 . 5 - 3 . 1 6 .
The AASB r e s u l t s  f o r  each d i s t r i b u t i o n ,  e x c e p t  t h e  h i g h l y  skewed 
Gamma (2 ,  \ / 2 ) , i n d i c a t e  t h e  e f f e c t i v e n e s s  o f  s u b t r a c t i n g  an e s t i m a t e
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Table  3 . 8 .  V a lu es  o f  AASB, AAVAR and AAMSE f o r  sam p les  o f  s i z e
50 from an N ( 0 , 1 )  d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^ N o p t
M e t h o d AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 4 , 5 2 x l 0 “ 6 6 . 4x 10 - 7 ) 2 . 1 3 X 1 0 - 3 ( 1 . 9 X 1 0 “ 5 ) 2 . 1 3 x 1 0 - 3
2 1 , 1 5 x 1 0 - 5 1 . 0 X 1 0 " 6 ) 1 . 5 2 x 1 0 - 3 ( 1 . 5 X 1 0 - 5 ) 1 . 5 3 x 1 0 - 3
3 7 . 7 6 X 1 0 " 6 6 . 7 X 1 0 - 7 ) 2 . 2 6 x 1 0 - 3 ( 2 . 0 x 1 0 - 3 ) 2 . 2 6 x 1 0 - 3
2 / 3
4 6 . 3 5 X 1 0 "5 2 . 4 x 1 0 - 6 ) 1 . 5 8 x 1 0 - 3 ( 1 . 5 x 1 0 - 3 ) 1 . 6 4 x 1 0 - 3
5 6 . 86x l 0“5 1 . 8x 10 - 6 ) 1 . 3 3 X 1 0 - 3 ( 1 . 4 X 1 0 - 3 ) 1 . 4 1 x 1 0 - 3
6 3 . 1 1 x l 0 "4 5 . 8 x 1 0 - 6 ) 1 . 5 1 X 1 0 - 3 ( 1 . 5 x 1 0 - 3 ) 1 . 8 2 x 1 0 - 3
1 2 . 3 4 X 1 0 “5 1 . 5 x 1 0 - 6 ) 1 . 3 0 x 1 0 - 3 ( 1 . 4 x 1 0 - 3 ) 1 . 3 3 x 1 0 - 3
2 1 . 2 7 x l 0 - 4 3 , 5 x 1 0 - 6 ) 9 . 5 4 x l 0 -4 ( 1 . 1 x 1 0 - 3 ) 1 . 0 8 x 1 0 - 3
3 3 . 3 2 x 1 0 - 3 1 . 5 x 1 0 - 6 ) 1 . 3 9 x 1 0 - 3 ( 1 . 4x 10 - 3 ) 1 . 4 3 x 1 0 - 3
1
4 2 . 8 6 X 1 0 "4 4 . 8 X 1 0 - 6 ) 9 . 7 4 x 1 O' 4 ( 1 . 1 x 1 0 - 3 ) 1 . 2 6 x 1 0 - 3
5 2 . 8 9 X 1 0 ” 4 3 . 4 x 1 0 - 6 ) 8 . 9 9 x l 0 -4 ( 1 . 0 x 1 0 - 3 ) 1 . 1 9 x 1 0 - 3
6 4 . 6 5 X 1 0 ~ 4 3 . 2 x 1 0 - 6 ) 9 . 3 9 X 1 0 "4 ( 1 . 0 X 1 0 - 5 ) 1 . 4 0 x 1 0 - 3
1 1 . 4 5 X 1 0 "4 3 . 8 x 1 0 - 6 ) 9 . 4 5 X 1 0 “4 ( 1 . 1 X 1 0 - 3 ) 1 . 0 9 x 1 0 - 3
2 6 . 8 5 X 1 0 ' 4 8 . 1 X 1 0 “ 6 ) 7 . 4 4 x l 0 “4 ( 1 . 0 x 1 0 - 5 ) 1 . 4 3 x 1 0 - 3
3 1 . 4 2 X 1 0 " 4 3 . 4 x 1 0 - 6 ) 1 . 0 0 x 1 0 - 3 ( l . l X l O - 5 ) 1 . 1 5 x 1 0 - 3
4 / 3
4 7 . 6 6 X 1 0 "4 7 . 6 x 1 0 - 6 ) 7 . 0 6 x l 0 “ 4 ( 8 . 8x 10 - 6 ) 1 , 4 7 x 1 0 - 3
5 9 . 7 0 x 1 0 "4 7 . 8 x 1 0 - 6 ) 6 . 5 3 X 1 0 “4 ( 8 . 2x 10 - 6 ) 1 . 6 2 x 1 0 - 3
6 1 . 4 7 x 1 0 - 3 8 . 2x 10 - 6 ) 6 . 0 5 x l 0 “ 4 ( 6 . 8x 10 - 6 ) 2 . 0 8 x 1 0 - 3
Table  3 . 9 .  Va lues  o f  AASB, AAVAR and AAMSE f o r  samples  o f  s i z e
50 from a Gamma ( 2 , \ / 2 )  d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^Nopt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 1 . 2 0 X 1 0 "2 3 . 5 x 1 0 - 5 ) 1 . 0 4 X 1 0 " 3 ( 6 . 9 X 1 0 “ 6 ) 1 . 3 1 x l 0 ~ 2
2 1 . 2 3 x 1 0 - 5 3 . 5 x 1 0 - 5 ) 7 . 9 5 X 1 0 "4 ( 6 . 5 x l 0 “ 6 ) 1 . 3 1 X 1 0 " 2
3 1 . 1 9 X 1 0 " 2 3 . 5 X 1 0 “ 5 ) 1 . 0 9 X 1 0 - 3 ( 6 . 9 X 1 0 " 6 ) 1 . 3 0 X 1 0 - 2
2 / 3
4 1 . 2 0 X 1 0 "2 3 . 2 x 1 0 - 5 ) 7 . 7 8 x l 0 “ 4 ( 5 . 7 x 1 0 - 6 ) 1 . 2 7 X 1 0 " 2
5 1 . 1 9 X 1 0 " 2 3 . 3 x 1 0 - 5 ) 6 . 8 2 x 1 0 “ 4 ( 6 . 0x l 0 ~ 6 ) 1 . 2 6 X 1 0 - 2
6 l . l l x l O "2 3 . 5 x 1 0 - 5 ) 7 . 7 3 x 1 0 - 4 ( 7 . 3 X 1 0 " 6 ) 1 . 1 9 x 1 0 - 5
1 1 . 2 1 X 1 0 "2 3 . 3 x 1 0 - 5 ) 6 . 8 5 X 1 0 - 4 ( 6 . 0x 10 - 6 ) 1 . 2 8 x 1 0 - 5
2 1 . 2 0 X 1 0 "2 2 . 8 x 1 0 - 5 ) 5 . 0 4 x 1 0 - 4 ( 5 . 2 X 1 0 - 6 ) 1 . 2 5 X 1 0 - 5
3 1 . 2 0 X 1 0 - 2 3 . 3 X 1 0 - 5 ) 7 . 0 3 x l 0 “ 4 ( 6 . 0 X 1 0 " 6 ) 1 . 2 7 x 1 0 - 5
1
4 1 . 21x l 0~2 2 . 9 X 1 0 - 5 ) 4 . 9 0 x 1 0 - 4 ( 4 . 5 x 1 0 - 6 ) 1 . 2 6 x 1 0 - 5
5 1 . 1 6 X 1 0 " 2 2 . 9 x 1 0 - 5 ) 4 . 5 4 x 1 0 - 4 ( 4 . 4 x 1 0 - 6 ) 1 . 2 0 x l 0 “ 5
6 1 . 02x l 0 -2 3 . 0 x 1 0 - 5 ) 5 . 1 0 x 1 0 - 4 ( 5 . 2 X 1 0 - 6 ) 1 . 0 7 x 1 0 - 5
1 1 . 2 0 X 1 0 "2 2 . 9 x 1 0 - 5 ) 4 . 8 5 X 1 0 - 4 ( 5 . 0 x 1 0 - 6 ) 1 . 2 4 x 1 0 - 5
2 1 . 1 7 x l 0 “ 2 2 . 4 X 1 0 - 5 ) 3 . 2 9 x 1 0 - 4 ( 3 . 6 x 1 0 - 6 ) 1 . 2 0 x 1 0 - 5
3 1 . 2 0 X 1 0 "2 3 . 0 X 1 0 - 5 ) 5 . 02x 10-4 ( 4 . 9 X 1 0 “ 6 ) 1 . 2 5 x 1 0 - 5
4 / 3
4 1 . 22x l 0“2 2 . 5 x 1 0 - 5 ) 3 . 4 1 x 1 0 - 4 ( 3 . 6 x 1 0 - 6 ) 1 . 2 6 x 1 0 - 5
5 1 . 1 2 X 1 0 "2 2 . 5 x 1 0 - 5 ) 3 . 1 5 X 1 0 - 4 ( 3 . 2 x 1 0 - 6 ) 1 . 1 5 x 1 0 - 5
6 l . O l x l O "2 2 . 5 x 1 0 - 5 ) 3 . 3 5 x 1 0 - 4 ( 3 . 7 x 1 0 - 6 ) 1 . 0 4 x 1 0 - 5
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Tab le  3 , 1 0 .  Va lues  o f  MSB,  MVAR and MMSE f o r  samples  o f  s i z e
50 from a [ 0 . 5 N ( - 0 . 8 6 6 , 0 . 5 2 ) 4- 0 . 5 N ( 0 . 8 6 6 , 0 . 5 2 ) ] d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^Nopt
Method MSB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 6 . 1 8 x l 0 ~ 4 4 . 3 X 1 0 “ 6 ) 1 . 3 0 X 1 0 " 3 ( 7 . 9 X 1 0 " 6 ) 1 . 9 2 x l 0 “ 3
2 1 . 9 4 x l 0 “ 3 6 . 5 X 1 0 “ 6 ) 9 . 5 2 x l 0 ~ 4 ( 6 . 4 X 1 0 " 6 ) 2 . 8 9 X 1 0 " 3
3 4 . 9 6 x l 0 " 4 3 . 9 X 1 0 " 6 ) 1 . 4 0 X 1 0 " 3 ( 8 . 2 X 1 0 ” 6 ) 1 . 9 0 X 1 0 " 3
2 / 3
4 1 . 1 3 X 1 0 " 3 4 . 5 X 1 0 ~ 6 ) 9 . 4 2 X 1 0 " 3 ( 5 . 6 X 1 0 " 6 ) 2 . 0 7 x 1 0 - 5
5 1 . 7 5 X 1 0 " 3 5 . 2 X 1 0 " 6 ) 9 . 1 7 x l 0 “ 4 ( 5 . 7 X 1 0 " 6 ) 2 . 6 7 x l 0 “ 3
6 2 . 2 1 x l 0 " 3 6 . 3 X 1 0 “ 6 ) 1 . 1 4 X 1 0 " 3 ( 7 . 3 X 1 0 " 6 ) 3 . 3 5 x l 0 “ 3
1 2 . 2 4 X 1 0 " 3 5 . 5 X 1 0 " 6 ) 7 . 8 7 X 1 0 " 4 ( 5 . 5 X 1 0 “ 6 ) 3 . 0 3 x l 0 “ 3
2 3 . 7 8 X 1 0 " 3 4 . 2 X 1 0 " 6 ) 5 . 4 3 x 1 0 "4 ( 4 . 3 X 1 0 ’ 6 ) 4 . 3 3 x l 0 ~ 3
1
3 1 . 7 3 x l 0 “ 3 5 . 0 X 1 0 ~ 6 ) 8 . 6 1 x l 0 - 4 ( 5 . 7 X 1 0 " 6 ) 2 . 5 9 X 1 0 " 3
1
4 2 . 5 6 X 1 0 " 3 S . l X l O " 6 ) 5 . 5 9 X 1 0 - 4 ( 3 . 8 X 1 0 " 6 ) 3 . 1 2 X 1 0 " 3
5 3 , 4 2 x l 0 “ 3 4 . 3 X 1 0 " 6 ) 6 . 0 4 x 1 0 ~ 4 ( 4 . 3 X 1 0 " 6 ) 4 . 0 3 X 1 0 " 3
6 3 . 7 7 x l 0 - 3 3 . 7 X 1 0 ~ 6 ) 7 . 8 4 x 1 0 ~ 4 ( 5 . 6 x l 0 “ 6 ) 4 . 5 6 X 1 0 - 3
1 3 . 2 3 x l 0 “ 3 3 . 7 X 1 0 “ 6 ) 5 . 2 6 X 1 0 " 4 ( 4 . 1 X 1 0 - 5 ) 3 . 7 5 x l 0 ~ 3
2 4 . 1 6 X 1 0 " 3 5 . 0 X 1 0 “ 6 ) 3 . 7 4 x l 0 - 4 ( 3 . 1 X 1 0 - 6 ) 4 . 5 3 X 1 0 - 3
3 2 , 8 6 X 1 0 ” 3 4 . 5 X 1 0 “ 6 ) 5 . 9 3 x l 0 “ 4 ( 4 . 4 X 1 0 " 6 ) 3 . 4 5 x 1 0 - 5
4 / 3
4 3 . 7 4 X 1 0 " 3 5 . 9 X 1 0 " 6 ) 3 . 8 1 x l 0 “ 4 ( 2 . 9 X 1 0 " 6 ) 4 . 1 2 x 1 0 - 5
5 4 . 5 6 x l 0 “ 3 5 . 5 X 1 0 ” 6 ) 4 . 1 8 X 1 0 " 4 ( 3 . 1 X 1 0 " 6 ) 4 . 9 8 x 1 0 - 5
6 4 . 9 1 X 1 0 ” 3 5 . 1 x 1 0 ” ®) 5 . 1 5 x l 0 “ 4 ( 3 . 8 x l 0 “ 6 ) 5 . 4 2 x 1 0 - 5
Table  3 . 1 1 .  V a lu es  o f  AASB, AAVAR and AAMSE f o r  samples  o f  s i z e
50 from a t ( 3 )  d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^ N o p t
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 4 . 5 1 x 1 0 - 6 9 . 9 X 1 0 ' 7 ) 1 . 2 8 X l 0 “ 3 ( 7 . 5 X 1 0 - 6 ) 1 . 2 9 X 1 0 - 3
2 1 . 8 8 X 1 0 " 5 2 . 0 x 1 0 - 6 ) 9 . 4 9 X 1 0 " 4 ( 5 . 7 X 1 0 - 6 ) 9 . 6 7 x l 0 ~ 4
3 6 . 1 9 x 1 0 - 6 1 . 0 x 1 0 - 6 ) 1 . 3 6 X 1 0 " 3 ( 7 . 8 x 1 0 - 6 ) 1 . 3 6 x 1 0 - 3
2 / 3
4 5 . 9 3 X 1 0 - 5 3 . 7 x 1 0 - 6 ) 9 . 7 2 X 1 0 " 4 ( 5 . 5 x 1 0 - 6 ) 1 . 0 3 x 1 0 - 3
5 1 . 7 2 X 1 0 “ 5 1 . 8x 10 - 6 ) 7 . 8 4 x 1 0 “ 4 ( 4 . 6 x 1 0 - 6 ) 8 . O l x l O - 4
6 4 . 6 1 x 1 0 - 5 1 . 8x 10 - 6 ) 8 . 3 9 X 1 0 " 4 ( 5 . 2 x 1 0 - 6 ) 8 . 8 5 x l 0 ~ 4
1 4 . 4 3 x 1 0 - 5 3 . 0 x 1 0 - 6 ) 8 . 2 7 X 1 0 " 4 ( 5 . 0 x 1 0 - 6 ) 8 . 7 1 X 1 0 " 4
2 1 . 9 9 x 1 0 - 4 - 5 . 6 x 1 0 - 6 ) 6 . 3 7 X 1 0 " 4 ( 4 . 2 x 1 0 - 6 ) 8 . 3 5 x l 0 ~ 4
n
3 3 . 9 5 x 1 0 - 5 2 . 8 x 1 0 - 6 ) 8 . 6 7 x l 0 “ 4 ( 5 . 2 x 1 0 - 6 ) 9 . 0 7 X 1 0 - 4
1
4 2 . 4 2 x 1 0 " 4 6 . 6x 10 - 6 ) 6 . 2 5 X 1 0 - 4 ( 3 . 8 x 1 0 - 6 ) 8 . 6 8 x l 0 - 4
5 1 . 6 3 X 1 0 ” 4 5 . 2 x 1 0 - 6 ) 5 . 3 7 X 1 0 " 4 ( 3 , 4 x 1 0 - 6 ) 7 . O O x l O - 4
6 2 . 1 5 X 1 0 * 4 5 . 1 x 1 0 - 6 ) 5 . 2 1 x l 0 ” 4 ( 3 . 4 x 1 0 - 6 ) 7 . 3 7 X 1 0 " 4
1 2 . 0 4 X 1 0 " 4 5 . 8 x 1 0 - 6 ) 6 . 2 5 X 1 0 " 4 ( 4 . 1 x 1 0 - 6 ) 8 . 2 9 x l 0 “ 4  •
2 7 . 0 9 X 1 0 - 4 9 . 6 x 1 0 - 6 ) 5 . 1 2 X 1 0 ’ 4 ( 3 . 8 x 1 0 - 6 ) 1 . 2 2 x 1 0 - 3
3 1 . 5 5 X 1 0 ' 4 5 . 2 x 1 0 - 6 ) 6 . 4 5 X 1 O’ 4 ( 4 . 1 x 1 0 - 6 ) 8 . 0 0 x 1 0 - 4
4 / 3
4 5 . 9 1 X 1 0 " 4 9 . 4 x 1 0 - 6 ) 4 . 6 6 X 1 0 " 4 ( 3 . 1 X 1 0 - 6 ) 1 . 0 6 x 1 0 - 3
5 6 . 3 3 X 1 0 " 4 9 . 5 x 1 0 - 6 ) 3 . 9 7 X 1 0 " 4 ( 2 . 7 x 1 0 - 6 ) 1 . 0 3 x 1 0 - 3
6 9 . 5 9 X 1 0 " 4 1 . 1 x 1 0 - 5 ) 3 . 4 7 X 1 0 " 4 ( 2 . 4 x 1 0 - 6 ) 1 . 3 1 x 1 0 - 3
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Table  3 . 1 2 .  Va lues  o f  AASB, AAVAR and AAMSE f o r  samples  o f  s i z e
100 from an N ( 0 , 1 )  d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^ N o p t
M e t h o d AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 2 . 5 3 X 1 0 " 6 3 . 9 X 1 0 " 7 ) 1 . 1 9 x 1 0 - 3 ( 1 . 5 x 1 0 - 5 ) 1 , 1 9 x 1 0 - 3
2 7 . 6 0 x l 0 “ 6 8 . 0 X 1 0 - 7 ) 8 . 3 3 x 1 0 - 4 ( 9 . 3 X 1 0 - 6 ) 8 . 4 1 x 1 0 - 4
3 4 . 5 8 x 1 0 - ^ 5 . 6 X 1 0 - 7 ) 1 . 2 1 x 1 0 - 3 ( 1 . 6 x 1 0 - 5 ) 1 . 2 1 X 1 0 - 3
2 / 3
4 4 . 4 8 X 1 0 - 5 2 . 5 X 1 0 " 6 ) 9 . 1 9 x 1 0 - 4 ( 1 . 0 x 1 0 - 5 ) 9 . 6 4 x 1 0 - 4
5 3 . 5 3 x l 0 “ 5 1 . 3 x 1 0 - 6 ) 8 . 1 2 x 1 0 - 4 ( 9 . 7 x 1 0 - 6 ) 8 . 4 7 x 1 0 - 4
6 3 . 4 6 X 1 0 " 4 5 . 5 x 1 0 - 6 ) 8 . 5 4 x 1 0 - 4 ( 1 . 1 x 1 0 - 5 ) 1 . 2 0 x 1 0 - 3
1 1 . 6 6 x 1 0 - 3 1 . 3 x 1 0 - 6 ) 7 . 2 9 x 1 0 - 4 ( 7 . 7 x 1 0 - 6 ) 7 . 4 6 x 1 0 - 4
2 9 . 3 2 x 1 0 - 3 3 . 3 X 1 0 - 6 ) 5 . 1 7 x 1 0 - 4 ( 5 . 9 X 1 0 - 6 ) 6 . 1 1 x 1 0 - 4
3 2 . 6 4 x 1 0 - 3 1 . 6 x 1 0 - 6 ) 7 . 4 4 x 1 0 - 4 ( 3 . 3 X 1 0 - 6 ) 7 . 7 1 x 1 0 - 4
X
4 1 . 9 5 X 1 0 " 4 5 . 1 x 1 0 - 6 ) 5 . 6 5 x 1 0 - 4 ( 5 . 7 x 1 0 - 6 ) 7 . 6 0 x 1 0 - 4
5 1 . 4 9 x 1 0 - 4 2 . 9 x 1 0 - 6 ) 5 . 5 2 x 1 0 - 4 ( 6 . 2 X 1 0 - 6 ) 7 . 0 1 x 1 0 - 4
6 4 . 2 7 X 1 0 " 4 3 . 6 x 1 0 - 6 ) 5 . 3 3 X 1 0 - 4 ( 6 . 9 X 1 0 - 6 ) 9 . 6 0 x 1 0 - 4
1 9 . 8 3 x 1 0 - 5 3 . 4 x 1 0 - 6 ) 5 . 2 3 x 1 0 - 4 ( 5 . 8 x 1 0 - 6 ) 6 . 2 1 x 1 0 - 4
2 5 . 0 2 x 1 0 - 4 7 . 4 x 1 0 - 6 ) 3 . 9 7 x 1 0 - 4 ( 4 . 0 x 1 0 - 6 ) 8 . 9 8 x 1 0 - 4
3 1 . 1 7 x 1 0 - 4 3 . 6 x 1 0 - 6 ) 5 . 3 4 x 1 0 - 4 ( 5 . 8 x 1 0 - 6 ) 6 . 5 1 x 1 0 - 4
4 / 3
4 5 . 2 6 x 1 0 - 4 7 . 9 x 1 0 - 6 ) 4 . 0 5 x 1 0 - 4 ( 4 . 1 x 1 0 - 6 ) 9 . 3 1 X 1 0 - 2
5 4 . 8 8 x 1 0 - 4 6 . 4 x 1 0 - 6 ) 4 . 0 7 x 1 0 - 4 ( 4 . 6 x 1 0 - 6 ) 8 . 9 6 x 1 0 - 4
6 1 . 2 9 X 1 0 - 3 1 . 0 x 1 0 - 5 ) 3 . 4 0 x 1 0 - 4 ( 4 . 4 x 1 0 - 6 ) 1 . 6 3 x 1 0 - 3
- 1 0 0 -
Table  3 . 1 3 .  V a lu es  o f  AASB, AAVAR and AAMSE f o r  samples  o f  s i z e
100 from a Gamma ( 2 , \ / 2 )  d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^Nopt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 1 . 1 9 X 1 0 - 2 3 . 5 X 1 0 " 5 ) 5 . 7 3 x l 0 “ 4 ( 5 . 8 X 1 0 " 6 ) 1 . 2 5 x 1 0 - 2
2 1 . 2 3 x 1 0 - 2 2 . 9 x 1 0 - 5 ) 4 . 2 7 X 1 0 - 4 ( 5 . 1 X 1 0 " 6 ) 1 . 2 7 x 1 0 - 2
3 1 . 1 8 x 1 0 - 2 3 . 6 X 1 0 - 5 ) 5 . 7 5 X 1 0 " 4 ( 5 , 6 x 1 0 - 6 ) 1 . 2 4 x 1 0 - 2
2 / 3
4 1 . 1 9 x 1 0 - 2 3 . 2 X 1 0 - 5 ) 4 . 4 5 X 1 0 ” 4 ( 4 . 3 x l 0 “ 6 ) 1 . 2 3 x 1 0 - 2
5 * 1 . 2 0 x 1 0 - 2 4 . 0 x 1 0 - 5 ) 4 . 0 1 X 1 0 “ 4 ( 4 . 3 X 1 0 “ 6 ) 1 . 2 4 x 1 0 - 2
6 1 . 1 2 x 1 0 - 2 3 , 7 x 1 0 - 5 ) 4 . 2 5 X 1 0 " 4 ( 5 . 9 x 1 0 - 6 ) 1 . 16x 10-2
1 1 . 2 1 X 1 0 " 2 2 . 8 x 1 0 - 5 ) 3 . 7 6 X 1 0 " 4 ( 4 . 3 X 1 0 ” 6 ) 1 . 2 5 x 1 0 - 2
2 1 . 22x 10-2 2 . 5 x 1 0 - 5 ) 2 . 7 7 X 1 0 " 4 ( 2 . 6 X 1 0 “ 6 ) 1 . 2 4 x 1 0 - 2
1
3 1 . 2 0 x 1 0 - 2 2 . 9 x 1 0 - 5 ) 3 . 7 2 X 1 0 " 4 ( 4 . 1 X 1 0 " 6 ) 1 . 2 4 x 1 0 - 2
1
4 1 . 2 1 x 1 0 - 2 2 . 5 X 1 0 ” 5 ) 2 . 8 2 X l 0 ~ 4 ( 2 . 8 x 1 0 - 6 ) 1 . 2 4 x 1 0 - 2
5 * 1 . 1 8 x 1 0 - 2 3 . 3 x 1 0 - 5 ) 2 . 7 4 x l 0 ” 4 ( 2 . 8 x 1 0 - 5 ) 1 . 2 0 X 1 0 - 2
6 1 . 0 2 x 1 0 - 2 3 . 0 x 1 0 - 5 ) 2 . 8 3 X 1 0 " 4 ( 4 . 0 X 1 0 ” 6 ) 1 . 0 5 x 1 0 - 2
1 1 . 20x 10-2 2 . 5 x 1 0 - 5 ) 2 . 7 1 X l O “ 4 ( 2 . 6 X 1 0 " 6 ) 1 . 2 5 x 1 0 - 2
2 1 . 1 8 x 1 0 - 2 2 . 2 x 1 0 - 5 ) 1 . 8 2 X 1 0 " 4 ( 1 . 7 x 1 0 - 6 ) 1 . 2 0 x 1 0 - 2
3 1 . 2 0 x 1 0 - 2 2 . 5 x 1 0 - 5 ) 2 . 6 7 X 1 0 " 4 ( 2 . 7 x 1 0 - 6 ) 1 . 2 3 X 1 0 - 2
4 / 3
4 1 . 2 2 x 1 0 - 2 2 . 1 x 1 0 - 5 ) 1 . 9 9 X 1 0 - 4 ( 1 . 8 x 1 0 - 6 ) 1 . 2 4 X 1 0 - 2
5 * 1 , 1 4 x 1 0 - 2 2 . 9 x 1 0 - 5 ) 1 . 9 7 X 1 0 " 4 ( 1 . 8 x 1 0 - 6 ) 1 . 1 6 X 1 0 - 2
6 1 . 0 0 x 1 0 - 2 2 . 4 x 1 0 - 5 ) 1 . 8 5 X 1 0 " 4 ( 2 . 6 X 1 0 - 6 ) 1 . 0 2 x 1 0 - 2
* R e s u l t s  b a s e d  on o n l y  4 r u n s .
Table  3 . 1 4 .  V a lu es  o f  AASB, AAVAR and AAMSE f o r  sam p les  o f  s i z e
100 from a [ 0 . 5 N ( - 0 . 8 6 6 , 0 , 5 ^ )  + 0 . 5 N ( 0 . 8 6 6 , 0 . 5 ^ ) ]  d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^Nopt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 4 . 2 5 X 1 0 - 4 5 . 8 X 1 0 " 6 ) 6 . 9 1 x 1 0 - 4 - ( 3 . 5 x 1 0 - 6 ) 1 . 1 2 X 1 0 - 3
2 1 . 6 0 X 1 0 " 3 6 . 0 X 1 0 " 6 ) 4 . 8 0 x 1 0 - 4 - ( 2 . 6 x 1 0 - 6 ) 2 . 0 8 x 1 0 - 3
3 4 . 1 2 x 1 0 - 4 - 6 . 0 X 1 0 " 6 ) 7 . 1 4 x l 0 ” 4- ( 3 . 0 x 1 0 - 6 ) 1 . 1 3 x 1 0 - 3
2 / 3
4 8 . 3 9 x 1 0 - 4 - 6 . 8 X 1 0 " 6 ) 5 . 2 1 x l 0 - 4 ( 2 . 1 x 1 0 - 6 ) 1 . 3 6 x 1 0 - 3
5 1 . 1 3 x 1 0 - 3 7 . 6 X 1 0 “ 6 ) 5 . 3 1 x 1 0 —4 ( 3 . 0 x 1 0 - 6 ) 1 . 6 6 x 1 0 - 3
6 1 . 8 9 x 1 0 - 3 1 . 0 3 x 1 0 - 6 ) 6 . 0 9 x 1 0 - 4 - ( 4 . 5 x 1 0 - 6 ) 2 . 5 0 x 1 0 - 3
1 1 . 8 6 x 1 0 - 3 5 . 7 x 1 0 “ 6 ) 4 . 0 7 x 1 0 - 4 - ( 3 . 0 x 1 0 - 6 ) 2 . 2 7 x 1 0 - 3
2 3 . 7 5 x 1 0 - 3 6 . 8 X 1 0 " 6 ) 2 . 7 5 x 1 0 - 4 - ( 2 . 6x 10 - 6 ) 4 . 0 2 x 1 0 - 3
n
3 1 . 5 7 X 1 0 - 3 5 . 9 X 1 0 " 6 ) 4 . 2 7 x 1 0 - 4 - ( 3 . 0 x 1 0 - 6 ) 2 , 0 0 x 1 0 - 3
1
4 2 . 1 3 x 1 0 “ 3 6 . 4 x 1 0 ” 6 ) 3 , 0 4 x 1 0 - 4 - ( 2 . 1 X 1 0 - 6 ) 2 . 4 3 x 1 0 - 3
5 2 . 7 5 x 1 0 - 3 5 . 6 x l 0 “ 6 ) 3 . 5 4 x 1 0 - 4 ( 3 . 0 x 1 0 - 6 ) 3 . 1 1 x 1 0 - 3
6 3 . 5 6 x 1 0 - 3 5 . 4 X 1 0 “ 6 ) 4 . 2 7 x 1 0 - 4 ( 4 . 5 X 1 0 - 6 ) 3 . 9 9 x 1 0 - 3
1 2 . 9 6 X 1 0 - 3 4 . 9 x 1 0 - 6 ) 2 . 7 2 x 1 0 - 4 - ( 2 . 5 x 1 0 - 6 ) 3 . 2 4 x 1 0 - 3
2 4 . 0 6 x 1 0 - 3 5 . 8 x 1 0 - 6 ) 1 . 8 4 x 1 0 - 4 - ( 1 . 6 x 1 0 - 6 ) 4 . 2 4 x 1 0 - 3
3 2 . 7 2 x 1 0 - 3 5 . 4 x 1 0 - 6 ) 2 . 9 1 x 1 0 - 4 - ( 2 . 7 x 1 0 - 6 ) 3 . 0 1 x 1 0 - 3
4 / 3
4 3 . 3 0 X 1 0 - 3 7 . 9 x 1 0 - 6 ) 2 . 0 5 x 1 0 - 4 - ( 1 . 7 x 1 0 - 6 ) 3 . 5 0 x 1 0 - 3
5 3 . 9 4 X 1 0 - 3 6 . 8 x 1 0 - 6 ) 2 . 5 2 x 1 0 —4 ( 2 . 5 x 1 0 - 6 ) 4 . 1 9 x 1 0 - 3
6 4 . 7 0 X 1 0 - 3 7 . 7 X 1 0 - 6 ) 2 . 8 4 x 1 0 - 4 ( 3 . 3 x 1 0 - 6 ) 4 . 9 9 x 1 0 - 3
Table  3 . 1 5 .  V a lu es  o f  AASB, AAVAR and AAMSE f o r  sam p les  o f  s i z e
100 from a t (3)  d i s t r i b u t i o n .
S e a l i n g
f a c t o r
f o r
^ N o p t
M e t h o d AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 3 . 2 5 x l 0 “ 6 3 . 1 x 1 0 - 7 ) 7 . 0 7 x 1 0 - 4 ( 9 . 2 X 1 0 - 6 ) 7 . 1 0 x 1 0 “ 4
2 1 . 5 6 X 1 0 ” 5 7 . 5 X 1 0 - 7 ) 5 . 0 7 x 1 0 - 4 ( 7 . 2 x 1 0 - 6 ) 5 . 2 3 x 1 0 - 4
3 4 . 4 1 X 1 0 " 6 3 . 3 x 1 0 - 7 ) 7 . 1 3 x 1 0 - 4 ( 9 . 2 x 1 0 - 6 ) 7 . 1 7 x 1 0 - 4
2 / 3
4 4 . 1 7 x l 0 “ 5 1 . l x l O - 6 ) 5 . 5 2 X 1 0 - 4 ( 7 . 2 x 1 0 “ 6 ) 5 . 9 4 x 1 0 - 4
5 5 . 2 4 X 1 0 “ 6 2 . 8 x 1 0 - 7 ) 4 . 5 7 x 1 0 - 4 ( 6 . 8 x 1 0 - 6 ) 4 . 6 2 x 1 0 - 4
6 7 . 5 1 X 1 0 " 5 1 . 3 X 1 0 " 6 ) 4 . 5 2 x 1 0 - 4 ( 6 . 9 x 1 0 - 6 ) 5 . 2 7 x 1 0 - 4
1 3 . 2 7 X 1 0 “ 5 1 . 1 X 1 0 " 6 ) 4 . 4 9 x 1 0 - 4 ( 6 . 5 x 1 0 - 6 ) 4 . 8 2 x 1 0 - 4
2 1 . 5 7 X 1 0 “ 4 2 . 6 X 1 0 " 6 ) 3 . 3 5 x 1 0 - 4 ( 5 . 2 x 1 0 - 6 ) 4 , 9 2 x 1 0 - 4
3 3 . 3 9 X 1 0 " 5 l . O x l O " 6 ) 4 . 5 1 x 1 0 - 4 ( 6 . 6 x 1 0 - 6 ) 4 . 8 5 x 1 0 - 4
1
4 1 . 7 0 x 1 0 - 4 2 . 1 X 1 0 - 6 ) 3 . 5 1 x 1 0 - 4 ( 5 . 0 x 1 0 - 6 ) 5 . 2 1 x 1 0 - 4
5 5 . 6 8 x 1 0 - 5 1 . 1 x 1 0 - 6 ) 3 . 1 4 x 1 0 - 4 ( 4 . 9 x 1 0 - 6 ) 3 . 7 0 x 1 0 - 4
6 1 , 7 2 x 1 0 - 4 - 1 . 8 x 1 0 - 6 ) 2 . 7 7 X 1 0 “ 4 ( 4 . 3 x 1 0 - 6 ) 4 . 4 9 x 1 0 - 4
1 1 . 4 8 x 1 0 - 4 2 . 4 x 1 0 - 6 ) 3 . 3 5 x 1 0 - 4 ( 5 . 2 x 1 0 - 6 ) 4 . 8 3 x 1 0 - 4
2 5 . 7 1 x 1 0 - 4 4 . 6 x 1 0 - 6 ) 2 . 6 5 x 1 0 - 4 ( 4 . 3 x 1 0 - 6 ) 8 . 3 6 x 1 0 - 4
3 1 . 3 3 x 1 0 - 4 2 . 1 x 1 0 - 6 ) 3 . 3 3 x 1 0 - 4 ( 5 . 1 x 1 0 - 6 ) 4 . 6 6 x 1 0 - 4
4 / 3
4 4 . 2 3 x 1 0 - 4 3 . 3 x 1 0 - 6 ) 2 . 5 9 x 1 0 - 4 ( 3 . 9 x 1 0 - 6 ) 6 . 8 1 x 1 0 - 4
5 2 . 9 7 x 1 0 - 4 2 . 6 x 1 0 - 6 ) 2 . 3 4 x 1 0 - 4 ( 3 . 8 x 1 0 - 6 ) 5 . 3 1 x 1 0 - 4
6 8 . 3 7 x 1 0 - 4 4 . 2 x 1 0 - 6 ) 1 . 8 2 X 1 0 - 4 ( 2 . 9 x 1 0 - 6 ) 1 . 0 2 X 1 0 - 3
- 1 0 3 -
o f  ( h 2/ 2 ) f < 2 ) ( x )  (method 1 ) and t h e  m u l t i p l i c a t i v e  c o r r e c t i o n  
f a c t o r  (method 3) i n  a c h i e v i n g  low b i a s .  For  d a t a  f rom d i s t r i b u t i o n s  
1, 3 and 4 t h e s e  two methods g e n e r a l l y  have by f a r  t h e  lowes t  AASB 
w i t h  t h e  pe r fo rm ance  o f  Method 3 pe rhaps  s l i g h t l y  s u p e r i o r  o v e r a l l  
t o  t h a t  o f  1 . For  the  two unimodal  d i s t r i b u t i o n s  t h e i r  AASB a t  
1 .3 3  hj*j0p t  i s  s t i l l  l e s s  t h a n  t h a t  b a sed  on t h e  f i x e d  normal k e rne l  
(method 4) a t  hjjQp t . When the  u n d e r l y i n g  d e n s i t y  i s  h i g h l y  skewed 
t h e i r  pe r fo rm ance  i s  s i m i l a r  to  t h a t  o f  t h e  o t h e r  n o n - a d a p t i v e  methods.
The two a d a p t i v e  methods,  a  = 1 /2  (method 5) and a  = 1 (method 
6 ) a t t a i n  lower b i a s  t h a n  the  o t h e r  methods f o r  t h e  Gamma (2,  \ /2 )
d a t a .  In  p a r t i c u l a r  a  -  1 i s  marked ly  s u p e r i o r  t o  t h e  o t h e r s  in  
t h i s  c a s e .  For  t h e  o t h e r  d i s t r i b u t i o n s  a  = I / 2  g e n e r a l l y  has  lower 
AASB t h a n  a  = 1 i n  l i n e  w i t h  bo th  t h e  a s y m p t o t i c  and e x a c t  r e s u l t s  
f o r  t h e i r  i d e a l  v e r s i o n s  d e s c r i b e d  in  c h a p t e r  2.  A lso ,  f o r  the  
unimodal  d i s t r i b u t i o n s  1, 2 and 4 a  = I / 2  g e n e r a l l y  has  s i m i l a r  or  
lower AASB t h a n  method 4 (a  = 0) when n = 50 bu t  when n = 100 
th e  d i f f e r e n c e s  a r e  more marked in  f av o u r  o f  a  — ^ / 2 -  Both a  = 1/2 
and a  *= 1 a r e  l e a s t  e f f e c t i v e  in  te rms  o f  b i a s  when t h e  d i s t r i b u t i o n  
i s  bimodal  when t h e i r  AASB's a r e  much h i g h e r  t h a n  t h o s e  f o r  method 4.
The e s t i m a t o r  b a s e d  on the  op t im al  k e r n e l  o f  o r d e r  4 (method 2) 
i s  on t h e  whole s u p e r i o r  t o  method 4 in  te rms  o f  AASB f o r  d a t a  from 
th e  two symmetr ic  unimodal d i s t r i b u t i o n s .  For  t h e  h i g h l y  skewed 
Gamma (2 ,  \ f l ) i t  has  lower AASB t h a n  method 4 f o r  l a r g e r  smoothing 
p a r a m e t e r s  but  f o r  d a t a  from the  bimodal  normal m ix t u re  i t  c o n s i s t e n t l y  
has  much h i g h e r  AASB. In  compar ison  w i t h  t h e  two a d a p t i v e  methods 
i t  a c h i e v e s  lower b i a s  f o r  N(0 ,1 )  d a t a  but  i t s  pe r fo rm ance  f o r  
d i s t r i b u t i o n s  3 and 4 g e n e r a l l y  l i e s  be tw een  t h e  two e xcep t  f o r  
l a r g e r  amounts  o f  smoothing  when i t  i s  p a r t i c u l a r l y  s u p e r i o r  t o  a  ** 1 .
- 104 -
In  c o n t r a s t ,  t h e  AAVAR r e s u l t s  show methods 1 and 3 to  have 
much h i g h e r  v a r i a n c e  th a n  each  o f  t h e  o t h e r  methods f o r  each 
d i s t r i b u t i o n  and amount o f  smooth ing .  The o n l y  e x c e p t i o n  i s  f o r
d i s t r i b u t i o n  3 when a  =» 1 a l s o  has  h ig h  AAVAR. The v a l u e s  f o r
method 3 a r e  c o n s i s t e n t l y  a t  a  s l i g h t l y  h i g h e r  l e v e l  t h a n  those  o f
1.  On t h e  o t h e r  hand the  two a d a p t i v e  methods a c h i e v e  be tween  them 
many o f  t h e  lowes t  AAVAR v a l u e s  and g e n e r a l l y  o u t p e r f o r m  method 4 
f o r  a l l  but  the  bimodal d i s t r i b u t i o n .  Method 2 i s  f a i r l y  s i m i l a r  
o v e r a l l  t o  4 when n = 50 but  i s  a lmos t  c o n s i s t e n t l y  a l i t t l e  
s u p e r i o r  when n = 1 0 0 .
When t h e  b i a s  and v a r i a n c e  r e s u l t s  a r e  combined t o  g ive  the  AAMSE 
t h e  v a l u e s  f o r  methods 1 and 3 d e c r e a s e  as  h i n c r e a s e s  excep t  f o r  
t h e  bimodal  d i s t r i b u t i o n  3 when t h e y  i n c r e a s e .  For  t h i s  p a r t i c u l a r  
d i s t r i b u t i o n  t h e y  have much t h e  lowest  AAMSE o f  a l l  t he  methods f o r  
b o t h  sample s i z e s  and each  v a lu e  o f  • For  t h e  symmetr ic ,
unimodal  d i s t r i b u t i o n s  t h e i r  pe r fo rm ance  a r e  poor  a t  0 .667  hjg0pt due 
to  h i g h  v a r i a n c e  bu t  c l e a r l y  t h e  b e s t  a t  1 .333  hjyjQp t when t h e y  have 
lower v a l u e s  t h a n  method 4 a t  hj^0p t . The two a d a p t i v e  methods a r e  
o v e r a l l  most s u c c e s s f u l  i n  t e rms  o f  AAMSE f o r  unimodal  d e n s i t i e s  and 
i n  p a r t i c u l a r  f o r  t h e  h i g h l y  skewed d i s t r i b u t i o n  2 when a  -  1 i s  
s u p e r i o r  t o  ol — ^ / 2 - For  t h e  symmetr ic  1 and 4 though ,  a  = I / 2
i s  g e n e r a l l y  b e t t e r  t h a n  b o th  a  -  1 and method 4.  a  = 1 i s
m arke d ly  i n f e r i o r  t o  method 4 f o r  N (0 ,1 )  d a t a  i n  c o n t r a s t  to  the  
e x a c t  MISE r e s u l t s  o f  c h a p t e r  2. F i n a l l y ,  method 2 g e n e r a l l y  has 
s i m i l a r  o r  lower AAMSE t h a n  method 4 e xc ep t  a g a i n  f o r  t h e  bimodal  
d i s t r i b u t i o n  3 when i t  i s  f a r  i n f e r i o r .
The r e s u l t s  o f  t h i s  s t u d y  i n d i c a t e  t h a t  t h e  c h o ic e  o f  a method
- 1 0 5 -
i n  p r a c t i c e  depends t o  some e x t e n t  on th e  p r o p e r t i e s  r e q u i r e d .  I f  
p a r t i c u l a r l y  low b i a s  i s  d e s i r a b l e  t h e n  e i t h e r  method 1 or  3 s h o u ld  be 
u s e d .  When u s i n g  a  Normal op t im al  smoothing  p a r a m e t e r  the  b i a s  
s h o u l d  be much lower but  t h e  r e s u l t i n g  MISE i s  l i k e l y  to  be s i m i l a r  
o f  s l i g h t l y  h i g h e r  t h a n  t h a t  b a sed  on th e  u n a d j u s t e d  f i x e d  normal 
k e r n e l  due t o  the  i n c r e a s e d  v a r i a n c e .  However, i f  t h e  amount o f  
smoo th ing  i s  i n c r e a s e d  the  b i a s  w i l l  s t i l l  be low but  t h e  MISE s hou ld  
f a l l  below t h a t  b a s ed  on the  f i x e d  k e r n e l .  The e x c e p t i o n  in  the  
s t u d y  was f o r  t h e  bimodal d e n s i t y  when methods 1 and 3 were bo th  
b e t t e r  t h a n  4 i n  t e rm s  o f  b o th  AASB and AAMSE a t  each  l e v e l  o f  
smoo th ing  c o n s i d e r e d .  I f  t h e  u n d e r l y i n g  d e n s i t y  i s  un imodal ,  and in  
p a r t i c u l a r  long t a i l e d  or  skewed, t h e n  a  = I / 2  would make a good 
a l l  r ound  c h o ic e  w i t h  Normal o p t im al  smoo th ing a g a i n  p r o v i d i n g  a 
good g u i d e .  For  such  d i s t r i b u t i o n s  and c h o ic e  o f  h - v a l u e  i t  s h o u ld  be 
s u p e r i o r  t o  t h e  f i x e d  normal  k e r n e l  e s t i m a t o r  on a l l  c o u n t s .
3 .9  Examples .
The d a t a  c o n s i d e r e d  i n  t h i s  S e c t i o n  c o n s i s t  o f  t h e  s u r v i v a l  
t im e s  f o r  two groups  o f  r a t s  in  an i n v e s t i g a t i o n  o f  the  t o x i c i t y  
o f  c y to x a n ,  a chemica l  agen t  u s e d  f o r  chemotherapy .  The f i r s t  group 
o f  40 r a t s  was g i v e n  h a l f  t h e  dosage tw ice  weekly w h i l e  t h e  second  
group  o f  44 was g i v e n  the  f u l l  dosage  once weekly.
These two d a t a  s e t s  were i n v e s t i g a t e d  by McLachlan e t  a l  (1982) .  
They assumed t h a t  d e a t h  was a t t r i b u t a b l e  e i t h e r  t o  t h e  r eg row th  o f  
t h e  tumour o r  t o  t h e  t o x i c i t y  o f  t h e  c y to x a n  w i t h  t o x i c  d e a th  
u s u a l l y  p r e c e d i n g  t h e  fo rm er .  Hence, t h e y  c o n s i d e r e d  th e  f a i l u r e  
t im e  d e n s i t y  f o r  e ach  group t o  be a  m ix t u re  o f  two d e n s i t i e s  
c o r r e s p o n d i n g  t o  e a ch  o f  t h e  c a u s e s .  T o x i c i t y  a t  t h e  two dosage 
l e v e l s  was t h e n  compared v i a  a  l i k e l i h o o d  r a t i o  t e s t  o f  the  homo­
g e n e i t y  o f  the  mix ing  p r o p o r t i o n s .  In  c o n s t r u c t i n g  t h e  t e s t  t h e y  
assumed the  mix ing  d e n s i t i e s  t o  be normal w i th  d i f f e r e n t  means and 
v a r i a n c e s .
For  group 1 d e n s i t y  e s t i m a t e s  were o b t a i n e d  u s i n g  methods 1, 4 
and 5 w i t h  t h e  normal  op t im al  fo rm ulae  g iv e n  in  S e c t i o n  3 .8  b e in g  
u s e d  to  choose h.  These e s t i m a t e s  a r e  i l l u s t r a t e d  in  f i g u r e s  3 . 1 7 -  
3 . 1 9 .  They a r e  each  unimodal w i t h  mode a t  about  12 weeks but  d i f f e r  
i n  t h e i r  t a i l  b e h a v i o u r .  That  b a s ed  on method 1, which s u b t r a c t s  an 
e s t i m a t e  o f  the  a s y m p t o t i c  b i a s  o f  method 4,  has t a i l s  which go to  
z e r o  q u i t e  a b r u p t l y .  For  method 4 t h e  uppe r  t a i l  s t i l l  goes  to  z e ro  
q u i t e  q u i c k l y  bu t  i n  a smoother  manner t h a n  f o r  method 1 w h i l e  t h e  
lower t a i l  i s  p o s i t i v e  a t  z e r o .  For  t h e  a d a p t i v e  method 5 w i t h  
qi = I / 2  t h e  uppe r  t a i l  ap p ro a c h e s  z e r o  a t  a s low er  r a t e  t h a n  f o r  
4 w h i le  i t s  lower t a i l  t a k e s  a s l i g h t l y  h i g h e r  p o s i t i v e  v a l u e .
These p l o t s  t h e n  a r e  no t  i n c o n s i s t e n t  w i th  the  m ix t u re  a s sum pt ion  o f  
McLachlan e t  a l . However, i f  t h e  normal op t im al  h - v a l u e s  a r e  s c a l e d  
by 0 .5  t h a n  when u s i n g  methods 1 and 4 the  r e s u l t i n g  d e n s i t y  
e s t i m a t e s  a r e  t r i m o d a l  ( s e e  f i g u r e s  3 . 2 0 ,  3 .21 )  w i t h  modes a t  about  
8 , 12 .5  and 17 .5  weeks and s u g g e s t s  a m ix tu re  o f  t h r e e  d e n s i t i e s  i n  
t h e  a p p rox im a te  r a t i o  3 : 2 : 1 .  S c a l i n g  ^Nopt f o r  method 5 by 0 .5  
s t i l l  r e s u l t s  i n  a unimodal  d e n s i t y  ( f i g u r e  3 .22 )  bu t  t h e  change in  
g r a d i e n t  o f  t h e  d e n s i t y  a t  about  8 weeks s u g g e s t s  t h a t  i f  h i s  
f u r t h e r  r educ e d  th e  d e n s i t y  w i l l  be a t  l e a s t  b im oda l .
For  t h e  second  group o f  r a t s  who were g iv e n  the  f u l l  dosage once 
week ly  d e n s i t y  e s t i m a t e s  were a g a i n  o b t a i n e d  by methods 1,  4 and 5 
u s i n g  Normal op t im a l  smooth ing  and a r e  i l l u s t r a t e d  i n  f i g u r e s  3 . 2 3 -  
3 . 2 5 .  Each e s t i m a t e  i s  m arked ly  skewed w i t h  a  l a r g e  mode a t  about  
7 . 5  weeks.  Those b a sed  on methods 1 and 4 a r e  n o i s y  in  t h e  r i g h t
hand t a i l  which a r i s e s  f rom small  c l u s t e r s  o f  a few h i g h e r  v a lu e d  
o b s e r v a t i o n s .  These two e s t i m a t e s  a r e  v e r y  s i m i l a r  w i th  pe rhaps  
th e  b i a s  c o r r e c t e d  method 1 a p p e a r i n g  s l i g h t l y  more d a t a  r e s p o n s i v e .  
The e s t i m a t e  b a sed  on t h e  a d a p t i v e  method 5, on th e  o t h e r  hand,  has 
a  r i g h t  hand t a i l  which goes smooth ly  to  z e ro  and a l s o  a  l e f t  hand 
t a i l  which goes t o  z e r o  a t  a  s lo w e r  r a t e  t h a n  in  t h e  ca se  o f  methods 
1 and 4.  Again,  each  o f  t h e s e  e s t i m a t e s  i s  not  i n c o m p a t i b le  w i th  
t h e  h y p o t h e s i s  o f  a m ix tu re  o f  two d e n s i t i e s  but  w i t h  a q u i t e  
d i f f e r e n t  mix ing  p r o p o r t i o n  t o  t h e  f i r s t  group .
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F i g u r e  3 . 5 .  AASB I n c u r r e d  by t h e  s i x  e s t i m a t o r s  f o r  s a mp l es  o f  s i z e  50 f r om a n  N ( 0 , 1 )  d i s t r i b u t i o n .
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Figure  3 . 6 .  AASB i nc ur r ed  by the s i x  e s t ima to rs  for  samples o f  s i z e  50 from a Camma (2,  \ / J )  d i s t r i b u t i o n .
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F l g u r e  3 . 7 .  AASB I n c u r r e d  by t h e  s i x  e s t i m a t o r s  f o r  s am p l e s  o f  s i z e  50 f r om a  0 . 5 N ( - 0 . 8 6 6 ,  0 . 5 2 ) + 0 . 5 N ( 0 . 8 6 6 ,  0 . 5 2 )
d l s t r i b u t I o n .
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Figure 3 .8 .  AASB Incurred  by th e  s ix  e s t im a to rs  for  samples o f  s i z e  50 from a t ( 3 )  d i s t r i b u t i o n .
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F l g u r e  3 . 9 .  AAVAR I n c u r r e d  by t h e  s i x  e s t i m a t o r s  f o r  s a m p l e s  o f  s i z e  50  f r om a n  N ( 0 , 1 )  d i s t r i b u t i o n .
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Figure  3 .10 .  AAVAR in cu r red  by the s ix  e s t im a to rs  fo r  samples o f  s i z e  50 from a Camma (2, s/l.) d i s t r i b u t i o n .
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F i g u r e  3 . 1 1 .  AAVAR I n c u r r e d  by  t h e  s i x  e s t i m a t o r s  f o r  s a m p l e s  o f  s i z e  50 f r om a 0 . 5 N ( - 0 . 8 6 S ,  0 . 5 ^ )  + 0 . 5 N ( 0 . 8 6 6 ,  0 . 5 ^ )
d l s t r I b u t  i o n .
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Figure  3 .1 2 .  AAVAR incurred  by the  s ix  e s t im a to r s  f o r  samples o f  s i z e  50 from a t ( 3 )  d i s t r i b u t i o n ,
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F i g u r e  3 . 1 3 .  AAMSE i n c u r r e d  by ( h e  s i x  e s t i m a t o r s  f o r  s a m p l e s  o f  s i z e  SO f r om a n  N ( 0 , 1 )  d i s t r i b u t i o n .
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Figure  3 .14 .  AAMSE in cu rred  by the s i x  e s t im a to r s  fo r  samples o f  s i z e  50 from a Gamma (2, \Z1) d i s t r i b u t i o n .
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F l g u r e  3 . 1 5 .  AAMSE I n c u r r e d  by t h e  s i x  e s t i m a t o r s  f o r  s a m p l e s  o f  s i z e  50 f rom a 0 . 5 N ( - 0 . 8 6 S ,  0 . 5 ^ )  + 0 . 5 N ( 0 . 8 6 6 ,  0 . 5 ‘ )
d l s t r I b u t i o n .
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Figure  3 .16 .  AAMSE incurred  by th e  s i x  e s t im a to r s  fo r  samples o f  s iz e  50 from a t (3) d i s t r i b u t i o n .
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F i g u r e  3 . 1 7 .  B i a s  c o r r e c t e d  f i x e d  k e r n e l  e s t i m a t e  (me t hod  1)  f o r  t h e  f i r s t  g r o u p  o f  r a t s  g i v e n  h a l f
t h e  f u l l  d o s e  o f  c y t o x a n  t w i c e  w e e k l y ,  h -  2 . 4 2 4 .
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Figure  3 .18 .  Fixed k e rn e l  e s t im a te  (method 4) fo r  the  f i r s t  group o f  r a t s  given h a l f  the  f u l l  dose of
cytoxan twice weekly, h -  2.424.
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F i g u r e  2 . 1 9 .  A d a p t i v e  k e r n e l  e s t i m a t e  w i t h  a »  V 2  (me.thodl 5)  f o r  t h e  f i r s t  g r o u p  o f  r a t s  g i v e n  h a l f
t h e  f u l l  d o s e  o f  c y t o x a n  t w i c e  w e e k l y ,  h  -  0 . 9 7 8 .
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Figure  3 .20 .  Bias c o r r e c te d  f ix ed  kernel  e s t im a te  (method 1) fo r  the  f i r s t  group o f  r a t s  given h a l f  
the f u l l  dose o f  cytoxan twice weekly, h ■* 1 . 2 1 2 .
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F l g u r e  3 . 2 1 .  F i x e d  k e r n e l  e s t i m a t e  ( me t h o d  A) For  t h e  F i r s t  g r o u p  o f  r o t s  g i v e n  h n l f  t h e  f u l l  d o s e
o f  c y t o x a n  t w i c e  w e e k l y ,  h  -  1 . 2 1 2 .
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Figure 3 .22 .  Adaptive  k e rn e l  e s t im a te  w ith  xk “  V 2  (nwthod 5) fo r  the  F i r s t  group o f  r a t s  g iven h a l f  
the f u l l  dose o f  cytoxan twice  weekly, h -  0.399.
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F l g u r e  3 . 2 3 .  B i a s  c o r r e c t e d  f i x e d  k e r n e l  e s t i m a t e  ( me t h o d  1) f o r  t h e  s e c o n d  g r o u p  o f  r a t s  g i v e n  t h e
f u l l  dose o f  cytoxan once weekly, h -  0.594,
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Figure  3 .2 4 .  Fixed k e rn e l  e s t im a te  (method 4) fo r  the  second group o f  r a t s  g iven the  f u l l  dose o f  
cytoxan once weekly, h -  0.594.
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F l g u r e  3 . 2 5 .  A d a p t i v e  k e r n e l  e s t i m a t e  w i t h  -  V 2 ( me t hod  5 ) f o r  t h e  s e c o n d  g r o u p  o f  r a t s  g i v e n  t h e
f u l l  d o s e  o f  c y t o x a n  on c e  w e e k l y ,  h -  0 . 3 9 0 .
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Figure  3 .26 .  AASB In cu rred  by the 5 e s t im a to rs  in e s t im a t in g  g j (x )  on ( 0 ,1 ) ,  n -  50, CrX-  3.713.-
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3 .1 0 .  I n t r o d u c t i o n .
In  t h e  f o l l o w i n g  s e c t i o n  o f  t h i s  c h a p t e r  we w i l l  c o n s i d e r  the  
u n i v a r i a t e  r e g r e s s i o n  problem. I t  i s  assumed t h a t  we have o b s e r v a t i o n s  
( Y i , X i ) ,  i = l , . . . , n  which a r e  d e s c r i b e d  by the  model
Yj = g ( X l ) + e f ( 3 . 1 0 . 1 )
where g ( - )  i s  an unknown f u n c t i o n  h a v in g  k ^ 2 c o n t in u o u s  
d e r i v a t i v e s  on [ a , b ]  and t h e  e r r o r s  { e ] _ , . . . , e n } a r e  u n c o r r e l a t e d  
w i t h  z e r o  mean and c o n s t a n t  v a r i a n c e ,  cr^ . I t  w i l l  a l s o  be assumed 
t h a t  t h e  d e s i g n  v a r i a b l e s  { x ] _ , . . . , x n } a r e  e q u a l l y  s pa ce d  in  [ a ,b ]  
so t h a t
Xj = a  + ( i - 0 . 5 ) . S ,  i -  l , . . . , n  ( 3 . 1 0 . 2 )
where
5 = ( b - a ) / n .  ( 3 . 1 0 . 3 )
I t  i s  r e q u i r e d  t o  e s t i m a t e  g on t h e  b a s i s  o f  t h e s e  
o b s e r v a t i o n s  w i th o u t  making any a  p r i o r i  a s su m p t io n s  as  t o  i t s  
p a r t i c u l a r  form,  f o r  example l i n e a r  o r  q u a d r a t i c .  A number o f  
n o n p a r a m e t r i c  f i x e d  k e r n e l  e s t i m a t o r s  have been  p r o p o se d  in  t h e  
l i t e r a t u r e  (Watson (1964) ,  G asse r  and M ull e r  (1979))  bu t  the  one 
which w i l l  be s t u d i e d  h e re  i s  t h a t  p r opose d  by P r i e s t l e y  and Chao 
(1972 ) ,  namely
s ( x )  - I  _!  ( 3 . 1 0 . 4 )
1=1
K(*) i s  t h e  k e r n e l  f u n c t i o n  o f  o r d e r  ( 0 , k )  s a t i s f y i n g  c o n d i t i o n s  
( 2 . 1 . 2 )  and  ( 3 . 1 . 2 )  and h i s  t h e  smooth ing p a r a m e t e r  assumed to  be a 
f u n c t i o n  o f  n w i t h
l im  h —> 0 and l im  nh —» °° ( 3 . 1 0 . 5 )
n-*=° n-*»
- 1 2 2 -
I f  [ a , b ]  r e p r e s e n t s  a f i n i t e  i n t e r v a l  t h a n  a p a r t i c u l a r  problem 
i n  e s t i m a t i n g  g u s i n g  a  k e r n e l  w i t h  compact s u p p o r t  [ - t , t ] i s  
i n c r e a s e d  b i a s  a t  x - v a l u e s  in  the  boundary  r e g i o n  [a ,a+hT)  u ( b - h r . b ] .  
When e s t i m a t i n g  g a t  x the  x j ' s  in  t h e  i n t e r v a l  [ x - h r . x + h r ]  
w i l l  be used .  I f  x l i e s  n e a r  t h e  boundary  t h e n  t h i s  i n t e r v a l  i s  not 
c o m p l e t e l y  i n s i d e  [ a ,b ]  so t h a t  f o r  e q u a l l y  sp a c e d  X j ' s  the  
e s t i m a t e  w i l l  be based  on more d a t a  to  one s i d e  o f  x t h a n  the  
o t h e r .  I f  a k e r n e l  w i th  i n f i n i t e  su p p o r t  such  a s  t h e  s t a n d a r d  normal 
i s  u s e d  t h e n  i t  i s  e f f e c t i v e l y  t r u n c a t e d  i n  p r a c t i c e  and so t h e s e  
e f f e c t s  w i l l  s t i l l  be p r e s e n t  i n  a boundary  r e g i o n  r a t h e r  t h a n  the  
whole o f  [ a , b ] . The o n ly  c i r c u m s t a n c e s  under  which boundary  e f f e c t s  
w i l l  no t  occu r  i s  when g i s  a p e r i o d i c  f u n c t i o n .  Gasse r  and 
M u l l e r  (1979) and Rice (1984) d i s c u s s  t h i s  p rob lem  i n  d e t a i l  f o r  
p a r t i c u l a r  e s t i m a t o r s  and d e s c r i b e  m o d i f i c a t i o n s  t o  the  k e rn e l  f u n c t i o n  
which  r educe  the  bounda ry  b i a s .  To a v o id  h a v ing  t o  c o n s i d e r  the  
bounda ry  in  t h e  f o l l o w i n g  d i s c u s s i o n  in  the  r e s t  o f  t h i s  S e c t i o n  and 
S e c t i o n s  3 . 1 1 - 3 . 1 3  i t  w i l l  be assumed t h a t  g and i t s  f i r s t  k 
d e r i v a t i v e s  can be c o n t i n u o u s l y  p e r i o d i c a l l y  e x t e n d e d  o u t s i d e  [ a , b ] .
I t  w i l l  a l s o  be assumed,  w i th o u t  l o s s  o f  g e n e r a l i t y ,  t h a t  a  = 0 and
C a l c u l a t i o n s  i n v o l v i n g  a T a y l o r  s e r i e s  e x p a n s i o n  f o l l o w  in  an 
a n a lo g o u s  way t o  t h o s e  f o r  f i x e d  k e r n e l  d e n s i t y  e s t i m a t o r s  and y i e l d
b -  1 .
The e x a c t  mean and v a r i a n c e  o f  g (x)  a r e :
E [ g (x ) ]  = -  Kp i r ^ ] s ( x i>
i= l
( 3 . 1 0 . 6 )
and
V [ g ( x ) ] ( 3 . 1 0 . 7 )
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th e  f o l l o w i n g  a s y m p t o t i c  e x p r e s s i o n s  when K i s  o f  ord er  2:
E [ g ( x ) ]  -  g (x )  + ^  g ( 2 ) (x)  + o (h2)  ( 3 . 1 0 . 8 )
and
2 r
V [ g ( x ) ] - ^  |  K ( t ) 2dt  + o ( ( n h ) - l )  ( 3 . 1 0 . 9 )
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( P r i e s t l e y  and Chao ( 1 9 7 2 ) ) .
I n t e g r a t i n g  t h e  s q u a r e d  b i a s  and v a r i a n c e  t h e n  r e s u l t s  in  the  
f o l l o w i n g  e x p r e s s i o n  f o r  t h e  a s y m p to t i c  MISE:
hA ( 2 )  2 (j2 I  2MISE(g) = ~  J g (x) dx + ~  J K ( t ) dt  ( 3 . 1 0 .1 0 )
0  “ 7
T his  i s  a f u n c t i o n  o f  t h e  k e r n e l  K and the  unknown q u a n t i t i e s
(A and t h e  second  d e r i v a t i v e  o f  g. B e n e d e t t i  (1977) shows t h a t  the
Epanechnikov k e r n e l  i s  l o c a l l y  op t im al  f o r  MSE when u s i n g  t h e  P r i e s t l e y  
and Chao e s t i m a t o r .  E x p r e s s i o n  ( 3 .1 0 .1 0 )  can be m in im ised  w i th  
r e s p e c t  t o  h and r e s u l t s  in  an op t im al  h v a lu e  p r o p o r t i o n a l  to
- V s  - V sn D and a c onsequen t  convergence  r a t e  f o r  the  e s t i m a t o r  o f  n / D .
I f  h  s a t i s f i e s  c o n d i t i o n s  ( 3 . 1 0 . 5 )  t h e n  th e  e s t i m a t o r  w i l l  be 
c o n s i s t e n t  in  MISE.
E x p r e s s i o n  ( 3 . 1 0 . 8 )  i n d i c a t e s  t h a t  the  b i a s  w i l l  be l a r g e  when 
j g ( 2 ) ( x ) |  i s  l a r g e  which w i l l  occu r  a t  t h e  peaks  and t r o u g h s  o f  g.
In  f a c t ,  when u s i n g  hDp t t h e  peaks  o f  g a r e  u n d e r e s t i m a t e d  and
t h e  l o c a t i o n  o f  an  asymmetr ic  peak  i s  b i a s e d  to wards  t h e  l e s s  s t e e p l y  
r i s i n g  s i d e  o f  t h e  peak ,  (M u l le r  ( 1 9 8 5 ) ) .  A s i m i l a r  r e s u l t  w i l l  a l s o  
h o l d  f o r  t h e  t r o u g h s  o f  g.  As f o r  d e n s i t y  e s t i m a t i o n ,  r e d u c i n g  h 
t o  overcome t h i s  p rob lem  s im p ly  i n c r e a s e s  the  v a r i a n c e  and hence MISE. 
We t h e r e f o r e  s e e k  methods which w i l l  reduce  the  b i a s  o f  t h e  e s t i m a t o r
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( 3 . 1 0 . 4 )  and a l s o  t h e  MISE. Three approaches  a r e  c o n s i d e r e d  which 
a r e :
a)  By u s i n g  one o f  t h e  h i g h e r  o r d e r  k e r n e l s  o f  G asse r  e t  a l  (1985) .
b) S u b t r a c t i n g  an e s t i m a t o r  o f  0 - / 2 )  ^  f rom th e  o r i g i n a l
e s t i m a t o r  b a s ed  on a  k e r n e l  o f  o r d e r  2 .
c) Twic ing as  d e s c r i b e d  by S t u e t z l e  and M i t t a l  (1979) .
A s i m u l a t i o n  s t u d y  c a r r i e d  out  t o  examine f i n i t e  sample perfo rmance  
f o r  a  v a r i e t y  o f  known f u n c t i o n s  g w i l l  a l s o  be d e s c r i b e d ,
3 .1 1 .  Minimum V a r ia n c e  and Optimal  K e r n e l s .
The d i s c u s s i o n  f o l lo w s  t h a t  f o r  d e n s i t y  e s t i m a t o r s  ( S e c t i o n  3 .2 )  
b ecause  t h e  f u n c t i o n a l s  t o  be min imised  and hence t h e  r e s u l t i n g  k e r n e l s  
a r e  t h e  same.
3 .1 2 .  S u b t r a c t i n g  an e s t i m a t e  o f  I /2  h 2 g ( 2 ) ( x ) .
The r e g r e s s i o n  f u n c t i o n ,  g,  w i l l  f i r s t l y  be e s t i m a t e d  u s i n g  a
f i x e d  s t a n d a r d  normal  k e r n e l  which i s  o f  o r d e r  2 and t h e n  b i a s  
c o r r e c t e d  by s u b t r a c t i n g  an e s t i m a t e  o f  t h e  p r i n c i p a l  a s y m p t o t i c  
b i a s  te rm.  T h i s  r e q u i r e s  e s t i m a t i n g  g ( 2 ) ( x ) which w i l l  be c a r r i e d  
out  i n  two ways u s i n g  a  d i f f e r e n t  k e r n e l  i n  e ach .
The f i r s t  i s  by u s i n g  the  o p t im a l  k e r n e l  o f  o r d e r  ( 2 , 4 )  o f  
G a sse r  e t  a l  (1985 ) .  i . e .
r ( 1 0 5 / 1 6 ) ( - 5 t 4 + 6 t 2- l )  , i t  1 < 1
K2 ( t )  -
I 0 , o t h e r w i s e .
( 3 . 1 2 . 1 )
The o p t im a l  smoo th ing p a r a m e t e r ,  h ^ o p t » ^o r  e s t i m a t i n g  th e  
p th  d e r i v a t i v e  o f  a  r e g r e s s i o n  f u n c t i o n  w i t h  a k e r n e l  o f  o r d e r
( j>,k) ,  i n  t h e  s e n s e  t h a t  i t  m in imises  t h e  e x p r e s s i o n  f o r  the  
a s y m p t o t i c  MISE, i s
_1__
2 v + l  k  /t2  i  2 k + l
h , , ^  -  n ,.  . ■ I ’ - .   ^ ------s—  . ± ( 3 . 1 2 . 2 )l»>opt 2 ( k -v )  • g2
v , k
0 0 , ‘ n|  s w ( t ) dt
where
and
V , , k  -  I K„( t ) 2dt
"  T T  I t k  M O d t
( 3 .1 2 . 3 )
( 3 .1 2 . 4 )
The smoo th ing  p a ra m e t e r  c h o ic e  f o r  K,, w i l l  be o b t a i n e d  u s i n g  the 
f a c t o r  method o f  M u l le r  e t  a l  (1987) and d e s c r i b e d  i n  t h e  d e n s i t y  
e s t i m a t i o n  c o n t e x t  i n  S e c t i o n  3 . 6 .  Th is  i n v o lv e s  c o n s i d e r i n g  the  
r a t i o  o f  o p t im a l  smoo th ing p a ra m e te r s  f o r  e s t i m a t i n g  t h e  f u n c t i o n  and 
i t s  s econd  d e r i v a t i v e  u s i n g  k e r n e l s  o f  t h e  same o r d e r  k .  The 
q u a n t i t i e s  de pe nd ing  on th e  unknown A  and g ^ k ) ( t )  t h e n  c a nce l  out 
l e a v i n g  t h e  r a t i o  as  a known c o n s t a n t  depend ing  on t h e  k e r n e l  
f u n c t i o n s .  In  g e n e r a l  t h i s  c o n s t a n t ,  ^ ^ , k ,  *s S*ven k y ;
V 2k+l
2 » + l )k  v , k ’ o , k
( k - O  ‘ „  d2 ( 3 . 1 2 . 5 )d i , *k  h
v , k opt  _ 
o , k  opt V B2 o , k ’ v , k
More s p e c i f i c a l l y ,  when v — 2 choose
( 1 5 / 3 2 ) ( 7 t 4 - 1 0 t 2+3) , i t |  < 1
K ( t )
o t h e r w i s e .
( 3 . 1 2 . 6 )
which i s  o f  o r d e r  ( 0 , 4 )  so t h a t  when u s in g  k 2 ( t )  g i v e n  by ( 3 .1 2 . 1 )  
t h e  f a c t o r  d2 ( 4 “  0 .8919  and
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h2 = 0 .8 9 1 9  h ( 3 . 1 2 . 7 )
where h i s  b a s e d  on u s i n g  ( 3 . 1 2 . 6 ) .
g ( 2 ) ( x )  can  a l s o  be e s t i m a t e d  by u s in g  the  second  d e r i v a t i v e  o f
a s t a n d a r d  normal  d e n s i t y  as  a k e rn e l  f u n c t i o n  as  c a r r i e d  out  by
Hard le  and Bowman (1988) ,  i . e .
K2 ( t )  = n ( 2 ) ( t ; 0 , 1 )  = ( t 2 - l ) N ( t ; 0 , l )  ( 3 . 1 2 . 8 )
When th e  r e g r e s s i o n  f u n c t i o n  i s  e s t i m a t e d  u s i n g  a  s t a n d a r d  normal 
k e r n e l  t h e n  th e  r a t i o  o f  op t im al  smoothing p a r a m e t e r s  g i v e s :
This  e x p r e s s i o n  depends  on th e  unknown e r r o r  v a r i a n c e .  The u n b i a s e d  
e s t i m a t o r  u sed  by Rice  (1986) ,  b a s ed  on t a k i n g  f i r s t  d i f f e r e n c e s ,  w i l l  
be u s e d  i n  p r a c t i c e ,  i . e .
“  2 ( ^ r j  " s ,  ( V l  -  YJ >2 ( 3 . 1 2 . 1 0 )
J=1
A lso ,  t h e  c o n s t a n t  r  i s  g i v e n  by:
[ j s^ < t )V f1/9
r  = — -------------------- :------------------------ ( 3 . 1 2 .1 1 )
[  j  s < 2 ) ( t ) V f V 5
The d i s c u s s i o n  i n  Hard le  and Bowman (1988) f o r  e s t i m a t o r s  on 
[ 0 ,1 ]  i m p l i e s  a  c h o ic e  o f  r  «  1 .15  which g i v e s
h 2 = 1 .5  cT1/ * 1 . n / l 1  . h ( 3 . 1 2 .1 2 )
where t h e  f r a c t i o n  ^ /45  has  been s i m p l i f i e d  t o
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3 . 1 3 .  T w lc in g .
T h i s  p r o c e d u r e ,  o r i g i n a l l y  s u g g e s t e d  by Tukey (1977 ) ,  invo lves  
o b t a i n i n g  an e s t i m a t e  o f  g by th e  f o l l o w i n g  s t e p s :
( i )  C a l c u l a t e  g ( x j ) ,  i = 1 , . . . ,n .
A
( i i )  O b t a in  r e s i d u a l s  r j  = yj  -  g ( x j ) ,  i = l , . . , n .
( i i i )  Smooth ( r j , x j )  u s i n g  the  same p r o c e d u r e  as  i n  ( i )  to
o b t a i n  c o r r e c t i o n s  c j , i = l , . . . , n .
A c ~( i v )  D ef ine  g ( x j )  = g ( x j )  + c j , i = 1 , . . . , n  as  the  f i n a l  
e s t  imate
S t u e t z l e  and M i t t a l  (1979) d i s c u s s  t h e  a s y m p t o t i c  e f f e c t  o f  
t w i c i n g  f o r  k e r n e l  r e g r e s s i o n  e s t i m a t o r s  when t h e  {Xj} a re  e q u i -  
s p a c e d  and  show t h a t  i t  i s  e q u i v a l e n t  to  u s i n g  t h e  k e r n e l
W -  2.K -  K * K ( 3 .1 3 . 1 )
i n s t e a d  o f  K where K * K i s  the  c o n v o l u t i o n  o f  K w i t h  i t s e l f .
I f  K i s  a  s t a n d a r d  normal d e n s i t y  t h e n  K * K = N ( t ; 0 , 2 )  so t h a t
W(t) -  2 . N ( t ; 0 , l )  -  N ( t ; 0 , 2 ) .  ( 3 . 1 3 . 2 )
For  ( 3 . 1 3 . 2 )  we have:
|  t 2W (t)d t  -  2 |  t 2N ( t ; 0 , l ) d t  -  j t 2N ( t ; 0 , 2 )  = 0 ( 3 .1 3 . 3 )
so t h a t  t h e  b i a s  t erm in  h2 i s  z e r o .  Th is  makes t h e  b i a s  0 ( h 4 )
s i n c e  t h e  t e rm  i n  h4 i s  n o n - z e r o ,  i . e .
J t 4W (t)d t  = 2 J t 4N ( t ; 0 , l ) d t  -  J t 4N ( t ; 0 , 2 ) = -6  ( 3 . 1 3 . 4 )
A l s o ,
J W (t ) 2dt  = 2 |  {2 .N(t  ; 0 , 1 ) - N ( t  ; 0 , 2 ) } 2dt
-  4 J N ( t ; 0 , l ) 2dt  -4  J  N ( t , l ) N ( t , 2 ) d t  + J  N ( t ; 0 , 2 ) 2dt  = 0.41
( 3 .1 3 . 5 )
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w h e r e a s ,
J K ( t ) 2dt = J N ( t ; 0 , 1 ) 2dt J = 0 . 2 8  ( 3 . 1 3 . 6 )
Hence, a s y m p t o t i c a l l y ,  when K ( t )  -  N ( t ; 0 , 1 ) ,  t w i c i n g  reduces  the 
b i a s  t o  0 ( h 4 ) bu t  i n c r e a s e s  the  v a r i a n c e  by n e a r l y  50% f o r  the  same 
c h o ic e  o f  smooth ing  pa ra m e te r  as  when u s i n g  K ( t )  o n l y .
3 .1 4 .  S i m u l a t i o n  Study .
In  t h i s  s e c t i o n  th e  f i n i t e  sample pe r fo rm ance  o f  t h e  e s t i m a t o r s  
d e s c r i b e d  i n  S e c t i o n s  3 .1 0  -  3 .13 w i l l  be a s s e s s e d .  These a r e :
1.  Using  K ( t )  = N ( t ;0 , 1 )
f ( 1 5 / 3 2 ) ( 7 t 4 - 1 0 t 2+3) , i t |  < 1
2. Using  K ( t )  = I
Lo , o t h e r w i s e .
3.  E s t i m a t i n g  the  curve  u s in g  method 1 and t h e n  s u b t r a c t i n g  a 
an  e s t i m a t e  o f  (h2/ 2 ) . g ( 2 ) ( x ) . The e s t i m a t e  o f  t h e  second 
d e r i v a t i v e  i s  b a s ed  on the  k e rn e l
(■(105/16) ( - 5 t 4- 6 t 2- l )  , i t  | < 1
K ( t )  =
10 , o t h e r w i s e .
w i t h  sm oo th ing  p a ra m e te r  computed by t h e  f a c t o r  method o f  
M u l l e r  e t  a l  (1987)  ( i . e .  by ( 3 . 1 2 . 7 ) ) .
4 .  The same as  method 3 excep t  t h a t  t h e  k e r n e l  u s e d  i n  the  
e s t i m a t i o n  o f  t h e  second  d e r i v a t i v e  i s  t h e  s e co n d  d e r i v a t i v e  o f  
t h e  s t a n d a r d  normal  w i t h  I12 c a l c u l a t e d  by ( 3 . 1 2 . 1 2 ) .
5.  Twic ing  b a s e d  on a  s t a n d a r d  normal  k e r n e l  e s t i m a t e .
Methods 3, 4 and 5 t h e r e f o r e  make a d j u s t m e n t s  t o  t h e  e s t i m a t e  
b a s e d  on method 1 a l o n e .
The s i m u l a t i o n s  were b a sed  on the  f o l l o w i n g  f i v e  c u rv e s  o f  
d i f f e r e n t  t ype :
1. S l ( x > = N ( x ; 0 . 5 , 0 , 1 )  + 1 6 x ( l - x )
2.  g 2 (x) -  N ( x ;0 . 2 5 , 0 . 0 5 )  + N ( x ; 0 . 5 , 0 , 1 )
3. g3 (x) = g2 (x) + l - 2x - l o g ( x + 0 . 6 ) )
g 4 ( x )
8x+4 , - 0 . 5 0  < x < 0 .25
-2 0 x + l l  , 0 .2 5  < x < 0 .50
12x-5 , 0 .5 0  < x < 0 .7 5
-24x+22 , 0 .7 5  < x < 1 .50
5. g5 (x) “  4 s in ( 2 i rx ) .
These c u rve s  were u s e d  i n  t h e  s i m u l a t i o n  s t u d y  o f  M ul le r  and 
S t a d t m u l l e r  (1987)  i n  t h e i r  a s se s sm e n t  o f  an e s t i m a t o r  ba sed  on a 
v a r i a b l e  smoo th ing p a ra m e t e r .
O b s e r v a t i o n s ,  y j , were g e n e r a t e d  by c o n s i d e r i n g  e q u i s p a c e d  
p o i n t s  on a p a r t i c u l a r  cu rve  and add ing  n o i s e  sampled  from a normal 
d i s t r i b u t i o n  w i t h  z e r o  mean and
o- «  0 .1  [ m a x  { g ( x j )}  -  min ( g ( X j ) }  ] ( 3 . 1 4 . 1 )
where t h e  x j  e ( - 0 . 5 , 1 . 5 ) .  R e s u l t s  were c a l c u l a t e d  f o r  b o th  50 
and 100 o b s e r v a t i o n s  i n  t h i s  i n t e r v a l  so t h a t  5 — 2 / n .  Th is  
r e s u l t e d  i n  t h e  f o l l o w i n g  e r r o r  v a r i a n c e s  b e in g  used :
Curve o~2 when n *= 50 c% when n = 100
1 3.713  3.861
2 0 .633  0.665
3 1 .287  1.330
4 3.779 3.905
5 0 .637  0 .640
The c u rv e s  were o n ly  e s t i m a t e d  on th e  i n t e r i o r  r e g i o n
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( 0 , 1 ) though to  a v o id  problems in  e s t i m a t i n g  n e a r  the  boundary where 
t h e  b i a s  i n c r e a s e s  s h a r p l y .  26 o b s e r v a t i o n s  a r e  c o n t a i n e d  in  ( 0 , 1 ) 
when n = 50 and 50 when n = 100.
Optimal  smoothing p a r a m e t e r s  f o r  the  P r i e s t l y  and Chao e s t i m a t o r  
b a s ed  on the  s t a n d a r d  normal and the  op t im al  o f  o r d e r  4 k e r n e l s  were 
c a l c u l a t e d  f o r  each  curve  u s i n g  th e  f i n i t e  e v a l u a t i o n  t e c h n i q u e  
d e s c r i b e d  i n  G asse r  e t  a l  (1984) .  Th i s  i n v o lv e s  f i n d i n g  the  v a lu e  o f  
h which s a t i s f i e s ;
Min J  { ( b i a s  ( x j ) ) 2 + v a r ( x j ) j  ( 3 . 1 4 . 2 )
h i
where t h e  b i a s  and v a r i a n c e  a r e  b o th  ba sed  on th e  known curve  i . e .
b i a s ( x j ) = ~  ^  K[— ^ J ] g ( x j )  -  g ( x i )  ( 3 . 1 4 . 3 )
j = l
and
V a r ( x i ) = ^ 2  ■ a l  ' J x M ^ T T 1]}  ( 3 . 1 4 . 4 )
f o r  x j  e ( 0 , 1 ) .
The r e s u l t i n g  smoothing p a r a m e t e r s  a r e  g i v e n  i n  t h e  f o l l o w i n g  
t a b l e :
Tab le  3 .16  Optimal smoothing p a r a m e t e r s  c a l c u l a t e d  bv the  f i n i t e  
e v a l u a t i o n  t e c h n i q u e .
N = 50 N = 100
Curve K ( t l  = K ( t )  =
K ( t ) = N ( t : 0 . 1 )  ( 15/ 3 ? ) ( 7 t 4 - 1 0 t 2+3) K ( t ) ~ N ( t :0 .11  ( 15/ ^ ? ( 7 t 4 - 1 0 t 2+3)
1 0 .090  0 .3 50  0 .0 75  0.305
2 0 .0 30  0 .1 30  0 .025  0.110
3 0 .035  0 .1 40  0 .030  0.115
4 0 .085  0 .335  0 .070  0.305
5 0 .0 60  0 .3 1 5  0 .050  0 .310
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A
When 5 = 2 / n  E [ g ( x ) ]  i s  the  same as  ( 3 . 1 0 . 8 )  but the
e x p r e s s i o n  ( 3 . 1 0 . 9 )  f o r  V [g (x ) ]  sho u ld  be m u l t i p l i e d  by t h e  f a c t o r
2. Hence, w h i l e  c h o o s in g  the  v a lu e  o f  h£ by ( 3 . 1 2 . 1 2 )  h sho u ld  
a l s o  be s c a l e d  by 2 = 0 .9 4 .  There i s  no e f f e c t  on t h e  f a c t o r
method though  b e c au s e  when u s i n g  k e r n e l s  o f  the  same o r d e r  k ( i . e .  4)
V ot h e  terms o f  2 y f o r  b o th  h A ,  ^ and h~ ,  ^ c a n c e l .0 , 4  opt  2 , 4  opt
The s i m u l a t i o n  s i z e  was a run  o f  1000 samples  r e p e a t e d  10 t im es
f o r  b o t h  n = 50 and n = 100. For  each run  t h e  a v e ra g e  s q u a r e d  b i a s ,
a ve ra ge  v a r i a n c e  and a ve ra ge  mean s q u a re d  e r r o r  were c a l c u l a t e d  as  in  
the  s i m u l a t i o n s  f o r  the  d e n s i t y  e s t i m a t o r s  ( 3 . 8 . 1  -  3 . 8 . 3 ) .  These 
were t h e n  i n  t u r n  a v e ra g e d  ove r  t h e  10 runs  to  g iv e  t h e  AASB, AAVAR 
and th e  AAMSE w i t h  the  s t a n d a r d  e r r o r s  o f  t h e s e  means m easu r ing  
s t a b i 1 i t y .
In  p r a c t i c e  t h e  op t im al  v a l u e s  o f  h w i l l  c l e a r l y  be unknown. 
Hence, a c e r t a i n  d e g re e  o f  e i t h e r  under  o r  ove r  smooth ing  w i l l  be 
c a r r i e d  o u t .  To r e f l e c t  t h i s  when n = 50 s i m u l a t i o n  r e s u l t s  were 
e v a l u a t e d  f o r  t h e  op t im al  h - v a l u e s  s c a l e d  by t h e  f a c t o r s  and
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Seeds f o r  t h e  random number g e n e r a t o r  were a g a i n  chosen  so t h a t  
t h e  r e s u l t s  f o r  e ach  e s t i m a t o r  a r e  d i r e c t l y  comparable  f o r  a g iv e n  
cu rve  and sample s i z e .  They a r e  a l s o  such t h a t  d i r e c t  compar isons  
can be made be tw een  t h e  r e s u l t s  f o r  a g iv e n  method when u s i n g  d i f f e r e n t  
amounts o f  smoo th ing  t o  e s t i m a t e  a  p a r t i c u l a r  c u r v e .
The f u l l  r e s u l t s  o f  t h e  s i m u l a t i o n  s t u d y  a r e  c o n t a i n e d  i n  t a b l e s  
3 . 1 7 - 3 . 2 2 .  A lso ,  when n = 50 and f o r  t h e  t h r e e  s c a l i n g s  o f  h0p t  
t h e o r y  a r e  p r e s e n t e d  g r a p h i c a l l y  i n  f i g u r e s  3 . 2 6 - 3 . 4 0 .
When u s in g  the  op t im al  h v a l u e s  tw i c i n g  i s  c l e a r l y  the  most 
e f f e c t i v e  method f o r  r e d u c i n g  th e  b i a s .  I t  has  t h e  lowest  AASB 
v a l u e s  f o r  each  cu rve  when n = 50 and the  lowest  f o r  each excep t  
curve  3 a t  n = 100 when i t  has  the  second lo w e s t .  The method w i th  
t h e  wors t  pe r fo rmance  in  terms o f  b i a s  i s  j u s t  u s i n g  the  u n a d j u s t e d  
s t a n d a r d  normal  k e r n e l .  Th is  has  the  h i g h e s t  AASB v a l u e s  f o r  each  
cu rve  a t  bo th  n = 50 and 100. Out o f  t h e  two methods which s u b t r a c t  
e s t i m a t e s  o f  l / 2h 2g ( 2 ) ( x ) , method 3, which u ses  t h e  op t im al  k e r n e l  
o f  o r d e r  ( 2 , 4 )  and s e l e c t s  h2 u s i n g  th e  f a c t o r  method,  r educ e s  
b i a s  c o n s i d e r a b l y  more t h a n  does method 4. They a l s o  bo th  a c h ie v e  
much lower AASB's t h a n  method 1 f o r  curve  4 which i s  not  d i f f e r e n t ­
i a b l e .  The AASB r e s u l t s  f o r  t h e  op t im al  k e r n e l  o f  o r d e r  ( 0 ,4 )  
g e n e r a l l y  r a n k  a t  about  3 rd  o r  4 t h  bu t  a r e  much h i g h e r  t h a n  f o r  
methods 1 and 3.
For  t h e  c u r v e s  and a s s o c i a t e d  e r r o r  v a r i a n c e s  b a s ed  on ( 3 . 1 4 . 1 )  
u s e d  i n  t h i s  s t u d y  th e  AAVAR's f o r  each  method a r e  much h i g h e r  t h a n  
t h e  AASB’ s .  They a r e  in  c o n t r a s t  however t o  the  b i a s  r e s u l t s  w i t h  
t h e  r a n k i n g s  o f  t h e  methods i n  terms o f  AAVAR g e n e r a l l y  t h e  o p p o s i t e  
t o  t h o s e  f o r  AASB. Using an  N(0 ,1 )  k e rn e l  i s  t h e r e f o r e  t h e  most 
e f f e c t i v e  f o r  r e d u c i n g  v a r i a n c e  w h i l s t  the  AAVAR's f o r  t w i c i n g  a r e  
about  50% h i g h e r  a s  p r e d i c t e d  by t h e  a s y m p t o t i c  t h e o r y .
When th e  r e s u l t s  f o r  b i a s  and v a r i a n c e  a r e  combined the  b e s t  
pe rfo rm ance  i s  by method 2, t h e  op t im al  k e r n e l  o f  o r d e r  ( 0 , 4 ) .
I t  has  t h e  lowest  AAMSE r e s u l t s  f o r  each  curve  e xc ep t  1 a t  bo th  
n = 50 and 100. The p o o r e s t  o v e r a l l  perfo rmance  i s  f o r  t w i c i n g  w i th  
i t s  AAMSE r e s u l t s  more m arked ly  domina ted  th a n  f o r  t h e  o t h e r s  by 
i t s  poor  v a r i a n c e .  The AAMSE1s o f  t h e  o t h e r  t h r e e  methods a r e
f a i r l y  s i m i l a r  bu t  method 4 i s  g e n e r a l l y  s l i g h t l y  s u p e r i o r  to  bo th  
methods 1 and 3.
When t h e  d a t a  a r e  undersmoothed u s i n g  ^ / 3 . ^op t  t i^e b i a s  o f  each 
method d e c r e a s e s  w h i l e  the  v a r i a n c e s  i n c r e a s e  as  e x p e c t e d .  Twicing 
(method 5) s t i l l  has  t h e  lowest  AASB f o r  c u rv e s  2, 3 and 4 but  the 
r e s u l t s  f o r  method 3 a r e  s l i g h t l y  s u p e r i o r  f o r  c u r v e s  1 and 5. The 
o r d e r i n g s  i n  t e rm s  o f  AAVAR a re  almost  the  same as  when u s in g  h0p t .
Al l  t h e  AAMSE1s a r e  h i g h e r  t h a n  a t  h0p t and t h e  b e s t  o v e r a l l  i s  now 
method 1 w i t h  t h e  lowest  AAMSE v a lu e s  f o r  c u r v e s  1,  3 and 4 and second 
lowest  f o r  2 and 5. Method 2 now has the  second  b e s t  o v e r a l l  
p e r f o r m a n c e .
In  c o n t r a s t ,  ove rsm oo th ing  u s i n g  hDp t  i n c r e a s e  b i a s  and
r e d u c e s  v a r i a n c e .  The most marked changes in  AASB a r e  f o r  methods 
1,  2 and 4 w h i l e  t w i c i n g  (method 5) a c h i e v e s  t h e  lowes t  AASB f o r  each 
c u r v e .  The AASB v a l u e s  f o r  methods 3 and 5 a r e  i n  f a c t  f a i r l y
s i m i l a r  t o  t h o s e  f o r  method 2 a t  h0p t ■ The o r d e r i n g s  i n  terms o f  the
AAVAR's a r e  a g a i n  v e r y  s i m i l a r  to  when u s i n g  h 0p t . The AAMSE's 
f o r  methods 1, 2 and 4 g e n e r a l l y  i n c r e a s e  above t h e i r  ^opt  v a lu e s  
bu t  t h o s e  f o r  methods 3 and 5 d e c r e a s e  f o r  each  c u r v e .  T h i s  r e s u l t s  
i n  method 5 h a v i n g  t h e  b e s t  performance  f o r  ea ch  cu rv e  e x c ep t  5 when 
method 3 i s  s l i g h t l y  s u p e r i o r .  T h e i r  AAMSE v a l u e s  a r e  f a i r l y  s i m i l a r  
to  t h o s e  f o r  method 2 a t  hQp t but  t h e  f a c t  t h a t  t h e y  a r e  s t i l l  
d e c r e a s i n g  i n d i c a t e s  t h a t  t h e y  may have become s u p e r i o r  i f  a s c a l i n g  
f a c t o r  l a r g e r  t h a n  **/% had been used .
In  c o n c l u s i o n  th e n ,  t h i s  s i m u l a t i o n  s t u d y  i n d i c a t e s  t h a t  t h e  b e s t  
method f o r  r e d u c i n g  b i a s  i s  t w i c i n g  (method 5 ) .  I t  i s  v e r y  e f f e c t i v e
i n  t h i s  a t  e a ch  o f  t h e  h - v a l u e s  and sample s i z e s  c o n s i d e r e d  but  a t  the
expense  o f  i n c r e a s e d  v a r i a n c e .  I t  can  a l s o  a c h i e v e  low mean s q u a re d
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e r r o r  when s c a l i n g  h0p t f o r  the  N(0,1)  k e rn e l  a l o n e  by ^ / 3 • For 
t h i s  v a l u e  o f  h i t s  l e v e l  o f  b i a s  was f a i r l y  s i m i l a r  t o  t h o s e  f o r  
methods 2 and 4 and s m a l l e r  t h a n  f o r  method 1 a t  h Qp t . However, 
method 3 b a s e d  on s u b t r a c t i n g  an e s t i m a t e  o f  ( h ^ / 2 )  g ^ ) ( x ) i s  on ly  
s l i g h t l y  i n f e r i o r  t o  t w i c i n g  b o th  in  terms o f  r e d u c i n g  b i a s  and low 
MSE a t  4/3  ho p t .
For  a  r e a l  d a t a  s e t  a p r a c t i c a l  approach would be t o  o b t a i n  a 
d a t a  b a s e d  c h o ic e  o f  h f o r  an e s t i m a t e  based  on an  N (0 ,1 )  k e r n e l ,  
such  a s  by l e a s t  s q u a r e s  c r o s s - v a l i d a t i o n .  Using t w i c i n g  o r  method 3 
w i t h  t h i s  h w i l l  g e n e r a l l y  p ro v id e  an e s t i m a t e  w i t h  much lower 
b i a s  t h a n  t h e  e s t i m a t e  b a sed  on j u s t  u s in g  the  N (0 ,1 )  k e r n e l .  I f  
t h i s  h i s  t h e n  s c a l e d  by the  r e s u l t i n g  e s t i m a t e  s h o u ld  s t i l l
have lower b i a s  t h a n  the  e s t i m a t e  which u s e s  o n l y  t h e  N (0 ,1 )  k e r n e l  
and o r i g i n a l  h .  I n  a d d i t i o n  though ,  i t  s h o u ld  now have a  lower mean 
s q u a re d  e r r o r .
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Table  3 . 1 7 .  V a lu es  o f  AASB, AAVAR and AAMSE I n c u rre d  i n  e s t i m a t i n g
g l ( x )  from samples  o f  s i z e  50.  (o"2 -  3 . 7 1 3 ) .
S e a l i n g  
f a c t o r  
f o r  
h opt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 4 . 7 0 X 1 0 - 2 8 . 9 X 1 0 " 4 ) 7 , 0 7 x 1 0 " ! ( 2 . 5 x 1 0 - 3 ) 7 . 5 1 x 1 0 - 1
2 1 . 6 9 X 1 0 - 2 7 . 6 X 1 0 " 4 ) 8 . 0 5 x 1 0 " ! ( 3 . 0 x 1 0 - 3 ) 8 , 2 2 x 1 0 - !
3 5 . 1 2 X 1 0 - 3 5 . 5 x l 0 “ 4 ) 9 . 8 3 x 1 0 - 1 ( 3 . 2 x 1 0 - 3 ) 9 . 8 8 x 1 0 “ !
2 / 3
4 1 . 8 7 X 1 0 - 2 7 . 6 X 1 0 " 4 ) 8 . 1 2 x 1 0 " ! ( 2 . 9 x 1 0 - 3 ) 8 . 3 1 x 1 0 - 1
5 5 . 3 2 X 1 0 - 3 5 . 6 X 1 0 " 4 ) 1 . 0 1 x 1 0 ° ( 3 . 1 x 1 0 - 3 ) 1 . 0 2 x 1 0 °
1 1 . 6 8 X 1 0 " 1 1 . 2 x 1 0 - 3 ) 4 . 7 1 x 1 0 " ! ( 2 . 0 x 1 0 - 3 ) 6 . 3 9 x 1 0 " !
2 1 . 2 4 x 1 0 " ! 5 . 4 X 1 0 " 4 ) 5 . 3 8 x 1 0 " ! ( 2 . 5 x 1 0 - 3 ) 6 . 6 2 x 1 0 " !
3 4 . 5 7 x 1 0 - 2 7 . 3 X 1 0 " 4 ) 6 . 5 9 X 1 0 " ! ( 2 . 8 x 1 0 - 3 ) 7 . 0 4 X 1 0 " !
1
4 1 . 0 3 x 1 0 “ ! 8 . 3 X 1 0 " 4 ) 5 . 4 3 X 1 0 " ! ( 2 . 4 x 1 0 - 3 ) 6 . 4 6 x 1 0 " !
5 4 . 0 7 x 1 0 - 2 7 . 9 x l 0 “ 4 ) 6 . 7 8 x 1 0 " ! ( 2 . 8 x 1 0 - 3 ) 7 . 1 9 x 1 0 " !
1 3 , 6 5 X 1 0 " 1 1 . 9 x 1 0 - 3 ) 3 . 5 3 x 1 0 " ! ( 1 . 6 x 1 0 - 3 ) 7 . 1 9 x 1 0 - 1
2 3 . 4 4 X 1 0 " ! 1 . 3 x 1 0 - 3 ) 4 , 0 3 x 1 0 " ! ( 1 . 8 x 1 0 - 3 ) 7 . 4 7 x 1 0 " !
3 1 . 5 7 x 1 0 “ ! 7 . 0 X 1 0 " 4 ) 4 . 9 5 x 1 0 " ! ( 2 . 3 X 1 0 - 3 ) 6 . 5 6 x 1 0 - 1
4 / 3
4 2 . 5 5 X 1 0 " ! 9 . 8 X 1 0 " 4 ) 4 . 0 8 x 1 0 " ! ( 1 . 9 x 1 0 - 3 ) 6 . 6 2 x 1 0 “ !
5 1 . 3 1 X 1 0 - ! 7 . 7 X 1 0 " 4 ) 5 . 1 0 x 1 0 - 1 ( 2 . 3 x 1 0 - 3 ) 6 . 4 1 X 1 0 - 1
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Tab le  3 . 1 8 .  V a lues  o f  AASB, AAVAR and AAMSE In cu rr e d  In e s t i m a t i n g
g 2 (x )  from samples  o f  s i z e  50.  (cr  ^ *  0 . 6 3 3 ) .
S e a l i n g
f a c t o r
f o r
^opt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 1 . 3 2 x 1 0 - 2 3 , 2 x l 0 " 4 ) 4 . 1 8 X 1 0 ” 1 ( 1 . 1 x 1 0 - 3 ) 4 . 3 1 x 1 0 - 3
2 8 . 9 6 x 1 0 - 3 1 . 8 x l 0 “ 4 ) 3 . 6 1 x 1 0 - 1 ( 1 . 0 x 1 0 - 3 ) 3 . 7 0 x 1 0 - 3
3 3 . 6 9 X 1 0 - 2 4 . 4 X 1 0 " 4 ) 5 . 3 3 X 1 0 ” 1 ( 1 . 4 X 1 0 “ 3 ) 5 . 6 9 x 1 0 - 3
2 / 3
4 4 . 0 7 X 1 0 “ 3 1 . 2 X 1 0 " 4 ) 4 . 6 2 X 1 0 " 1 ( 1 . 3 x 1 0 - 3 ) 4 . 6 6 x 1 0 - 3
5 7 . 5 8 X 1 0 " 4 6 . O X I O - 5 ) 5 . 5 6 X 1 0 " 1 ( 1 . 6 x 1 0 - 3 ) 5 . 5 7 X 1 0 - 1
1 9 . 0 6 X 1 0 - 2 7 . 6 x l 0 " 4 ) 2 . 4 1 X 1 0 - 1 ( 6 . 3 x l 0 - 4 ) 3 . 3 1 x 1 0 - 3
2 6 . 2 6 x 1 0 - 2 5 . 7 x l 0 " 4 ) 2 . 4 3 x 1 0 - 3 ( 6 . 6 x l 0 ~ 4 ) 3 .0 6 x10“3
3 2 . 1 9 x 1 0 - 2 3 . 5 x l 0 " 4 ) 3 . 1 3 x 1 0 - 3 ( 8 . 2 X 1 0 " 4 ) 3 . 3 5 x 1 0 - 3
JL
4 5 . 0 2 x 1 0 - 2 5 . 7 X 1 0 ” 4 ) 2 . 6 8 x 1 0 - 3 ( 7 . 0 X 1 0 “ 4 ) 3 . 1 8 x 1 0 - 3
5 1 . 0 7 X 1 0 - 2 2 . 8 X 1 0 " 4 ) 3 . 4 8 x 1 0 - 3 ( 9 . 5 X 1 0 " 4 ) 3 . 5 9 x 1 0 - 3
1 2 . 2 1 x 1 0 " ! 9 . 5 X 1 0 " 4 ) 1 . 7 9 x 1 0 - 3 ( 5 . 1 X 1 0 - 4 ) 4 . 0 0 x 1 0 - 3
2 2 . 5 2 x 1 0 " ! 7 . 6 X 1 0 " 4 ) 1 . 8 4 x 1 0 - 3 ( 6 . O X I O - 4 ) 4 . 3 6 x 1 0 - 3
3 7 . 8 2 x 1 0 - 2 6 . 3 x l 0 - 4 ) 2 . 3 4 x 1 0 - 3 ( 6 . 3 X 1 0 ” 4 ) 3 . 1 2 X 1 0 - 1
4 / 3
4 1 . 6 5 X 1 0 - 1 8 . 5 x l 0 ~ 4 ) 2 . 0 0 X 1 0 - 1 ( 5 . 7 x l 0 “ 4 ) 3 . 6 5 x 1 0 - 3
5 5 . 0 1 x 1 0 - 2 5 . 4 X 1 0 " 4 ) 2 . 5 8 X 1 0 - 1 ( 6 . 9 x l 0 - 4 ) 3 . 0 8 x 1 0 - 3
Table  3 . 1 9 .  V a lu es  o f  AASB, AAVAR and AAMSE In curred  i n  e s t i m a t i n g
g 3 (x )  from samples  o f  s i z e  50.  (cr2 -  1 . 2 8 7 ) .
S e a l i n g
f a c t o r
f o r
^opt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 3 . 2 5 X 1 0 " 2 7 . 3 X 1 0 " 4 ) 6 . 8 0 x 1 0 - 1 ( 1 . 7 X 1 0 - 3 ) 7 . 1 3 X 1 0 " 1
2 3 . 5 7 X 1 0 - 2 6 . 0 X 1 0 " 4 ) 7 . 0 6 x 1 0 - 1 ( 2 . 0 X 1 0 - 3 ) 7 . 4 2 X 1 0 " !
3 1 . 2 2 x 1 0 - 2 3 . 8 X 1 0 “ 4 ) 9 . 0 7 x 1 0 - 1 ( 2 . 5 x 1 0 - 3 ) 9 . 1 9 x 1 0 " !
2 / 3
4 1 . 0 2 x 1 0 - 2 3 . 8 X 1 0 " 4 ) 7 . 6 3 x 1 0 " ! ( 2 . 1 x 1 0 - 3 ) 7 . 7 3 X 1 0 - 1
5 2 . 3 8 X 1 0 - 3 1 . 7 x l 0 ~ 4 ) 9 . 7 3 x 1 0 - 1 ( 2 . 7 x 1 0 - 3 ) 9 . 7 5 x 1 0 - 1
1 1 . 4 9 x 1 0 " ! 1 . 3 X 1 0 - 3 ) 4 . 1 7 X 1 0 - 1 ( 1 . 1 x 1 0 - 3 ) 5 . 6 6 x 1 0 - 1
2 9 . 0 5 x 1 0 - 2 9 . 2 X 1 0 " 4 ) 4 , 6 4 X 1 0 " ! ( 1 . 3 x 1 0 - 3 ) 5 . 5 5 X 1 0 - 1
1
3 3 . 1 9 x 1 0 - 2 6 . O x l O - 4 ) 5 . 6 8 x 1 0 “ ! ( 1 . 5 x 1 0 - 3 ) 6 . 0 0 x 1 0 - 1
I
4 9 . 2 9 x 1 0 - 2 1 . 0 x 1 0 - 3 ) 4 . 7 0 X 1 0 - 1 ( 1 . 3 x 1 0 - 3 ) 5 . 6 2 x 1 0 " !
5 2 . 5 6 x 1 0 - 2 6 . O x l O " 4 ) 6 . 0 0 X 1 0 " ! ( 1 . 6 x 1 0 - 3 ) 6 . 2 6 x 1 0 " !
1 3 . 4 5 X 1 0 " ! 1 . 5 X 1 0 - 3 ) 3 . 1 1 X 1 0 - 1 ( 9 . 5 x l 0 " 4 ) 6 . 5 6 x 1 0 " !
2 3 . 4 3 x 1 0 - 1 1 . 0 x 1 0 - 3 ) 3 . 4 7 X 1 0 - 1 ( 1 . 1 x 1 0 - 3 ) 6 . 9 0 x 1 0 - 1
3 1 . 3 1 X 1 0 ’ 1 1 . 0 x 1 0 - 3 ) 4 . 2 6 x 1 0 - 1 ( 1 . 2 x 1 0 - 3 ) 5 . 5 7 X 1 0 " !
4 / 3
4 2 . 7 6 X 1 0 " ! 1 . 3 x 1 0 - 3 ) 3 . 5 0 X 1 0 " ! ( 1 . 0 x 1 0 - 3 ) 6 . 2 7 X 1 0 - 1
5 1 . 0 7 X 1 0 - 1 1 . 0 x 1 0 - 3 ) 4 . 4 7 X 1 0 " ! ( 1 . 2 x 1 0 - 3 ) 5 . 5 4 x 1 0 - 1
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Table  3 . 2 0 .  V a lu es  o f  AASB, AAVAR and AAMSE in c u r r e d  in  e s t i m a t i n g
g4 (x )  from samples  o f  s i z e  50.  (<r2 -  3 . 7 1 3 ) .
S e a l i n g
f a c t o r
f o r
^opt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 6.06X10"2 5 .4x10 -4 ) 7 .5 4 x 1 0 “ ! (2 .6x10 -3 ) 8.15X10-1
2 2 .64x10-2 4 .0 x 1 0 -5 ) 8 .5 6 x 1 0 " ! (3 .1x10 -3 ) 8.82X10"1
3 1.65X10-2 1.6X10-4 ) 1 .05x10° (3 .3x10 -3 ) 1.06X10°
2 /3
4 2 .62x10-2 3.2X10“4) 8.69X10"! (3.0X10-3) 8.95X10"!
5 1 .27x10-2 2 .2x10 -4 ) 1 .08x10° (3 .3x10 -3 ) 1.10X10“!
1 1 . 95X10- 1 l .O x lO " 3 ) 5.07X10"! (2 .2x10 -3 ) 7.03x10-1
2 1 .25x10“! 6 .6x10 -4 ) 5 .7 1 x 1 0 " ! (2 .7x10 -3 ) 6.97x10-1
i
3 4.85X10"2 5 .1 x10 -4 ) 7 .0 3 x 1 0 " ! (2 .9x10 -3 ) 7.51x10-1
4 1.18X10-1 7 .0 x10 -4 ) 5 .8 5 x 1 0 " ! ( 2 . 5x 10 - 3 ) 7 .03x10-1
5 4.62x10-2 4 .7 x 1 0 -4 ) 7.30X10"! (2.9X10-3) 7.76x10-1
1 4.21X10-! 1 .4X10-3 ) 3 .82x10-1 ( 1 .7 x 1 0 -3 ) 8.03X10”!
2 4 .24x10" ! 1 . 4x10 - 3 ) 4 .28X10"! ( 1 . 9x 10- 3 ) 8 .52x10-1
3 1.70X10"! 7 .9x10 -4 ) 5 .2 9 x 1 0 " ! (2 .5x10 -3 ) 6.99X10-1
4 / 3
4 3.10X10"! 1 .3x10 -3 ) 4 .4 1 x 1 0 " ! (2.0X10-3) 7.51x10-1
5 1.43X10"! 7 .5 x10 -4 ) 5 .51x10-1 (2 .5 x 1 0 -3 ) 6.94X10-1
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Table  3 . 2 1 .  V a lues  o f  AASB, AAVAR and AAMSE i n c u r r e d  i n  e s t i m a t i n g
g 5 (x)  from samples  o f  s i z e  50.  ( cr^  -  0 . 6 3 7 ) .
S e a l i n g  
f a c t o r  
f o r  
l*opt
Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 7 . 2 2 X 1 0 " 3 1 . 9 X 1 0 " 4 ) 1 . 8 1 x 1 0 - 1 ( 5 . 1 X 1 0 - 4 ) 1 . 8 8 x 1 0 " !
2 3 . 3 0 x l 0 “ 4 4 . O X I O - 5 ) 1 . 5 3 X 1 0 " 1 ( 5 . 4 X 1 0 - 4 ) 1 . 5 3 X 1 0 - 1
3 2 . 0 1 x l 0 “ 4 3 . 3 x 1 0 - 3 ) 2 . 1 4 x 1 0 " ! ( 6 . O x l O ' 4 ) 2 . 1 4 x 1 0 " !
2 / 3
( 5 . 7 X 1 0 " 4 )4 2 . 2 4 X 1 0 " 4 3 . 3 x 1 0 - 3 ) 2 . 0 0 x 1 0 " ! 2 . 0 0 x 1 0 " !
5 2 . 1 2 X 1 0 " 4 3 . 4 x 1 0 - 3 ) 2 . 6 0 X 1 0 " 1 ( 7 . O x l O ' 4 ) 2 . 6 0 x 1 0 " !
1 3 . 5 5 X 1 0 " 2 4 . I x l 0 - 4 ) 1 . 2 1 X 1 0 " 1 ( 4 . 4 x l 0 “ 4 ) 1 . 5 6 x 1 0 " !
2 6 . 2 3 X 1 0 - 3 1 . 8 x l 0 “ 4 ) 1 . 0 3 x 1 0 " ! ( 4 . 7 x l 0 “ 4 ) 1 . 0 9 x 1 0 " !
3 6 . 8 8 X 1 0 " 4 5 . 9 x 1 0 - 3 ) 1 . 4 3 x 1 0 - 1 ( 5 . l X l O - 4 ) 1 . 4 4 x 1 0 " !
J.
4 2 . 3 0 X 1 0 - 3 1 . 1 X 1 0 " 4 ) 1 . 3 4 x 1 0 " ! ( 4 . 7 X 1 0 “ 4 ) 1 . 3 6 x 1 0 “ !
5 2 . 4 0 X 1 0 " 4 3 . 5 x 1 0 - 3 ) 1 . 7 4 x 1 0 - 1 ( 5 . 4 x l 0 ~ 4 ) 1 . 7 4 X 1 0 - 1
1 1 . 0 7 x 1 0 - 1 7 . O x l O " 4 ) 9 . 0 9 x 1 0 - 2 ( 3 . 8 x l 0 “ 4 ) 1 . 9 8 x 1 0 " !
2 4 . 3 0 x 1 0 - 2 4 . 7 X 1 0 - 4 ) 7 . 6 9 x 1 0 - 2 ( 3 . 5 X 1 0 " 4 ) 1 . 2 0 x 1 0 - 1
3 4 . 9 5 x 1 0 - 3 1 . 6 X 1 0 ” 4 ) 1 . 0 8 x 1 0 " ! ( 4 . 7 x l 0 - 4 ) 1 . 1 3 x 1 0 " !
4 / 3
4 1 . 7 9 X 1 0 - 2 2 . 8 x l 0 “ 4 ) l . O l x l O ” 1 ( 4 . l x l O - 4 ) 1 . 1 9 x 1 0 - 1
5 1 . 4 5 x 1 0 - 3 8 . 6 x 1 0 - 3 ) 1 . 3 1 x 1 0 " ! ( 5 . O x l O " 4 ) 1 . 3 3 x 1 0 - 1
- 1 4 0 -
Table  3 . 2 2 .  V a lu es  o f  AASB, AAVAR and AAMSE In cu rr e d  In e s t i m a t i n g
g l ( x ) , g2 ( x ) ,  S3 ( x ) , g4 (x) and g s ( x )  f rom samples  o f  s i z e  
100 and u s in g  op t im al  smooth ing p a r a m e t e r s .
Curve Method AASB ( s . e . ) AAVAR ( s . e . ) AAMSE
1 1 . 0 3 X 1 0 - 1 8 . 2 x l 0 - 4 ) 2 . 8 9 X 1 0 - 1 ( 1 . 6 X 1 0 - 3 ) 3 . 9 2 x 1 0 " !
2 7 . 1 6 X 1 0 " 2 4 . 7 X 1 0 - 4 ) 3 . 1 5 X 1 0 - 1 ( 1 . 8 X 1 0 - 3 ) 3 . 8 7 X 1 0 - 1
1 3 2 . 2 3 X 1 0 " 2 4 . 4 X 1 0 - 4 ) 3 . 9 2 X 1 0 - 1 ( 1 . 9 X 1 0 - 3 ) 4 . 1 5 X 1 0 " 1
4 5 . 9 9 X 1 0 " 2 6 . O x l O " 4 ) 3 . 2 7 X 1 0 - 1 ( 1 . 8 X 1 0 - 3 ) 3 . 8 7 X 1 0 - 1
5 1 . 8 5 X 1 0 " 2 4 . 4 X 1 0 " 4 ) 4 . 1 6 X 1 0 - 1 ( 2 . O x l O - 3 ) 4 . 3 5 X 1 0 - 1
1 5 . 0 7 x l 0 - 2 4 . 1 x 1 0 ~ 4 ) 1 . 4 9 X 1 0 - 1 ( 4 . 4 X 1 0 - 4 ) 2 . O O x l O - 1
2 2 . 4 3 x l 0 - 2 2 . 5 x l 0 - 4 ) 1 . 5 0 X 1 0 - 1 ( 4 . 4 X 1 0 - 4 ) 1 . 7 4 X 1 0 - 1
2 3 6 . 7 0 x l 0 - 3 1 . 3 X 1 0 - 4 ) 1 . 9 3 X 1 0 - 1 ( 5 . 4 X 1 0 - 4 ) 1 . 9 9 X 1 0 - 1
4 2 . 5 6 X 1 0 " 2 2 . 8 X 1 0 - 4 ) 1 . 6 2 X 1 0 - 1 ( 4 . 7 x l 0 “ 4 ) 1 . 8 8 X 1 0 - 1
5 3 . 7 0 x l 0 - 3 1 . 3 X 1 0 " 4 ) 2 . 1 5 X 1 0 - 1 ( 6 . O x l O - 4 ) 2 . 1 9 X 1 0 - 1
1 9 . 3 9 X 1 0 " 2 7 . 3 X 1 0 - 4 ) 2 . 4 8 X 1 0 " 1 ( 8 . 2 x l 0 - 4 ) 3 . 4 2 x 1 0 - 1
2 3 . 3 2 x l 0 - 2 3 . 5 X 1 0 - 4 ) 2 . 8 7 X 1 0 - 1 ( 8 . 9 X 1 0 - 4 ) 3 . 2 1 X 1 0 - 1
3
3 1 . 0 5 X 1 0 - 2 2 . 2 X 1 0 - 4 ) 3 . 5 1 X 1 0 - 1 ( 9 . 8 X 1 0 - 4 ) 3 . 6 1 X 1 0 - 1
4 5 . 5 0 x l 0 - 2 5 . l x l O - 4 ) 2 . 7 4 X 1 0 - 1 ( 8 . 9 X 1 0 - 4 ) 3 . 2 9 X 1 0 " 1
5 1 . l l x l O - 2 2 . 5 X 1 0 “ 4 ) 3 . 5 8 X 1 0 - 1 ( 1 . O x l O - 3 ) 3 . 6 9 X 1 0 - 1
1 1 . 1 8 X 1 0 - 1 9 . 8 x 1 0 - 4 ) 3 . 1 3 X 1 0 " 1 ( 1 . 6 X 1 0 - 3 ) 4 . 3 2 X 1 0 - 1
2 8 . 7 9 X 1 0 " 2 6 . 3 X 1 0 " 4 ) 3 . 1 9 X 1 0 - 1 ( 1 . 8 x l 0 " 3 ) 4 . 0 7 X 1 0 - 1
4
3 3 . 3 5 x l 0 - 2 3 . 5 X 1 0 - 4 ) 4 . 0 7 x 1 0 " ! ( 2 . O x l O - 3 ) 4 . 9 6 X 1 0 - 1
4 6 . 6 1 X 1 0 " 2 6 . O x l O - 4 ) 3 . 5 4 X 1 0 " 1 ( 1 . 8 X 1 0 - 3 ) 4 . 2 0 X 1 0 " 1
5 2 . 5 9 x l 0 “ 2 3 . 2 X 1 0 - 4 ) 4 . 5 1 X 1 0 - 1 ( 2 . 1 X 1 0 - 3 ) 4 . 7 7 X 1 0 - 1
1 1 . 8 7 X 1 0 " 2 3 . 5 X 1 0 - 4 ) 7 . 1 8 X 1 0 " 2 ( 3 . 2 X 1 0 - 4 ) 9 . 0 5 X 1 0 - 2
2 5 . 1 0 X 1 0 - 3 1 . 9 X 1 0 - 4 ) 5 . 1 4 X 1 0 " 2 ( 2 . 8 X 1 0 - 4 ) 5 . 6 5 X 1 0 - 2
5
3 4 . 2 0 x 1 0 - 4 5 . 1 X 1 0 - 5 ) 8 . 0 3 X 1 0 " 2 ( 3 . 5 X 1 0 - 4 ) 8 . 0 7 X 1 0 - 2
4 9 . 8 7 X 1 0 " 4 8 . O x l O - 5 ) 7 . 8 0 x l 0 “ 2 ( 3 . 5 X 1 0 - 4 ) 7 . 9 0 X 1 0 - 2
5 1 . 3 O x l O - 4 2 . 2 X 1 0 " 5 ) 1 . 0 3 X 1 0 - 1 ( 3 . 8 X 1 0 - 4 ) 1 . 0 3 X 1 0 - 1
- 1 4 1 -
F l g u r e  3 . 2 7 .  AASB I n c u r r e d  by t h e  5 e s t i m a t o r s  I n  e s t i m a t i n g  g 2 ( x )  on  ( 0 , 1 ) ,  n  -  50 ,  a^ — 0 . 6 3 3 .
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F i g u r e  3 . 2 8 .  AASB I n c u r r e d  by t he  5 e s t i m a t o r s  i n  e s t i m a t i n g  g3 (x )  on ( 0 , 1 ) ,  n -  50,  a2 -  1 . 287 .
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F l g u r e  3 . 2 9 .  AASB I n c u r r e d  by  t h e  5 e s t i m a t o r s  In  e s t i m a t i n g  g ^ ( x )  on  ( 0 , 1 ) ,  n -  50 ,  -  3 . 7 7 9
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F i g u r e  3 . 3 0 .  AASB i n c u r r e d  by t he  5 e s t i m a t o r s  In e s t i m a t i n g  g5 <x) on ( 0 , 1 ) ,  n -  50,  -  0 .637
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F l g u r e  3 . 3 1 .  AAVAR I n c u r r e d  by  t h e  5 e s t i m a t o r s  In  e s t i m a t i n g  g ^ ( x )  o n  ( 0 , 1 ) ,  n  -  50 ,  a2 „  3 . 7 1 3 ,
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F i g u r e  3 . 3 2 .  AAVAR I n c u r r e d  by t he  5 e s t i m a t o r s  In e s t i m a t i n g  g2 <x) on ( 0 , 1 ) ,  n -  50,  a2 -  0 . 63 3 .
a  60
a so
0.55
a jo
a25
as a»a* 1.0 1.2t.i i.s I.S1.4
- 1 4 4 -
F l g u r e  3 . 3 3 .  AAVAR i n c u r r e d  by t h e  5 e s t i m a t o r s  I n  e s t i m a t i n g  g 3 ( x )  o n  ( 0 , 1 ) ,  n -  50 ,  a^ — 1.287".
o . e - -
0. 7 - -
U <£
2  o-4 + <c
a s - -
a * - -
0 .5 - f
I I I I I I I I I I
H--------1-------- 1--------1--------1--------1--------1--------h H--------1
°-5 °-* o-7 ae a* i.o i.i 1.2  1.3 1.4 1.5
VcfV .
F ig u r e  3 . 3 4 .  AAVAR i n c u r r e d  by t he  5 e s t i m a t o r s  i n  e s t i m a t i n g  g ^ ( x )  on ( 0 , 1 ) ,  n -  50,  -  3 . 77 9 .
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F l g u r e  3 . 3 5 .  AAVAR I n c u r r e d  by  t h e  5 e s t i m a t o r s  I n  e s t i m a t i n g  g s ( x )  o n  ( 0 , 1 ) ,  n -  50 ,  a2 -  0 . 6 3 7 .
0.50
0 .2 6
0.20
a  i s
<£ a 16
<c
<E
a u
0.5 0.6 1.0 1.21.1 I.S 1.51.4
ScaYwvt^  ^  K*^ V .
F ig u re  3 . 3 6 .  AAMSE i n c u r r e d  by t he  5 e s t i m a t o r s  In e s t i m a t i n g  g j ( x )  on ( 0 , 1 ) ,  n -  50,  a2 -  3 . 713 .
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F l g u r e  3 . 3 7 .  AAMSE I n c u r r e d  by  t h e  5 e s t i m a t o r s  i n  e s t i m a t i n g  R2( x )  o n  ( 0 , 1 ) ,  n -  50 ,  -  0 . 6 3 3 .
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F i g u r e  3 . 3 8 .  AAMSE i n c u r r e d  by t he  5 e s t i m a t o r s  In e s t i m a t i n g  g 3 <x) on ( 0 , 1 ) ,  n -  50,  a* -  1 . 28 7 .
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F l g u r e  3 . 3 9 .  AAMSE I n c u r r e d  by t h e  5 e s t i m a t o r s  I n  e s t i m a t i n g  g ^ ( x )  on  ( 0 , 1 ) ,  n -  50 ,  a^ -  3 . 7 7 9 .
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F i g u r e  3 . 4 0 .  AAMSE i n c u r r e d  by t he  5 e s t i m a t o r s  i n  e s t i m a t i n g  g 5 ( x)  on ( 0 , 1 ) ,  n -  50,  -  0 . 6 3 7 .
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Chapter 4, Pointwise confidence intervals for density functions
4 . 1 .  I n t r o d u c t i o n .
Most o f  the  l i t e r a t u r e  on n o n p a ra m e t r i c  d e n s i t y  e s t i m a t i o n  i s  
con c e rn e d  w i th  t h e  c o n s t r u c t i o n  o f  a p o i n t  e s t i m a t e  o f  the  u n d e r ­
l y i n g  d e n s i t y  f u n c t i o n .  However, the  e s t i m a t o r ,  b e in g  a  f u n c t i o n  o f  
the  sample dn = {X^,X2 , . . . ,Xn} , i s  a random v a r i a b l e  w i t h  i t s  own 
d i s t r i b u t i o n .  T h e r e f o r e ,  some form o f  i n t e r v a l  e s t i m a t i o n  i s  
d e s i r a b l e  in  o r d e r  t o  a s s e s s  i t s  p r e c i s i o n  and s t a b i l i t y  as  we l l  as  
to  o b t a i n  a  range  o f  p l a u s i b l e  v a l u e s  f o r  the  t r u e  d e n s i t y  f u n c t i o n .
In  t h i s  c h a p t e r  p o i n t w i s e  c o n f id e n c e  i n t e r v a l s  f o r  t h e  unknown 
d e n s i t y  f ( x ) ,  f o r  some f i x e d  x,  based  on a f i x e d  k e r n e l  d e n s i t y  
e s t i m a t o r  w i l l  be c o n s t r u c t e d  u s i n g  two d i f f e r e n t  a p p ro a c h e s .
F i r s t l y ,  t h e  c e n t r a l  l i m i t  theo rem w i l l  be used  t o  o b t a i n  a  normal  
a p p ro x i m a t io n  t o  t h e  d i s t r i b u t i o n  o f  f ( x ) .  C o n d i t i o n s  under  which 
t h i s  a p p r o x i m a t io n  w i l l  h o l d  were f i r s t  d e s c r i b e d  by P a r z e n  (1962) .
A
Second ly ,  t h e  s a m p l in g  d i s t r i b u t i o n  o f  f ( x )  w i l l  be e s t i m a t e d  
u s i n g  b o o t s t r a p  t e c h n i q u e s .
In  b o t h  c a s e s  i t  i s  im por ta n t  t h a t  t h e  d i s t r i b u t i o n  i s  c e n t r e d  
c o r r e c t l y  i n  o r d e r  t o  t r y  and o b t a i n  the  c o r r e c t  c ove ra ge  p r o b a b i l i t y .  
The b i a s  i n h e r e n t  i n  the  f i x e d  k e r n e l  e s t i m a t o r  was d i s c u s s e d  i n  
c h a p t e r  3 where i t  was d e m o n s t r a t e d  t h a t  an e f f e c t i v e  way o f  r e d u c i n g  
i t  i s  t o  s u b t r a c t  an  e s t i m a t e  o f  t h e  p r i n c i p a l  a s y m p t o t i c  b i a s  te rm ,  
namely ^  h^ f ( 2 ) ( x ) .  Such b i a s  c o r r e c t e d  e s t i m a t o r s  w i l l  be u s e d  in  
t h i s  c h a p t e r .  A l s o ,  c om par i son  w i l l  be made w i t h  t h e  use  o f  the  
o p t im a l  k e r n e l  o f  o r d e r  4 ,  K ( t )  = ^ / 3 2  ( 7 t ^  -  lO t^  + 3 ) ,  which has 
some s u c c e s s  i n  r e d u c i n g  b i a s ,  p a r t i c u l a r l y  f o r  unimodal  u n d e r l y i n g  
d e n s i t i e s ,  but  a l s o  o f t e n  r e s u l t s  i n  an e s t i m a t e  w i t h  lower v a r i a n c e  
t h a n  when s u b t r a c t i n g  b i a s  o r  u s i n g  a  f i x e d  Normal k e r n e l .
—149 —
The e f f e c t i v e n e s s  o f  t h e  d i f f e r e n t  methods w i l l  be a s s e s s e d  
t h ro u g h  a s i m u l a t i o n  s t u d y  u s i n g  known u n d e r l y i n g  d e n s i t i e s  hav ing  
a v a r i e t y  o f  d i f f e r e n t  s h a p e s .
F i n a l l y ,  t h e y  w i l l  a l s o  be i l l u s t r a t e d  in  p r a c t i c e  t h rough  the  
c o n s t r u c t i o n  o f  a p o i n t w i s e  c o n f i d e n c e  i n t e r v a l  f o r  the  unknown d e n s i t y  
o f  a r e a l  d a t a  s e t .
4 . 2 .  Using a s y m p t o t i c  n o r m a l i t y .
A
The f i x e d  k e r n e l  e s t i m a t o r  f n ( x ) , where t h e  s u b s c r i p t  n de n o te s  
t h a t  i t  i s  c o n s t r u c t e d  from a  sample o f  s i z e  n ,  can  be w r i t t e n  as  the  
a ve rage
f n ( * )  “  I  1  Wnk ( 4 . 2 . 1 )
i= l
where Wnk -  i  K [ ^ ]  . ( 4 . 2 . 2 )
The Wnk a r e  independen t  random v a r i a b l e s  each  i d e n t i c a l l y  
d i s t r i b u t e d  as  t h e  random v a r i a b l e
Wn - H K (5? ]  ( 4 . 2 . 3 )
s i n c e  t h e  a r e  i . i . d .  w i t h  common d i s t r i b u t i o n  F.
A
P a r z e n  (1962) s t a t e s  c o n d i t i o n s  unde r  which t h e  sequence  o f  f n (x )
i s  a s y m p t o t i c a l l y  normal  i n  t h e  s e n se  t h a t  f o r  e v e r y  r e a l  number a
1 im
n-*»
f n (x)  -  E ( f n ( x ) )
< a
y / v a r  ( f n ( x ) )
<£(a) ( 4 . 2 . 4 )
where $ ( • )  i s  t h e  c . d . f .  o f  a  s t a n d a r d  normal d i s t r i b u t i o n .
He a l s o  d i s c u s s e s  a  n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  f o r  ( 4 . 2 . 4 )  
t o  h o l d  a s  we l l  a s  t h e  B e r r y - E s s e e n  theorem which p r o v id e s  a  bound
—150 —
f o r  th e  e r r o r  i n  th e  a p p rox im ati on .
I f  h i s  cho s en  so t h a t  l im h = 0 th e n  t h e  e s t i m a t o r  f n (x) is
riHKo
a s y m p t o t i c a l l y  u n b i a s e d .  However, in  a f i n i t e  sample s i t u a t i o n  the  
b i a s  i s  w e l l  a p p ro x im a te d  by h2 . f  (2) (x ) as  d i s c u s s e d  i n  c h a p t e r  3, 
and a  good e s t i m a t o r  o f  v a r i a n c e  i s  g iv e n  by ( n h ) “ 1 , f ( x ) . j  K ( t ) 2d t .  
R e p l a c i n g  t h e  unknown f ( x )  and f ( 2 ) (x) by th e  a p p r o p r i a t e  k e rn e l  
e s t i m a t o r s  r e s u l t s  in  the  ro o t
( f  (x)  -  i . h 2  f £ 2) ( x ) ] -  f ( x )
— “---------- £-------“---------     ( 4 . 2 . 5 )
y  [ ( n h ) " 1 . f n (x)  |  K ( t ) 2d t ]
whose d i s t r i b u t i o n  i s  a p p r o x i m a t e ly  N ( 0 ,1 ) ,  The te rm  r o o t  has
been  u s e d  h e r e ,  a s  in  Beran (1987) ,  to  make the  d i s t i n c t i o n  from a
~ ( 2 )p i v o t  d e f i n e d  i n  t h e  c l a s s i c a l  s e n s e .  I f  f  (x)  and f  (x) a ren n
c o n s i s t e n t  e s t i m a t o r s  o f  f ( x )  and f ( 2) ( x )  r e s p e c t i v e l y  t h e n
( 4 . 2 . 5 )  i s  a s y m p t o t i c a l l y  p i v o t a l .  The i n t r o d u c t i o n  o f  t h e  b i a s  
c o r r e c t i o n  in  t h e  num era to r  sho u ld  make th e  f i n i t e  sample d i s t r i b u t i o n  
o f  ( 4 . 2 . 5 )  l e s s  dependen t  on F th a n  i f  no c o r r e c t i o n  was made.
The r o o t  ( 4 . 2 . 5 )  i s  a p p r o p r i a t e  when a k e r n e l  such  as  a s t a n d a r d  
normal  d e n s i t y  w i t h  k -  2 ( see  e q u a t i o n  3 . 2 . 5 )  i s  u s e d .  I f ,
however ,  t h e  o p t im a l  polynom ial  K( t )  *=* ( 7 t ^ - 1 0 t 2+3) i s  u sed  which
has k = 4 t h e n  t h e  r e s u l t i n g  e s t i m a t o r  has  b i a s  O(h^) and t h e r e  i s  
t h e r e f o r e  no need  t o  i n c l u d e  a b i a s  c o r r e c t i o n  t e rm .
I n s t e a d  o f  s u b t r a c t i n g  an  e s t i m a t e  o f  b i a s  an  a l t e r n a t i v e  way of  
t a k i n g  i t  i n t o  accoun t  i s  to  use the  method s u g g e s t e d  by C l a r k  (1980) 
i n  t h e  r e l a t e d  c o n t e x t  o f  k e r n e l  r e g r e s s i o n  e s t i m a t o r s .  Th is  i n vo lve s
A A
b a s i n g  t h e  c o n f i d e n c e  i n t e r v a l s  on the  d i s t r i b u t i o n  N(0 ,S )  where S 
i s  a c o n s i s t e n t  e s t i m a t o r  o f  t h e  l o c a l  mean s q u a r e d  e r r o r ,  S, o f  the
e s t i m a t o r  f n ( x ) . When u s i n g  a k e rn e l  o f  o r d e r  2 a c o n s i s t e n t  
e s t i m a t o r  o f  the  mean s q u a re d  e r r o r  i s  g iv e n  by
S = I  h4 f ( 2 ) ( x ) 2 + ™  f  (x)  [ K ( t ) 2dt  4 n nh n J ( 4 . 2 . 6 )
and t h e  100 ( l -o i )0/o c o n f i d e n c e  i n t e r v a l  becomes
-1 1/2  ( f n (x) ± $ ( l - a / 2 )  S i / z ) . ( 4 . 2 . 7 )
I f  t h e  b i a s  and v a r i a n c e  o f  the  e s t i m a t o r  a r e  d e no te d  by (3 and 
i> t h e n  i n t e r v a l s  b a sed  on ( 4 . 2 . 7 ) ,  as  opposed to  ( 4 . 2 . 5 ) ,  a r e  
c o n s e r v a t i v e  i f
D i v i d in g  t h ro u g h  by \ /7  and s o l v i n g  f o r  c r e s u l t s  i n  the  
cond i  t ion
4 , 3 .  Us ing  t h e  b o o t s t r a p .
In t h i s  s e c t i o n  l e t  dn = ( X ^ , . . . , X n ) a g a i n  de n o te  a random sample 
from an unknown d i s t r i b u t i o n  F. The c h a r a c t e r i s t i c  o f  F f o r  which a 
c o n f i d e n c e  i n t e r v a l  i s  r e q u i r e d  i s  f ( x ) ,  t h e  unknown d e n s i t y  
which  w i l l  be d e n o te d  by T (F ) .  I t  i s  t h e r e f o r e  n e c e s s a r y  t o  c o n s i d e r  
a  r o o t  Rn (dn ,T (F ) )  which i s  a  f u n c t i o n a l  depend ing  on bo th  the  d a t a  
and t h e  unknown d e n s i t y .  The d i s t r i b u t i o n  o f  Rn (dn ,T (F ) )  unde r  F 
w i l l  be d e n o te d  by - I n ^ )  • o r d e r  t o  c o n s t r u c t  a  c o n f i d e n c e  i n t e r v a l
c 2 (£J2+j>)  ^ ( c \ / 7  + (S)2
where c = ( l - a / 2 )
i . e . c 2jS2 + c2 p > c 2 p + 2c(3 n/ T  + jS2 .
or ( 4 . 2 . 8 )b
where
” 1 5 2 -
f o r  T(F) = f ( x )  i t  i s  n e c e s s a r y  t o  e i t h e r  know the  sampl ing  
d i s t r i b u t i o n  o r  e s t i m a t e  the  a p p r o p r i a t e  q u a n t i l e s  o f  J n ( F ) . In 
S e c t i o n  2 i t  was assumed t h a t  the  sampl ing  d i s t r i b u t i o n  o f  the  r oo t
( 4 . 2 . 5 )  was N ( 0 ,1 ) .  However, in  t h i s  s e c t i o n  J n (F) w i l l  be 
e s t i m a t e d  by J n (Fn ) where Fn i s  t h e  e m p i r i c a l  d i s t r i b u t i o n  f u n c t i o n ,  
an u n b i a s e d  e s t i m a t o r  o f  F. The a p p r o p r i a t e  q u a n t i l e s  o f  a r e
t h e n  e s t i m a t e d  by t h o s e  o f  J n (Fn ) • Th is  i s  a c h i e v e d  by randomly 
s am p l ing  from Fn and t h e n  f o r  each  sample o f  s i z e  n c a l c u l a t i n g  the
A
r o o t  Rn ( •,  T(Fn ) ) .  The q u a n t i l e s  o f  J n (F) a r e  t h e n  e s t i m a t e d  by the  
a p p r o p r i a t e  o r d e r  s t a t i s t i c s  o f  t h e s e  r o o t s .  In  t h i s  s i m u l a t i o n
A
p r o c e d u r e ,  drawing a random sample from Fn means sam pl in g  n v a l u e s  
f rom dn randomly w i t h  r e p l a c e m e n t .  The r e s u l t i n g  b o o t s t r a p  100(l-c0% 
o n e - s i d e d  c o n f i d e n c e  i n t e r v a l  f o r  T(F) = f ( x )  t h e n  t a k e s  t h e  form
i n f i x  : J n (x ,F )  >> a} i s  an  a  q u a n t i l e  o f  J n ( F ) . The d i s c u s s i o n  o f  
t h e  b o o t s t r a p  ap p ro a c h e s  w i l l  r e f e r  t o  o n e - s i d e d  c o n f i d e n c e  i n t e r v a l s  
f o r  s i m p l i c i t y  o f  p r e s e n t a t i o n .
from Fn . Then a r e  c o n d i t i o n a l l y  independen t  g i v e n  the
o r i g i n a l  sample dn « { X i , . . . » X n} • The e s t i m a t o r  o f  t h e  u n d e r l y i n g
Bn ( a , d n) -  {t 6 T : Rn (dn , t )  < Fn )> ( 4 . 3 . 1 )
o r
Bn ( a , d n ) = {t  e T : J n (Rn (dn , t ) )  < 1 -a} ( 4 . 3 . 2 )
where T i s  t h e  range  space  o f  T ( F ) ,  J n ( x ,F )  i s  t h e  c . d . f .  
c o r r e s p o n d i n g  t o  J n (F) e v a l u a t e d  a t  x and ( a ,F )  =
Let d^ « d e n o te  a  b o o t s t r a p  sample o f  s i z e  n drawn
*d e n s i t y  f  b a s ed  on t h e  b o o t s t r a p  sample dn i s  g i v e n  by
( 4 . 3 . 3 )
“ 1 5 3 -
* a
Hence,  t h e  e x p e c t e d  v a l u e  o f  ^n ^x ) w i th  r e s p e c t  to  the  b o o t s t r a p  
sam p l ing  i s
-k
n x_X^
2  4 4 ^ ] }1=1
1 • » 4 >‘ [ ^ ] }nh
Kh 2,  4 ^ ]
= f n (x)  ( 4 . 3 . 4 )
Hence, the  d i s t r i b u t i o n  o f  t h e  e s t i m a t o r  c o n s t r u c t e d  from th e
A
b o o t s t r a p  samples  i s  c e n t r e d  about  f n (x) which i s  a b i a s e d  e s t i m a t o r  
o f  f ( x ) .
Also ,  we have
TO*)] - * r'*«>!] - (TO">]f •
Now,
Er « 2] = i 2 E[[i2 > ( ^ ] ] 2]
* n _ * *
1 r n  f X . X i - , 2  n  r X - X i  rX” X I
- E 2Kh H  + 2,4-ir 4-iH •n  n  1 = 1  i , j
i ^ j
Taking  th e  e x p e c t a t i o n  o f  each  te rm  in  t h e  sq u a re  b r a c k e t
s e p a r a t e l y  we have f i r s t l y  t h a t :
n  „  v* 2 X_x* 2
]
r x " x n 2  1  .  . . , f x " x m 2  l -
4 4 ^ ]  - + 4 ^ ]  a
n fX-X}-,2
.2 4-rr1]
1=1
“ 154“'
and s e c o n d l y
4 .2.4^ ]  4^ ]  1 -  . s .  44= $ ]  44^ ]  ]1 »J i , j
i ^ j  l ^ j
-  e [k [ ^ 1 ] ] .  e [k [ ^ ] ]
- i l l  4 ^ ]]2 ■n 1=1
T h e r e f o r e ,
4 ^ ] ] * ]n n 1=1 i = l
■i n ,v v .  2
"  L ^ h r 1 ] ]
1 r n fx_Xi-,2 i r n  ( -x -X in^ i
- pp [.^4— ] - n [j2x 4 — ]] ] '
1 r n  1 f x - X i i 2 rl  n  1 rX-Xi  -> 1 2 i
- p 2 p • 4 — ] - n s .2 K Khr]] ]n 1==i  n 1==1
( 4 . 3 . 5 )
which i s  an e m p i r i c a l  e s t i m a t o r  o f
K ' 4 k 4 t 11 " v<*fn<*»
I t  can  be shown t h a t  ( 4 . 3 . 5 )  i s  an  a s y m p t o t i c a l l y  u n b i a s e d
A
e s t i m a t o r  o f  V ( f n ( x ) )  a s  f o l l o w s :
E K f > » ]  -  p  4  2  p  4 ^ ] 2]
1 T tl -I Y» 2
-  5  E K .2  H 4 2 =hi ] ]
1=1
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C o n s id e r  t h e  e x p e c t a t i o n  in  the  second term: 
n -x-X*--2
-  i 5 j  k ( ^ ] k [ ^ ] ]
-  p p  [n -E k ( ¥ ] 2+ n ( n - 1) (“ P ? ] ] 2 ]
Hence ,
E[V(f *<*)>] -  i  E [ lj  K ( ^ ] 2]
- p e [ p 4 t ] 2] - ^ [ ^ 4 t ] ] ] 2
“  s  v [e  K( n r ]  ] f o r  l a r s e n
-  V ( f n ( x ) ) .
A A
T h e r e f o r e ,  i f  we c o n s i d e r  ( f  (x) -  f ( x ) )  as  a  r o o t  where f  (x)n n
i s  c o n s t r u c t e d  u s i n g  a k e r n e l  o f  o r d e r  2 t h e  d i s t r i b u t i o n  o f  the
■jV
b o o t s t r a p  q u a n t i t i e s  about  w i l l  no t  mimic the
d i s t r i b u t i o n  o f  f  (x)  about  f ( x ) .  Th is  i s  due t o  t h e  b i a s  o f
A
f  (x)  as  an e s t i m a t o r  f o r  f ( x )  as  d i s c u s s e d  above ,  n
However, i f  we c o n s i d e r
{ f f n (x )  '  1 / 2 h 2 ~f n 2>(5° ]  '  f ( x ) l  ( 4 . 3 . 6 )
t h e n  t h i s  has  an e x p e c t a t i o n  o f  O(h^) w h i le  t h e  b o o t s t r a p  v e r s i o n
U En (x)  ‘  1 / 2 h2 f „ 2 ) * ( x ) ]  -  [ r n 0 0  -  V 2 h 2 "f n 2 > ( x ^]}  <4 ' 3 ' 7 >
has z e r o  e x p e c t a t i o n  u s i n g  an ana logous  argument  which  l e a d s  to  
( 4 . 3 . 4 ) .
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The v a r i a n c e  o f  | f “n (x) -  I /2  f ^ ^ ( x ) j  which depends on f (x )
(and  hence F) conve rges  to  z e ro  a t  the  r a t e  n - ^h” l  ( s e e  3 .6 .1 1 )  
so as  a r o o t  we w i l l  use
{ [ y x )  -  V 2 h2 l n 2 ) ( x ) ] '  f ( x ) l ( 4 . 3 . 8 )
and e s t i m a t e  t h e  q u a n t i l e s  o f  i t s  d i s t r i b u t i o n  by t h o s e  o f  the
e m p i r i c a l  d i s t r i b u t i o n  o f
( 4 . 3 . 9 )
Using  ( 4 . 3 . 8 )  a s  a ro o t  w i t h  ( 4 . 3 . 9 )  f o r  the  b o o t s t r a p  a pp rox im a t ion  
s h o u l d  g iv e  more a c c u r a t e  coverage  p r o b a b i l i t i e s  t h a n  u s i n g  a ro o t  
w i t h  no b i a s  c o r r e c t i o n  te rm  because  t h e  d i s t r i b u t i o n  o f  ( 4 . 3 . 8 )  w i th  
lower b i a s  w i l l  t h e n  be l e s s  dependent  on F.
I f  a  k e r n e l  o f  o r d e r  4 i s  used  t h e n  t h e r e  i s  no need f o r  the  
b i a s  c o r r e c t i o n  t e rm s  in  ( 4 . 3 , 8 )  and ( 4 . 3 . 9 )  b e c au s e  an e s t i m a t o r  
b a s e d  on such  a k e r n e l  a l r e a d y  has  a s y m p t o t i c  b i a s  which  i s  0 ( h 4 ) .
I f  we now l e t
In t h i s  c o n s t r u c t i o n  i t  i s  assumed t h a t  t h e  d i s t r i b u t i o n  l n l ( " » ^ )  
o f  Rn i ( d n , T ( F ) )  i s  un i fo rm  ( 0 ,1 )  which w i l l  o n l y  be t r u e  when the  
r o o t  u s e d  i s  t r u l y  a p i v o t a l  q u a n t i t y  w i th  a c o n t i n u o u s  d i s t r i ­
b u t i o n .  When t h i s  i s  not  t h e  ca se  a s  w i t h  the  p r e s e n t  problem,
Beran  (1987)  s u g g e s t s  t h a t  t h e  cove rage  p r o b a b i l i t y  c a n  be improved
Rnl(dn . T ( F »  -  Jn{Rn (dn ,T ( F ) ) ,  Fn> ( 4 . 3 , 1 0 )
t h e n  t h e  c o n f i d e n c e  r e g i o n  g iv e n  by ( 4 . 3 . 2 )  can  be w r i t t e n  as
( 4 .3 . 1 1 )
- 1 5 7 -
by e s t i m a t i n g  th e  d i s t r i b u t i o n  J n l ( ‘ >F ) ^y ^ n l ( ' » Fn) £o o b t a i n  
t h e  c o n f i d e n c e  r e g i o n
B n l ( « . d n) -  {t c T : Rn l (dn , t )  < j ” J ( l - a , F n )} .  ( 4 . 3 . 1 2 )
The mapping o f  Rn i n t o  Rn  ^ u s i n g  the  e s t i m a t e d  c . d . f .  
o f  Rn i s  c a l l e d  p r e p i v o t i n g .  Beran  a rg u e s  t h a t  Rn  ^ i s  c l o s e r  to  
b e i n g  p i v o t a l  t h a n  Rn i s  and indeed  shows t h a t  when b e g in n in g  wi th  
an a s y m p t o t i c a l l y  normal roo t  p r e p i v o t i n g  i s  a s y m p t o t i c a l l y  
e q u i v a l e n t  to  s t u d e n t i s i n g .
In  p r a c t i c e  t h e  c o n f id e n c e  r e g i o n  Bni  i s  c a l c u l a t e d  from
Bn l ( a . d n ) -  {t 6 T : Rn (dn , t )  < ( l - a , F n ) .  Fn )>
( 4 . 3 . 1 3 )
by f i r s t l y  f i n d i n g  the  l a r g e s t  ( l - a ) 1*1 q u a n t i l e  o f  J ^ ( * ,F n )
t hwhich we w i l l  c a l l  Cn  ^ and t h e n  f i n d i n g  th e  l a r g e s t  C  ^ q u a n t i l e  
o f  ( • , Fn ) t o  g ive  the  r e q u i r e d  c r i t i c a l  v a l u e  i n  ( 4 . 3 . 1 3 ) .
B eran  a l s o  d e s c r i b e s  how the  p r e p i v o t i n g  method can  be i t e r a t e d  
so t h a t  t h e  e r r o r  i n  coverage  p r o b a b i l i t y  d e c r e a s e s  as  the  number o f  
i t e r a t i o n s  i n c r e a s e s .
In  g e n e r a l  an a n a l y t i c  e x p r e s s i o n  w i l l  a l s o  no t  e x i s t  f o r  the
A
e s t i m a t e d  c . d . f .  J n l ( ’ >Fn ) so *£ *s n e c e s s a r y  t o  use  a  n e s t e d  
sequence  o f  b o o t s t r a p  sam p l ing .  Beran d e s c r i b e s  su c h  an  approach  
which l e a d s  t o  t h e  f o l l o w i n g  p r a c t i c a l  a l g o r i t h m :
* * a
( i )  Let  d ^ , . . . , d m be M b o o t s t r a p  samples  o f  s i z e  n from Fn .
( i i )  Compute Rn ( d j  ,T ( F ^ ) ) , j  == 1 , . . . , M ,  where T(Fn ) d e no te s  the
b i a s  c o r r e c t e d  d e n s i t y  e s t i m a t e .  The e . d . f .  o f  the
Rn ( dt ’ ) )  a pp rox im a te s  J n ( - , F ) .
J
( i i i )  For  e v e ry  j «* l e t  d , be N
J X J
A
s t r a p  samples  o f  s i z e  n each  drawn from F ..nj
 f u r t h e r  b o o t -
( i v ) Compute Rn ( d . ,  , T(F . ) ) ,  k  — where T(F .) deno te s
(v)
t h e  b i a s  c o r r e c t e d  d e n s i t y  e s t i m a t e  c a l c u l a t e d  u s in g  the  
b o o t s t r a p  sample d ^ .
A
Let  Z j  be the  f r a c t i o n  o f  t h e  v a l u e s  Rn ( d ^ ,  T ( F ^ ) ) ,  
1 < k < N, computed a t  s t e p  ( i v ) ,  which a r e  l e s s  than
Rn (d*,  T(Fn » ,  j  = ,M.
The e . d . f .  o f  the  (Zy, 1 < j < M) a p p ro x im a te s
f o r  s u f f i c i e n t l y  l a r g e  M and N.
( v i )  For  a  t w o - s i d e d  100(l-a)°/o c o n f i d e n c e  i n t e r v a l  o b t a i n  the
( v i i i )  An app rox im ate  10(l-o:)% c o n f i d e n c e  i n t e r v a l  f o r  T(F) = f ( x )  
i s  t h e n  g i v e n  by:
4 . 4 .  S i m u l a t i o n  s tu d y .
In  o r d e r  t o  s t u d y  and compare t h e  pe r fo rm ance  o f  t h e  v a r i o u s  
a p p ro a c h e s  d i s c u s s e d  i n  S e c t i o n s  4 .2  and 4 . 3  a s i m u l a t i o n  s tu d y  was 
c a r r i e d  o u t .  F i r s t l y ,  seven  methods ( f o u r  b a s ed  on a s y m p to t i c  
n o r m a l i t y  and t h r e e  on the  b o o t s t r a p )  were used  t o  c o n s t r u c t  90% 
c o n f i d e n c e  i n t e r v a l s  a t  n in e  x - v a l u e s  b a s e d  on a sample s i z e  50 
from a  s t a n d a r d  normal d i s t r i b u t i o n .  The e m p i r i c a l  c o n f i d e n c e  l e v e l s
1 0 0 ( l - o ; / 2 ) a n d  100cn/2t;^ p e r c e n t  i l  es  o f  t h e  Z ^ ' s and deno te  
t h e s e  by Cn]_u and Cn]_j[> r e s p e c t i v e l y .
( v i i )  F in d  the  a nd lOOC^#**1 p e r c e n t i l e s  o f  the
* ARn ( d j ,  T(Fn ) ) ' s  and deno te  t h e s e  by b nu and  bn j r e s p e c t i v e l y .
were c a l c u l a t e d  from the  r e s u l t s  f o r  100 random sam ples .  As an a i d  
t o  a s s e s s i n g  the  pe r fo rm ances  a 95% p r e d i c t i o n  i n t e r v a l  f o r  the 
o b s e rv e d  coverage  p r o b a b i l i t y  when the  t r u e  c ove rage  p r o b a b i l i t y  i s  
0 .9 0  i s  ( 0 . 8 4 ,  0 . 9 6 ) .
The f o u r  methods based  on a s y m p t o t i c  n o r m a l i t y  a r e  as  f o l l o w s :
where ^n Cx ) *s  c o n s t r u c t e d  u s i n g  a f i x e d  s ta n d a r d  normal k e r n e l  
s o  t h a t  J K ( t ) 2 dt -  1/ (2V7).
where *s c o n s t r u c t e d  u s in g  th e  o p t im a l  k e r n e l  o f  o r d e r  4,  i . e .
|  K ( t ) 2dt  -  1 . 2 5 .
where ^n (x ) *s c o n s t r u c t e d  u s i n g  a f i x e d  s t a n d a r d  normal k e r n e l  and 
A ( 2)f  (x)  i s  c o n s t r u c t e d  u s i n g  t h e  o p t im al  k e r n e l  o f  o r d e r  ( 2 , 4 )  i . e .  
K ( t )  -  105/ i e  ( - 5 t 4+ 6 t 2- l ) .
D : ^ f^ (x)  ± 1 .645  V E s t  imated MSE j
A
where ^n ^x ) *s c o n s t r u c t e d  u s i n g  a f i x e d  s t a n d a r d  normal k e r n e l
A
and th e  e s t i m a t e d  MSE, S, i s  g i v e n  by ( 4 . 2 . 6 ) .  The op t im al  k e r n e l
-  ( 2 )o f  o r d e r  ( 2 , 4 )  i s  u sed  t o  c o n s t r u c t  an e s t i m a t e  o f  f  (x) in  S.n
Three  b o o t s t r a p  methods were used :
[Af n (x )  -  f ( x ) J  and th e  b o o t s t r a p  
a p p r o x im a t io n  \ /n h  [ f * ( x )  -  "fn ( x ) j  where th e  d e n s i t y  e s t i m a t e s
- 1 6 0 -
are  c o n s t r u c t e d  u s i n g  th e  opt imal  k ern e l  o f  ord er  4 .  200 b o o t ­
s t r a p  samples  were t a k e n .
F : Using t h e  r o o t  \ /n h  [ f ^ ( x ) -  1/2  ^ n ^  ** and t ®ie
b o o t s t r a p  a p p r o x i m a t io n
' / n h  [ f * ( x > -  1/ 2 h 2 f< 2 ) * ( x )  -  ( f n Cx ) “ V 2 h2 ^ n ^ 5^ ] ] '
A f i x e d  s t a n d a r d  normal  k e r n e l  i s  u sed  i n  the  e s t i m a t i o n  o f  the  
d e n s i t y  and t h e  op t im al  k e r n e l  o f  o r d e r  ( 2 , 4 )  i n  t h e  e s t i m a t i o n  
o f  t h e  second  d e r i v a t i v e .  200 b o o t s t r a p  samples  were t a k e n .
G : Using t h e  same r o o t  and b o o t s t r a p  a p p ro x i m a t io n  as  f o r  method 
F but  p r e p i v o t i n g  was a l s o  used .  100 f i r s t  l e v e l  and 100 second  
l e v e l  b o o t s t r a p  samples  were t a k e n .
The amount o f  smoo th ing used  i n  e s t i m a t i n g  t h e  d e n s i t y  was 
c o n t r o l l e d  by the  fo rm ulae  f o r  g l o b a l  op t im al  smooth ing when the  
u n d e r l y i n g  d i s t r i b u t i o n  i s  N(0 ,1 )  bu t  s c a l e d  by a ro b u s t  e s t i m a t e  
o f  s c a l e ,  a .
These a r e
-0 214 Ah = 1 . 2 . n .<r ( 4 . 4 . 1 )
f o r  t h e  N (0 ,1 )  k e r n e l  and
-0  134 ~h -  3 . 9 0 4 . n .tr ( 4 . 4 . 2 )
f o r  t h e  o p t im al  k e r n e l  o f  o r d e r  4 .  t h e  median o f  t h e  a b s o l u t e  
d e v i a t i o n s  from t h e  median  d i v i d e d  by 0 .6745 ,  Hogg (1979) ,  was u s e d  
f o r  a .
When e s t i m a t i n g  the  second  d e r i v a t i v e  t h e  smoo th ing p a ra m e t e r  g iv e n  
by ( 4 . 4 . 1 )  was s c a l e d  by t h e  f a c t o r  2 . 7 .  as  d i s c u s s e d  i n  c h a p t e r  3 . 6 .
Table  4 . 1 .  E m p i r i c a l  c o n f i d e n c e  l e v e l s  and ave rage  l e n g t h s  o f  
c o n f i d e n c e  i n t e r v a l s  f o r  t h e  NCO.ll d e n s i t y  ba sed  on methods u s in g  
a s y m p t o t i c  n o r m a l i t y  and samples  o f  s i z e  5 0 ,
X-va lu e  Method
- 2 . 0 0 ECL 
Avge. l e n g t h
A B C D
0.83
0.0913
0 .79
0.0886
0 .8 4
0.0886
0.87
0.100
- 1 . 0 0 ECL 0 .98 0.99 0 .98 0.98
Avge, l e n g t h 0 .169 0.172 0 .169 0.173
- 0 , 5 0 ECL 0 .87 0.93 0 .9 0 0.87
Avge. l e n g t h 0 .197 0.200 0 .197 0.212
- 0 .2 5 ECL 0 .8 4 0,91 0.88 0.86
Avge. l e n g t h 0 .2 04 0.208 0 .204 0 .224
0 .0 0 ECL 0.7 9 0 .90 0 .91 0 .8 4
Avge. l e n g t h 0 ,206 0.209 0.206 0.228
0 .2 5 ECL 0 .8 4 0 .90 0 .93 0 .8 4
Avge. l e n g t h 0.202 0.206 0 .2 02 0.221
0 .5 0 ECL 0 .8 4 0 .9 4 0 .9 0 0 .87
Avge. l e n g t h 0.193 0.197 0.193 0.207
1 .0 0 ECL 0 .93 0 .9 4 0 .92 0 .9 4
Avge. l e n g t h 0 .1 65 0.167 0 .165 0 .170
2 ,0 0 ECL 0 .8 0 0 .8 0 0 .83 0 .86
Avge. l e n g t h 0.0915 0.0886 0.0892 0.0999
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Tab le  4 , 2 .  E m p i r i c a l  c o n f i d e n c e  l e v e l s  and a ve ra ge  l e n g t h s  o f  
c o n f i d e n c e  I n t e r v a l s  f o r  t h e  NCO.!! d e n s i t y  b a s e d  on b o o t s t r a p  methods 
and samples  o f  s i z e  5 0 .
X -va lue  Method
- 2 .0 0 ECL 
Avge. l e n g t h
E F G
0.75
0 .083
0.78
0.086
0 .7 7
0 .0902
- 1 . 0 0 ECL 0.8 7 0.91 0 . 9 4
Avge. l e n g t h 0 .123 0.159 0 .179
- 0 . 5 0 ECL 0.7 7 0 .84 0 .89
Avge. l e n g t h 0.119 0,166 0 .193
- 0 .2 5 ECL 0.69 0.82 0 .8 4
Avge. l e n g t h 0 .1 14 0.167 0 .194
0 .0 0 ECL 0.6 8 0 .80 0 .86
Avge. l e n g t h 0 .112 0.165 0 .191
0 .2 5 ECL 0.68 0 .84 0 .89
Avge. l e n g t h 0.113 0.165 0 .1 92
0 .5 0 ECL 0 .7 2 0.81 0 .8 9
Avge. l e n g t h 0.117 0.167 0 .190
1 .00 ECL 0 .8 4 0.86 0 .8 9
Avge. l e n g t h 0 .123 0.156 0 .183
2 .0 0 ECL 0.78 0.81 0 .8 0
Avge. l e n g t h 0.083 0.086 0 .0962
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Any n e g a t i v e  d e n s i t y  e s t i m a t e s  or  c o n f id e n c e  bounds o b t a i n e d  were 
r e s e t  to  z e r o .  C l e a r l y  t h i s  w i l l  s h o r t e n  the  l e n g t h  o f  such  a 
c o n f i d e n c e  i n t e r v a l  but  t h e  m o n i to r in g  o f  the e f f e c t s  o f  t h i s  i n d i c a t e d  
v e r y  l i t t l e  impact  on th e  s i m u l a t i o n  r e s u l t s .
The r e s u l t s  o f  the  s i m u l a t i o n s  a re  c o n t a i n e d  i n  t a b l e s  4 .1  and 
4 . 2 .  The same s e e d  f o r  t h e  random number g e n e r a t o r  was u s e d  in  t h e  
s i m u l a t i o n s  f o r  A-D. Also ,  the  same seed ,  but  d i f f e r e n t  t o  t h a t
used  f o r  A-D, was u sed  in  the  s i m u l a t i o n s  f o r  E and F. Another
d i f f e r e n t  s e ed  was u s e d  f o r  G. Th is  was done so t h a t  a more d i r e c t
com par ison  o f  t h e  methods co u ld  be made as  t h e y  w i l l  t h e n  be 
c a l c u l a t i n g  c o n f i d e n c e  i n t e r v a l s  f o r  the  same s a m p le s .  For  the
b o o t s t r a p  methods e x t r a  l e v e l s  o f  s i m u l a t i o n  a r e  i n v o lv e d  i n  t h e  
b o o t s t r a p  s a m p l ing  t h u s  n e c e s s i t a t i n g  d i f f e r e n t  s e e d s .
To g iv e  an  i n d i c a t i o n  o f  the  o v e r a l l  pe rfo rm ance  o f  a  method 
t h e  e m p i r i c a l  c o n f i d e n c e  l e v e l s  ( e . c . l ' s )  a t  each  o f  t h e  x - v a l u e s  
can  be a v e ra g e d .  For  t h o se  based  on a s y m p to t i c  n o r m a l i t y  t h e s e  
a v e ra g e s  a r e  0 . 8 6 ,  0 . 9 0 ,  0 .90  and 0 .88  f o r  A, B, C, and D 
r e s p e c t i v e l y .  A does not  c o r r e c t  f o r  b i a s  and t h e  e . c . l ' s  t e n d  to  
f a l l  s h o r t  o f  t h e  nominal  v a l u e  o f  0 .9 0 .  On th e  o t h e r  hand B which 
i s  b a s e d  on t h e  o p t im a l  k e r n e l ,  t e n d s  t o  o v e r e s t i m a t e  t h i s  v a l u e ,  most 
n o t a b l y  when x -  ± 0 .5 0  and ± 1 . 0 .  C pe r fo rm s  w e l l  w i t h  s e v e r a l  
e . c . l ' s  c l o s e  t o  0 .9 0  w h i le  D a g a in  t e n d s  t o  u n d e r e s t i m a t e  t h e  
nominal  l e v e l .  The l e n g t h s  o f  t h e  i n t e r v a l s  f o r  A, B and C a r e  a l l  
f a i r l y  s i m i l a r  w i t h  D t e n d i n g  to  produce  the  l o n g e s t  i n t e r v a l s  o f  t h e s e  
f o u r .  A lso ,  f o r  t h e s e  f o u r ,  t h e  C l ' s  i n c r e a s e  i n  l e n g t h  a s  x 
a p ro a c h e s  z e r o  from b o t h  s i d e s  w i th  t h e  maximum l e n g t h  a t  t h e  o r i g i n  -  
t h i s  i s  be c a u s e  t h e  a s y m p t o t i c  v a r i a n c e  i s  p r o p o r t i o n a l  t o  f ( x )  which 
i s  a  maximum a t  x  = 0. T h i s  i s  i n  c o n t r a s t  t o  E, F and G which each
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t e n d  to  p roduce  i n t e r v a l s  o f  s i m i l a r  l e n g t h  a t  e ach  x - v a l u e  except  
x = ± 2 . 0 .
For  t h e  t h r e e  b o o t s t r a p  methods,  E, F and G, t h e  ave ra ge  e . c . l ' s  
a r e  0 . 7 5 ,  0 .8 3  and 0 .8 6  r e s p e c t i v e l y .  E, which i s  b a s e d  on the 
op t im a l  k e r n e l ,  c o n s i s t e n t l y  u n d e r e s t i m a t e s  t h e  nominal  l e v e l  and by 
a l a r g e  m arg in  f o r  s e v e r a l  x - v a l u e s .  The a v e ra g e  i n t e r v a l  l e n g t h s  f o r  
each  x - v a l u e  a r e  much s h o r t e r  th a n  f o r  F and G due to  i t s  low 
f i n i t e  sample v a r i a n c e  which was i n d i c a t e d  in  t h e  s i m u l a t i o n  r e s u l t s  
o f  C h a p te r  3. There  i s  some improvement i n  t h e  pe r fo rm ance  o f  F 
ove r  E but  i t  s t i l l  has  a tendency  to  u n d e r e s t i m a t e  t h e  nominal 
l e v e l .  The b e s t  b o o t s t r a p  method, i n  l i n e  w i t h  t h e  t h e o r y ,  i s  G 
which i n v o l v e s  p r e p i v o t i n g .  Apart  from a t  x  = ± 2 . 0  the  e . c . l ' s  
f o r  G a r e  a l l  w i t h i n  ( 0 .8 4 ,  0 . 9 6 ) .  I t  a l s o  p r o d u c e s  the  wides t
i n t e r v a l s  but  t h e y  a r e  s h o r t e r  t h a n  th o se  p ro d u ce d  by A-D.
For  ea ch  o f  t h e  seven  methods,  e xcep t  p e rh a p s  D, t h e r e  t ends
t o  be a drop  i n  t h e  e . c . l ' s  a t  x *= ± 2 .0  which i s  p r o b a b l y  due
t o  p rob lem s  w i t h  b i a s .  Indeed,  the  a s y m p t o t i c  b i a s  a t  x = ± 2 .0
i s  o v e r  50% l a r g e r  t h a n  t h e  a s y m p to t i c  s t a n d a r d  e r r o r  f o r  a f i x e d
N (0 ,1 )  k e r n e l  e s t i m a t o r  based  on a sample o f  s i z e  50 and u s in g  
( 4 . 4 . 1 )  t o  choose  h.
For  t h e  s eco n d  s t a g e  o f  the  s i m u l a t i o n  s t u d y  methods B, C and F 
were u s e d  t o  c o n s t r u c t  90% c o n f id e n c e  i n t e r v a l s  f o r  pseudo-random 
samples  o f  s i z e  50 t a k e n  from f i v e  d i f f e r e n t l y  shaped  d i s t r i b u t i o n .
B and  C were cho s en  because  out  o f  t h e  f o u r  methods  b a s ed  on
a s y m p t o t i c  n o r m a l i t y  (A-D) t h e s e  two pe r fo rm ed  t h e  b e s t  i n  t h e  f i r s t  
s t a g e .  T h i s  i s  i n  terms o f  a c c u r a c y  o f  c ove rage  p r o b a b i l i t y  and 
a l s o  t h e  s h o r t n e s s  o f  the  a ve rage  l e n g t h s  o f  t h e  i n t e r v a l s .  Out 
o f  t h e  t h r e e  b o o t s t r a p  methods (E-G) th e  pe r fo rm a nc e  o f  G was f a r
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s u p e r i o r  t o  t h o s e  o f  E and F, However, in  t h e  more e x t e n s i v e  
s t u d y  d e s c r i b e d  below,  the  long co m p u ta t io n a l  t ime which i s  r e q u i r e d  
f o r  G meant t h a t  i t  co u ld  not  be s t u d i e d  f u r t h e r  in  t h i s  way.
Method F, which pe r fo rmed  b e t t e r  t h a n  E, was t h e r e f o r e  i n c lude d .
The f i v e  u n d e r l y i n g  d i s t r i b u t i o n s  which were u s e d  a r e  as  fo l low s :
( i )  N ( 0 , 1 ) .
( i i )  Gamma ( 2 ,  \ / 2 )  -  h i g h l y  skewed.
( i l l )  0 . 5 N ( - 0 . 8 6 6 , 0 . 5 )  + 0 . 5N(0.8 6 6 , 0 . 5 )  -  b i m o d a l .
( i v )  t (3)  -  long  t a i l e d .
(v)  X^(5) -  m o d e r a t e l y  skewed.
The C l ' s  were c o n s t r u c t e d  a t  20 e q u a l l y  s p a c e d  x - v a l u e s  in  the  
i n t e r v a l  ( - 3 , 3 )  f o r  bo th  ( i i i )  and ( i v ) ,  ( 0 , 8 )  f o r  b o t h  ( i i )  and (v) 
( - 2 , 2 )  f o r  ( i ) .  The e . c . l . ' s  a t  each  x - v a l u e  were b a s e d  on the  
r e s u l t s  f o r  100 samples  and t h e s e  were t h e n  a v e r a g e d  ove r  the  20 
x - v a l u e s .  Th is  was r e p e a t e d  f o r  s i x  d i f f e r e n t  s c a l i n g s  o f  the  
a p p r o p r i a t e  N (0 ,1 )  op t im al  smoothing  p a ra m e t e r  g i v e n  by e i t h e r  ( 4 . 4 . 1 )  
o r  ( 4 . 4 . 2 ) .  The d a t a  f rom d i s t r i b u t i o n s  ( i i )  and (v)  o n ly  t ake  
p o s i t i v e  v a l u e s  and so were r e f l e c t e d  in  t h e  o r i g i n  as  d i s c u s s e d  in  
c h a p t e r  3. For  each  d i s t r i b u t i o n  t h e  same s e e d  was used  to  o b t a i n  the  
samples  f o r  ea ch  o f  the  smoothing p a ra m e t e r  s c a l i n g s  so t h a t  the  
a v e ra g e  e . c . l ' s  f o r  each  s c a l i n g  a r e  d i r e c t l y  c om pa rab le .  The r e s u l t s  
a r e  g i v e n  i n  t a b l e s  4 . 3 - 4 . 5 .
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Table  4 . 3 ,  Average e m p i r i c a l  c o n f i d e n c e  l e v e l s  when u s i n g  the  b i a s  
c o r r e c t e d  normal k e r n e l  e s t i m a t o r  and a s y m p t o t i c  n o r m a l i t y .
D i s t  r i b u t  ion 0 ,4
S e a l i n g  
0 .6
o f  t h e  
0 .8
N(0 .1 )  op t im al  h. 
1 . 0  1 .2 1 .4
( i ) 0 .913 0.926 0.931 0.913 0.869 0.808
( i i ) 0 .520 0.349 0.241 0 .170 0.132 0.104
( i i i ) 0 .886 0.886 0 .719 0.535 0.383 0.287
( i v ) 0.869 0.893 0 .898 0 .883 0.832 0.773
(v) 0.908 0.866 0.831 0 .711 0.748 0.691
T a b le  4 . 4 .  Average e m p i r i c a l  c o n f i d e n c e  l e v e l s  when u s in g  the  
e s t i m a t o r  b a s e d  on the  op t im al  k e r n e l  o f  o r d e r  4 and a s y m p to t i c  
n o r m a l i t v .
D i s t r i b u t  ion 0 .4
S c a l i n g  o f  the  
0 .6  0 .8
NfO. l )  o o t im al  h. 
1 . 0  1 .2 1 .4
( i ) 0 .907 0 .920 0 .936 0 .921 0.881 0.783
( i i ) 0 .485 0.347 0 .248 0 .206 0.183 0.146
( i i i ) 0 .737 0.669 0.473 0 .355 0.297 0.250
( i v ) 0 .868 0.889 0 .886 0 .861 0.801 0,682
(v) 0 .8 84 0.860 0.818 0.756 0.688 0.608
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Tab le  4 , 5 ,  Average e m p i r i c a l  c o n f i d e n c e  l e v e l s  when u s in g  the  b i a s  
c o r r e c t e d  normal k e r n e l  e s t i m a t o r  and t h e  b o o t s t r a p .
D i s t  r i b u t  ion 0 . 4
S c a l i n g  o f  the  
0 .6  0 .8
N(O.l ') o o t im al  h . 
1 . 0  1 .2 1 .4
( i ) 0 .841 0.868 0.871 0 .859 0.825 0.762
( i i ) 0 .553 0.448 0.346 0 .277 0 .2 34 0.191
( i i i ) 0 .653 0 .674 0.562 0 .415 0.307 0.223
( i v ) 0.757 0 ,785 0 .806 0 .8 00 0.761 0.696
(v) 0,859 0 .864 0 ,8 30 0 .777 0.693 0.615
The main o v e r a l l  f e a t u r e  o f  t h e  r e s u l t s  i s  t h a t  the  average  
e . c . l ' s  g e n e r a l l y  f a l l  as  h g e t s  l a r g e r .  T h i s  i s  p e rha ps  to  be 
e x p e c t e d  be c ause  t h e  b i a s  i s  s m a l l e r  but  t h e  v a r i a n c e  l a r g e r  f o r  
sm a l l  h v a l u e s  w i t h  the  consequence  o f  more a c c u r a t e l y  c e n t r e d  
but  w ide r  C l ' s .  None o f  t h e  methods have any s u c c e s s  f o r  the  h i g h l y  
skewed showed Gamma (2,  \ / 2 )  d i s t r i b u t i o n .  Method F ba sed  on the  b o o t ­
s t r a p  a l s o  pe r fo rm s  p o o r l y  f o r  t h e  bimodal normal  m ix tu re  and the  
long t a i l e d  t - d i s t r i b u t i o n  a t  ea ch  h v a lu e  but  has  a  s i m i l a r  l e v e l  
o f  s u c c e s s  to  B and C f o r  t h e  N (0 ,1 )  and x ^ (5 )  d i s t r i b u t i o n s .  
The two methods b a s e d  on a s y m p t o t i c  n o r m a l i t y  have s i m i l a r  l e v e l s  o f  
s u c c e s s  f o r  t h e  N ( 0 ,1 ) ,  t ( 3 )  and x ^ (^ )  d i s t r i b u t i o n s  but  C 
p e r f o r m s  b e t t e r  f o r  t h e  bimodal  normal m i x t u r e .
The r e s u l t s  o f  t h e s e  s i m u l a t i o n  s t u d i e s  i n d i c a t e  t h e n  in  p r a c t i c e  
t h e  b e s t  method t o  use  i s  t h a t  b a s e d  on t h e  b i a s  c o r r e c t e d  normal 
k e r n e l  e s t i m a t o r  u s i n g  a s y m p t o t i c  n o r m a l i t y .  T h i s  w i l l  be most 
s u c c e s s f u l  when t h e r e  i s  e v id e n c e  t h a t  t h e  u n d e r l y i n g  d i s t r i b u t i o n
i s  f a i r l y  symmetr ic  and u n i m o d a l , I f  t h e  normal op t im al  smooth ing  
fo rm ula  ( 4 . 4 . 1 )  i s  b e in g  used  t h e n  t h i s  s h o u ld  be s c a l e d  by a 
f a c t o r  l e s s  t h a n  one .  However, t h e  second p a r t  o f  the  s i m u l a t i o n  
s t u d y  d i d  not  i n c l u d e  a  com par ison  w i th  the  b i a s  c o r r e c t e d  normal 
k e r n e l  e s t i m a t o r  u s i n g  th e  b o o t s t r a p  w i t h  p r e p i v o t i n g  which pe rfo rmed  
v e r y  we l l  in  t h e  f i r s t  p a r t .  Such a  d e t a i l e d  compar ison  a w a i t s  a 
s u i t a b l e  c o m p u t a t i o n a l  a l g o r i t h m  d e s ig n e d  to  c o n s i d e r a b l y  reduce  the  
number o f  c a l c u l a t i o n s  i n v o lv e d .
4 . 5 .  Example.
The d a t a  u s e d  c o n s i s t s  o f  the  annual  sno w fa l l  ( i n  i n c h e s )  a t  
B u f f a l o ,  New York, f o r  t h e  63 y e a r s  f rom 1910-1972.  S i lve rm a n  (1986,  
p . 44-45)  c o n s i d e r s  t h e s e  d a t a  and shows t h a t  by v a r y i n g  the  v a lu e  of  
t h e  smooth ing p a r a m e t e r  e i t h e r  a  unimodal o r  a t r i m o d a l  d e n s i t y  
e s t i m a t e  i s  o b t a i n e d .
F i g u r e s  4 .1  and 4 . 2  i l l u s t r a t e  a b i a s  c o r r e c t e d  e s t i m a t e  w i t h  
nominal  90°/o p o i n t w i s e  c o n f i d e n c e  i n t e r v a l s  e v a l u a t e d  a t  30 e q u i s p a c e d  
p o i n t s .  The v a l u e  6.378  o f  t h e  smooth ing p a ra m e t e r  h i s  b a s ed  on 
fo rm u la  ( 4 . 4 . 1 )  s c a l e d  by 0 . 5 .  (For  t h e s e  d a t a  t h e  ro b u s t  a  = 2 5 .7 9 7 ) .
The C l ' s  b a s e d  on a s y m p t o t i c  n o r m a l i t y  (method C o f  S e c t i o n  4 . 4 )  in
f i g u r e  4 .1  f o l l o w  the  shape  o f  and a r e  e q u a l l y  sp a ce d  about  the
d e n s i t y  e s t i m a t e .  However, i n  c o n t r a s t ,  t h o s e  b a s e d  on t h e  b o o t s t r a p
w i t h  p r e p i v o t i n g  (method G o f  S e c t i o n  4 . 4 )  i n  f i g u r e  4 .2  c o n t a i n s  some 
sm al l  a d d i t i o n a l  s t r u c t u r e ,  i n  p a r t i c u l a r  f o r  t h e  upper  bounds o f  the  
two s m a l l e r  modes.  They a r e  a l s o  not  g e n e r a l l y  symmetr ic  w i t h  t h e  
uppe r  bounds i n  t h e  c e n t r e  and r i g h t  o f  the  p l o t  n o t a b l y  much f u r t h e r  
f rom t h e  d e n s i t y  e s t i m a t e  t h a n  t h e  c o r r e s p o n d i n g  lower bounds.
— 1 6 9 -
Alt  hough th e  two s e t s  o f  C l ' s  a r e  not  s im u l t a n e o u s  t h e y  do i n d i c a t e  
t h a t  t h e  t r u e  u n d e r l y i n g  d e n s i t y  c o u ld  be un imoda l .  ( I t  i s  l i k e l y  
t h a t  s im u l t a n e o u s  i n t e r v a l s  would be much w i d e r ) .  Th is  i s  in  l i n e  
w i th  the  g o o d n e s s - o f - f i t  t e s t s  c a r r i e d  out by P a r z e n  (1979)  who 
c o n c lu d e s  t h a t  t h e s e  d a t a  a r e  n o r m a l ly  d i s t r i b u t e d .
/
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F lg ure  4 . 1 .  31ns c o r r e c t e d  k e r ne l  e s t i m a t e  (h -  6 .378)  f o r  t he  B u f f a l o  s nowfa l l  d a t a  w i t h  nominal  
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Chapter 5. Density based Goodness—o f—fit tests of Multivariate Normality.
5 . 1 .  I n t r o d u c t i o n .
Given a  u n i v a r i a t e  random sample ,X£, . . . ,Xn} t h e r e  a r e  many
p r o c e d u r e s  a v a i l a b l e  f o r  t e s t i n g  whether  the  o b s e r v e d  d a t a  have come 
from a n o r m a l ly  d i s t r i b u t e d  p o p u l a t i o n .
One c l a s s  o f  g o o d n e s s - o f - f i t  s t a t i s t i c s  a r e  e m p i r i c a l  d i s t r i b u t i o n  
(EDF) s t a t i s t i c s  which a r e  based  on a compar ison  be tw een  the  EDF,
Fn ( x ) , and th e  normal d i s t r i b u t i o n  f u n c t i o n ,  F ( x ) .  The c l a s s  
i n c l u d e s  t h e  Kolmogorov-Smirnov,  Cramer von-Mises  and Anderson-  
D a r l i n g  s t a t i s t i c s .  S tephens  (1974) d e s c r i b e s  and d i s c u s s e s  t h e s e  
i n  d e t a i l  and a  power s t u d y  i l l u s t r a t e s  t h e  e f f e c t i v e n e s s  o f  the  
Cramer von-M ises  and A n d e r s o n -D ar l in g  s t a t i s t i c s  i n  p a r t i c u l a r .
Another  a pp roa c h  i s  t o  base  a  s t a t i s t i c  on th e  d i s t a n c e  be tween 
e m p i r i c a l  and h y p o t h e s i s e d  c h a r a c t e r i s t i c  f u n c t i o n s  as  i n  K o u t r o u v e l i s  
and K e l l e r m e i e r  (1981 ) .  More in fo rmal  methods i n c l u d e  q u a n t i l e -  
q u a n t i l e  and p r o b a b i 1i t y - p r o b a b i 1i t y  p l o t s .
B ic k e l  and R o s e n b l a t t  (1973)  d e r i v e  t h e o r e t i c a l  r e s u l t s  f o r  the  
maximum o f  t h e  n o r m a l i s e d  d e v i a t i o n  o f  a d e n s i t y  e s t i m a t e  f rom i t s  
e x p e c t e d  v a l u e  and  f o r  q u a d r a t i c  norms o f  the  same q u a n t i t y .  These 
a r e  u s e d  t o  s t u d y  t h e  b e h a v io u r  o f  g o o d n e s s - o f - f i t  t e s t s  ba sed  on 
t h e s e  s t a t i s t i c s .  P e n a l i s i n g  d e p a r t u r e s  f rom n o r m a l i t y  i n  t h i s  way 
has  s t r o n g  i n t u i t i v e  a ppea l  but  has  r e c e i v e d  l i t t l e  development  u n t i l  
r e c e n t  work by Bowman (1988)  who deve lops  two d e n s i t y  b a s e d  t e s t s  o f  
n o r m a l i t y  -  one b a s e d  on i n t e g r a t e d  s q u a re d  e r r o r  and  th e  o t h e r  on 
e n t r o p y .  A power s t u d y  shows them t o  be c o m p e t i t i v e  w i t h  a  number 
o f  a l t e r n a t i v e  t e s t s  f o r  a  wide range  o f  u n d e r l y i n g  d i s t r i b u t i o n s .
IF we now have a v a i l a b l e  a random sample , X2> • • ■ n} from
a p - v a r i a t e  d i s t r i b u t i o n  th e n  the  a s sum pt ion  o f  m u l t i v a r i a t e  
n o r m a l i t y  i s  much more d i f f i c u l t  to  che ck .  A v a i l a b l e  p r o c e d u r e s  
c o n c e n t r a t e  e i t h e r  on com bina t ions  o f  u n i v a r i a t e  t e s t s  o f  n o r m a l i t y  
o r  on t h e  g e o m e t r i c a l  p r o p e r t i e s  in  o f  two o r  more v a r i a t e s
t a k e n  t o g e t h e r  such  as  the  p l o t t i n g  o f  Mahalanobis  d i s t a n c e s  as  in  
Healy  ( 1 968 ) .  Cox and Small p r ov ide  a r ev iew  o f  t h e s e  and a l s o  
c o n s i d e r  d e p a r t u r e s  based  on c u r v a t u r e  in  the  v a r i a t e - v a r i a t e  p l o t s .  
P a u l s o n ,  Roohanand and S u l lo  (1987) c o n s i d e r  EDF t e s t s  o f  m u l t i v a r i a t e  
n o r m a l i t y .  The two main ones th e y  c o n s i d e r  a r e  t h o s e  o f  Anderson-  
D a r l i n g  and Cramer von-Mises  e x p r e s s e d  as  f u n c t i o n s  o f  Mahalonobis  
d i s t a n c e s .  R o s e n b l a t t  (1975) examines the  a s y m p t o t i c  b e h a v io u r  o f  
q u a d r a t i c  f u n c t i o n s  o f  m u l t i v a r i a t e  d e n s i t y  e s t i m a t e s  which he 
s u g g e s t s  w i l l  be u s e f u l  in  s e t t i n g  up a g o o d n e s s - o f - f i t  t e s t  o f  a 
d e n s i t y  f u n c t i o n .  Koz iol  (1983) d e s c r i b e d  an omnibus t e s t  o f  m u l t i ­
v a r i a t e  n o r m a l i t y  b a s ed  on the  " r a d i i  and a n g l e s "  p r o p e r t i e s  o f  the  
m u l t i v a r i a t e  normal  d i s t r i b u t i o n .  He u s e s  t h e  method o f  F i s h e r  (1958) 
t o  combine R a y l e i g h ' s  t e s t  f o r  u n i f o r m i t y  o f  t h e  a n g l e s  on th e  p-1 
h y p e r s p h e r e  w i t h  a  Cramer von-Mises  t e s t  f o r  d e p a r t u r e s  o f  the  
M ahalanobis  d i s t a n c e s  f rom a X^(p) d i s t r i b u t i o n .  T h i s  w i l l  be 
d e s c r i b e d  i n  more d e t a i l  i n  S e c t i o n  5 . 2 .
There  a r e  v e r y  few g lo b a l  t e s t s  o f  m u l t i v a r i a t e  n o r m a l i t y  
and t h e s e  canno t  be e x p e c t e d  to  have th e  same power as  approaches  
d e s i g n e d  to  d e t e c t  s p e c i f i c  non-normal f e a t u r e s .  However, t h e y  a r e  
p a r t i c u l a r l y  u s e f u l  i n  t h a t  t h e y  a r e  a b l e  t o  sweep o v e r  t h e  e n t i r e  
d i s t r i b u t i o n  f o r  any f e a t u r e s  which may be m is s e d  by a more s p e c i f i c  
a p p ro a c h .
Much o f  t h e  s t a n d a r d  " c l a s s i c a l 11 m u l t i v a r i a t e  s t a t i s t i c a l  method-
o l o g y  depends on th e  a s sum pt ion  o f  n o r m a l i t y  and t h e  e f f e c t s  o f  
d e p a r t u r e s  f rom t h i s  on the  methods a r e  g e n e r a l l y  not  c l e a r l y  or  
e a s i l y  u n d e r s t o o d .  I t  would t h e r e f o r e  be u s e f u l  t o  have a  s i n g l e  
e f f e c t i v e  t e s t  f o r  examin ing t h i s  a s su m p t io n  i n  o r d e r  to  gu ide  the  
su b s e q u e n t  a n a l y s i s .  Such a t e s t  would a l s o  be u s e f u l  p r i o r  to  
c a r r y i n g  out  an a n a l y s i s  such as  p r o j e c t i o n  p u r s u i t  which looks  f o r  
non-normal  f e a t u r e s  i n  lower d im ens iona l  p r o j e c t i o n s  o f  the  d a t a .
Such an  i n i t i a l  t e s t  sho u ld  h e lp  p r e v e n t  ove r  i n t e r p r e t a t i o n  o f  
f e a t u r e s  which may be p r e s e n t  even when th e  d a t a  have a r i s e n  from a 
m u l t i v a r i a t e  normal d i s t r i b u t i o n .
I f  t h e  n u l l  h y p o t h e s i s  i s  r e j e c t e d  t h e n  i t  would be a p p r o p r i a t e  
t o  c a r r y  out  o t h e r  more s p e c i f i c  t e s t s  and a l s o  use  g r a p h i c a l  methods 
t o  d e t e r m i n e  t h e  c a u se s  o f  t h e  n o n - n o r m a l i t y .
In  t h i s  c h a p t e r  i t  i s  p roposed  t o  e x t e n d  th e  u n i v a r i a t e  d e n s i t y  
b a s e d  t e s t  s t a t i s t i c s  o f  Bowman (1988)  to  the  m u l t i v a r i a t e  c a se .  
C r i t i c a l  v a l u e s  w i l l  be o b t a i n e d  and t h e i r  p e r f o r m a n c e s  a s s e s s e d  v i a  
a power s t u d y .  Comparisons w i l l  a l s o  be made w i t h  t h e  combined 
a p p ro a c h  o f  Kozio l  (1983) .
In  most p r a c t i c a l  s i t u a t i o n s  t h e  mean v e c t o r  and  c o v a r i a n c e
m a t r i x  a r e  unknown so t h a t  t h e  n u l l  h y p o t h e s i s  i s  a compos i te  one.
F o l lo w in g  u s u a l  p r a c t i c e  i t  w i l l  be assumed i n  t h i s  c h a p t e r  t h a t  the
d a t a  have been  c e n t r e d  and s t a n d a r d i s e d  by t h e  sample  mean v e c t o r ,  
n n  _  _  T
n - l  ^  Xj , and c o v a r i a n c e  m a t r i x ,  S *■= ( n - l ) " l  £  (2£i~20 ■ (Xi~X)
i - 1  i « l
so t h a t  t h e  n u l l  d i s t r i b u t i o n  i s  t a k e n  t o  be N p ( 0 , l p ) .  Th is
s t a n d a r d i s a t i o n  w i l l  be r e f l e c t e d  i n  s i m u l a t i o n  o f  p e r c e n t a g e  p o i n t s
and power.
5 . 2 .  The omnibus t e s t  o f  Kozio l  (1983) .
I t  i s  assumed t h a t  we have a random sample from X which has  a
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NpCii,^) d i s t r i b u t i o n .  I f  we make the  t r a n s f o r m a t i o n
X -  r  2 • (X-U)  ( 5 . 2 . 1 )
t h e n  Y ~ N p ( 0 , I ) .  I f  Y i s  t r a n s f o r m e d  t o  p o l a r  c o - o r d i n a t e s ,
Y ---- > (R,JD i t h e n
R “  Yt Y -  x 2 (p)  ( 5 . 2 . 2 )
and J9 i s  u n i f o r m l y  d i s t r i b u t e d  on Sp_ i ,  t h e  u n i t  h y p e rs p h e re  in  R*3.
To d e r i v e  a  t e s t  based  on th e  " r a d i i " ,  R, K oz io l  (1982) uses  the
e m p i r i c a l  p r o c e s s
Vn ( t ) = n {F„(t> -  Gp ( t ) >  ( 5 . 2 . 3 )
where Fn ( *) i s  the  EDF o f  R ^ .Rn and Gp(*) i s  the  CDF o f
t h e  X2 (p)  d i s t r i b u t i o n .  In  p r a c t i c e  and ^  a r e  g e n e r a l l y
unknown and a r e  r e p l a c e d  by t h e i r  u n b i a s e d  e s t i m a t e s .  We th e n  
c o n s i d e r  t h e  e m p i r i c a l  p r o c e s s
Wn ( t )  -  n / 2  (Fn ( t ) -  Gp ( t ) )  ( 5 . 2 . 4 )
A A A
where Fn ( t )  i s  the  p r o p o r t i o n  o f  R ^ , . , . , R n l e s s  t h a n  or  equa l  to
t  and
Rf -  ( X i - X ) T  S _ 1 ( X i - X ) , i -  1 , . . . , n .  ( 5 . 2 . 5 )
The Cramer von-Mises  s t a t i s t i c
00
J n = [ W2 ( t )d G  ( t )  ( 5 . 2 , 6 )
0
t h e n  m easu res  d e p a r t u r e s  f rom a s y m p t o t i c  n o r m a l i t y  and has a l i m i t i n g  
d i s t r i b u t i o n  which i s  t h a t  o f
00
J  -  f WZ( - ) . d G (p)  ( 5 . 2 . 7 )
where W(*) i s  a c e n t r e d  G a u s s ia n  p r o c e s s  whose c o v a r i a n c e  k e rn e l  i s  
g i v e n  i n  t h e  p a p e r .
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Kozio l  (1982) d e te r m in e s  c r i t i c a l  v a l u e s  f o r  J u s in g  Pea rson  
c u rv e  a p p ro x i m a t io n s  and s u g g e s t s  t h a t  such  a s y m p t o t i c  c r i t i c a l  
v a l u e s  o f  J n a r e  r e a s o n a b le  i f  p i s  small  o r  n i s  l a r g e .
To implement t h e  s t a t i s t i c  J n p r a c t i c a l l y  we put  Zj = Gp(R |) ,
( i  = 1  N) , o r d e r  the  v a l u e s  o f  Zj to  g iv e  Z ( ^ ) , . . . , Z^n ) and
t h e n  use  the  a l t e r n a t i v e  form
n  9
Jn “ 2 ( z ( i )  -  ( i - l / 2 ) / n } Z + ( 12 n) - l .  ( 5 . 2 . 8 )
i= l
To o b t a i n  c r i t i c a l  v a l u e s  f o r  f i n i t e  sample s i z e s  i t  i s  n e c e s s a r y  
t o  use  s i m u l a t i o n .  Koz iol  (1982) p r o v i d e s  a l i m i t e d  t a b l e  o f  such 
v a l u e s .  The b i a s e d  e s t i m a t o r  o f  2  w i th  d i v i s o r  n - -^ was used  in  
t h e  c a l c u l a t i o n s .
For  t h e  a n g le s  i t  i s  f i r s t  n e c e s s a r y  t o  s c a l e  t h e  Y j ' s to  have 
u n i t  l e n g t h  i . e .
2  (X i -£ )
£j = ------------------------------------  , i - 1  n ( 5 . 2 . 9 )
{ (Xi- j i )Tr 1 <Xi -j!£) } 1 / 2
so t h a t  t h e  e l e m en t s  o f  a r e  t h e  d i r e c t i o n  c o s i n e s  o f  the  v e c t o r
* i -
I f  we l e t
- 1 /  n
1  = n / 2  2  £ i  ( 5 . 2 . 1 0 )
i = l
t h e n  R a y l e i g h ' s  t e s t  s t a t i s t i c ,  p .T^T,  (Mardia  ( 1 9 7 2 ) ) ,  which i s  
p r o p o r t i o n a l  t o  t h e  s q u a re d  l e n g t h  o f  t h e  r e s u l t a n t  o f  t h e  , i s  
a s y m p t o t i c a l l y  x ^ (p )  when t h e  d a t a  a r e  Normal ly  d i s t r i b u t e d .
I f  j i  and 2  a r e  unknown th e  u n b i a s e d  e s t i m a t e s  a r e  u sed  and 
we have
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S  ( X i - X )
( 5 . 2 . 1 1 )
so t h a t
( 5 . 2 . 1 2 )
i= l
Kozio l  (1983)  u s e s  s t o c h a s t i c  i n t e g r a t i o n  to  show t h a t  R a y l e i g h ' s
For  f i n i t e  samples  a  l i m i t e d  s i m u l a t i o n  s t u d y  shows t h a t  the  
a s y m p t o t i c  d i s t r i b u t i o n  i s  q u i t e  a good a p p ro x i m a t io n  f o r  smal l  p o r  
l a r g e  n.
A t e s t  b a s ed  e i t h e r  on R or  on 0_ w i l l  not  be c o n s i s t e n t  
b e c au s e  t h e r e  i s  a  l o s s  o f  i n f o r m a t i o n  as  R and _£ a r e  not  minimal  
s u f f i c i e n t  by t h e m s e lv e s .  However, R and ±  a r e  independen t  and 
j o i n t l y  s u f f i c i e n t  so Koz io l  (1983) forms an omnibus t e s t  by u s i n g  
F i s h e r ' s  method.
The p - v a l u e  o f  a  t e s t  s t a t i s t i c  i s  d i s t r i b u t e d  as  U(0 ,1 )  unde r  
t h e  n u l l  h y p o t h e s i s  so t h a t  minus tw ice  i t s  n a t u r a l  l o g a r i t h m  i s  
e a s i l y  shown t o  have a X^(2) d i s t r i b u t i o n .  T h e r e f o r e ,  i f  p^ i s  
t h e  p - v a l u e  f o r  t h e  Cramer von-Mises  t e s t  s t a t i s t i c  and p 2 t h e  
p - v a l u e  f o r  t h e  independen t  R a y l e ig h  t e s t  s t a t i s t i c
L i t t e l  and F o lk s  (1971) show t h a t  F i s h e r ' s  method i s  an op t im al  
p r o c e d u r e  f o r  combining  independen t  t e s t s  o f  h y p o t h e s e s  i n  terms o f  
Bahadur  r e l a t i v e  e f f i c i e n c y .
1 Ts t a t i s t i c  sho u ld  now be e x p r e s s e d  as  v _1T . 1 J  where
v  = p'-1  [ l  -  ( 2/ p )  { r ( ( p + l ) / 2 ) / r ( P / 2) } 2 ]  . ( 5 . 2 . 1 3 )
~ 2 [ log  P i  + log p 2 ] -  -2  log  (P1-P2) -  X2 ( 4 ) .  ( 5 . 2 . 1 4 )
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5 , 3 .  The d e n s i t y  b a sed  t e s t  s t a t i s t i c s .
The u n i v a r i a t e  i n t e g r a t e d  s q u a re d  e r r o r  s t a t i s t i c  i s  d e r i v e d  by 
a n a lo g y  w i t h  t h e  Cramer von-Mises  f a m i ly  f o r  d i s t r i b u t i o n  f u n c t i o n s  
which have the  form
where F and Fn a r e  t h e  h y p o t h e s i s e d  and e m p i r i c a l  d i s t r i b u t i o n
f u n c t i o n s  and w i s  a we igh t  f u n c t i o n .  An e f f e c t i v e  c h o ic e  f o r  w i s
t h e  r e c i p r o c a l  o f  t h e  v a r i a n c e  o f  Fn (x)  as  i n  t h e  A n d e r s o n -D a r l in g
s t a t i s t i c  so t h a t  more weight  i s  g iv e n  t o  d e p a r t u r e s  a t  p o i n t s  where 
Fn i s  e s t i m a t e d  a c c u r a t e l y .  Using an ana lo gous  a pp roach  w i th  
f i x e d  k e r n e l  d e n s i t y  e s t i m a t e s  l e a d s  to  the  s t a t i s t i c
s i n c e  dF(x) may be w r i t t e n  a s  f ( x ) . d x  and t h e  a s y m p t o t i c  v a r i a n c e  
o f  t h e  f i x e d  k e r n e l  e s t i m a t o r  f ( x )  i s  p r o p o r t i o n a l  to  f ( x ) .
However, as  d i s c u s s e d  i n  c h a p t e r  3, the  smooth ing  used  i n  t h e  
c o n s t r u c t i o n  o f  t h e  d e n s i t y  e s t i m a t e  l e a d s  t o  a b i a s  and i t  i s  
t h e r e f o r e  a p p r o p r i a t e  t o  m odify  t h e  t e s t  s t a t i s t i c s  so t h a t  t h e  d e n s i t y  
e s t i m a t e  i s  compared w i t h  t h e  s l i g h t l y  f l a t t e r  shape o f  d e n s i t y  we 
would e xpec t  i f  t h e  n u l l  h y p o t h e s i s  i s  t r u e .  The a p p r o p r i a t e  t e s t  
s t a t i s t i c  i s  t h e n :
00
|  (F (x)  -  Fn ( x ) } 2 .w ( x ) .d F (x )  ( 5 . 3 . 1 )
—CO
( 5 . 3 . 2 )
CO
( 5 . 3 . 3 )
where N ( x ; 0 , l+ h 2 )  d e n o te s  t h e  normal  d e n s i t y  i n  x w i t h  z e ro  mean 
and v a r i a n c e  l+h^  and i s  t h e  e x p e c t e d  v a lu e  o f  f ( x )  under  Hc .
— 178 —
On1y th e  f i x e d  k e r n e l  d e n s i t y  e s t i m a t e  w i l l  be used  in  t h i s  t e s t  
s t a t i s t i c  because  o f  t h e  d i f f i c u l t i e s  in  w r i t i n g  an e x p l i c i t  
e x p r e s s i o n  f o r  t h e  e x p e c t e d  v a l u e  o f  an a d a p t i v e  e s t i m a t o r  and a l s o ,  
as  d i s c u s s e d  in  c h a p t e r  2, the  a s y m p to t i c  r e s u l t s  do no t  p r o v id e  a 
good a p p r o x i m a t io n .
For  m u l t i v a r i a t e  d a t a ,  s t a t i s t i c  ( 5 . 3 . 3 )  e a s i l y  g e n e r a l i s e s  to  
{ ( N p ( x ; 0 , ( l + h 2) I p) - f ( x ) } 2dx ( 5 . 3 . 4 )
A
I f  f  i s  c o n s t r u c t e d  u s i n g  s t a n d a r d  normal k e r n e l s  ( 5 . 3 , 4 )  can  be 
e v a l u a t e d  a n a l y t i c a l l y  t o  g ive  t h e  fo l l o w i n g  s i m p l e r  c o m p u t a t i o n a l  
form:
Np ( 0 ; 0 , 2 ( l + h 2) I p ) -  ( 2 / n ) I  N p ( x ; ; 0 , ( l+ 2 h 2 ) I p )
i
+ ( V n )Np(fi:fi .2h2 Ip ) + ( 2/ n2) J Np (x ;  ; x j , 2h2 Ip ) ( 5 . 3 . 5 )
where n i s  t h e  sample s i z e ,  A good c h o ic e  o f  smooth ing  pa ra m e te r  
i s  p r o v i d e d  by t h e  v a l u e  which m in imises  the  a s y m p t o t i c  MISE when 
e s t i m a t i n g  a m u l t i v a r i a t e  normal  d i s t r i b u t i o n  which  f o r  a  g iv e n  
d im ens ion  p and sample s i z e  n ,  i s
r 4 (1 /0 * 4 ) )
h -  f e F l d  ' ( 5 ' 3 ' 6)
Bowman (1985)  shows t h a t  u s i n g  such  an h p ro d u ce s  d e n s i t y  e s t i m a t e s  
t h a t  r e c o v e r  t h e  sha pes  o f  a v a r i e t y  o f  unimodal d e n s i t i e s  i n  the  
u n i v a r i a t e  c a s e .
V a s i c e k  (1976)  ba sed  a t e s t  o f  u n i v a r i a t e  n o r m a l i t y  on th e  
p r o p e r t y  o f  t h e  normal  d i s t r i b u t i o n  t h a t  i t s  e n t r o p y  exceeds  t h a t  
o f  any o t h e r  d i s t r i b u t i o n  t h a t  has  the  same v a r i a n c e .  The e n t r o p y  
o f  a  d i s t r i b u t i o n  F w i t h  a d e n s i t y  f  i s  d e f i n e d  as
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CO
H(f)  -  -  { f ( x ) l o g ( f ( x ) ) d x  -  - E [ l o g ( f ( x ) ]  ( 5 . 3 . 7 )
-0 0
V a s i c e k ' s  s t a t i s t i c ,  which e s t i m a t e s  H ( f ) ,  was not  d e r i v e d
e x p l i c i t l y  in  t e rm s  o f  d e n s i t y  e s t i m a t e s  but  i s  i n  f a c t  e q u i v a l e n t
1 ~ ~ 
to  -  — 2 log ( f ( x j ) )  where f ( x | )  i s  a type  o f  n e a r e s t  ne ighbou r
e s t i m a t e .  Bowman (1988)  s u g g e s t s  u s i n g  a f i x e d  k e r n e l  a pp roach  which
l e a d s  t o  t h e  t e s t  s t a t i s t i c
., n
- -  1  l o g ( f ( X j ) )  ( 5 . 3 . 8 )
n i - 1
w i t h  H0 b e in g  r e j e c t e d  f o r  small  v a l u e s .
The e n t r o p y  p r o p e r t y  o f  t h e  u n i v a r i a t e  normal  d i s t r i b u t i o n  a l s o  
h o l d s  i n  t h e  m u l t i v a r i a t e  c a se  and so sample e n t r o p y
1 n
-  -  1  l o g ( f ( x i ) )  ( 5 . 3 . 9 )
i - 1
p r o v i d e s  a  g o o d n e s s - o f - f i t  t e s t  s t a t i s t i c  f o r  t h e  m u l t i v a r i a t e  
normal d i s t r i b u t i o n .  In  t h i s  ca se  a d a p t i v e  e s t i m a t o r s  may a l s o
A
be u s e d  i n  c o n s t r u c t i n g  f .  As a c h o ic e  o f  sm ooth ing  p a ra m e t e r  
fo rm u la  ( 5 . 3 . 6 )  may be u s e d  f o r  a f i x e d  k e rn e l  e s t i m a t o r  whereas  the  
normal op t im a l  fo rm u lae  d e r i v e d  in  c h a p t e r  2 can be u s e d  f o r  t h e  
a d a p t i v e  method.  As a  r e s u l t  o f  the  compar isons  made i n  c h a p t e r  2 
when i t  was found  t h a t  t h e  a d a p t i v e  method w i t h  a  = 1 / p  was t h e  most 
e f f e c t i v e  f o r  m u l t i v a r i a t e  d a t a  o n ly  t h i s  method w i l l  be u s e d  h e r e .
The r e q u i r e d  p i l o t  e s t i m a t e  w i l l  be c o n s t r u c t e d  u s i n g  f i x e d  k e r n e l s  
smoothed by ( 5 . 3 . 6 ) .
A number o f  a u t h o r s ,  i n c l u d i n g  Huber (1985)  and J o n e s  and  S ibson  
(1987 ) ,  have a l s o  u s e d  e n t r o p y  as  an index  o f  n o r m a l i t y  when 
s e e k i n g  non-norm al  one and two d im ens iona l  p r o j e c t i o n s  i n  a 
p r o j e c t i o n  p u r s u i t  a l g o r i t h m .
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5 . 4 .  A Power Study .
Because  o f  t h e  i n t r a c t a b i l i t y  o f  t h e  f i n i t e  sample d i s t r i b u t i o n s  
o f  each  o f  t h e  t h r e s d e n s i t y  based  s t a t i s t i c s ,  namely i n t e g r a t e d  
s q u a r e d  e r r o r ,  sample e n t r o p y  u s in g  f i x e d  k e r n e l s  and sample 
e n t r o p y  u s i n g  t h e  a d a p t i v e  method w i th  a = 'Vp> s i m u l a t i o n  was 
u s e d  t o  c a l c u l a t e  5°/o c r i t i c a l  v a l u e s .  For  a g i v e n  d im e ns ion  
( 1 , 2 , . . , , 5  o r  6) and  sample s i z e  (25 ,50  o r  100) a random sample 
was g e n e r a t e d  from a s t a n d a r d  normal d i s t r i b u t i o n .  The d a t a  were 
t h e n  c e n t r e d  and s t a n d a r d i s e d  and the  t e s t  s t a t i s t i c  e v a l u a t e d .
Th i s  was r e p e a t e d  1000 t im e s .  The v a l u e s  o f  t h e  s i m u l a t e d  t e s t  
s t a t i s t i c s  were t h e n  o r d e r e d  w i th  the  c r i t i c a l  v a l u e  c o r r e s p o n d in g  
t o  t h e  a p p r o p r i a t e  o r d e r  s t a t i s t i c .
S i m u l a t i o n  was a l s o  r e q u i r e d  t o  o b t a i n  a more e x t e n s i v e  s e t  o f  
c r i t i c a l  v a l u e s  t h a n  t h o s e  c a l c u l a t e d  by Kozio l  (1982,  1983) f o r  the  
Cramer-von  Mises and R a y le ig h  t e s t  s t a t i s t i c s  d e s c r i b e d  i n  S e c t i o n
5 . 2 ,  T h i s  t ime 5000 s i m u l a t i o n s  were c a r r i e d  ou t  f o r  t h e  t h r e e
sample s i z e s  (25 ,  50 and 100) and f i v e  d im ens ions  ( 2 ............6 ) .  Nine
p e r c e n t a g e  p o i n t s  o f  the  e m p i r i c a l  d i s t r i b u t i o n s  were e v a l u a t e d  f o r  
each  d im e n s io n  and sample s i z e  com bina t ion  and a r e  g i v e n  i n  t a b l e s  
5 .1  and 5 . 2 .
S i m i l a r l y ,  e m p i r i c a l  powers o f  the  t e s t s  were c a l c u l a t e d  by 
s i m u l a t i n g  from t h e  f o l l o w i n g  m u l t i v a r i a t e  d i s t r i b u t i o n s :
( i )  Cauchy ( 0 , 1 )  i n  each  margin -  long t a i l e d .
( i i )  Lognormal  ( 0 , 1 )  i n  each  margin  -  h i g h l y  skewed.
( i i i )  Normal m i x t u r e ,
0 . 5  Np ( l  . 5 .......... 1 . 5 ) T , I p ) )  + 0 .5  N p ' ( ( - 1 . 5 , . . . , - 1 . 5 ) T , l p )
-  b i m o d a l .
( i v )  Gamma ( 2 , 1 )  i n  each  m arg in  -  m o d e r a t e l y  skewed.
Sample s i z e s  25,  50 and 100 were c o n s i d e r e d  f o r  each  o f  
d im e ns ions  one t o  s i x  f o r  the  d e n s i t y  ba sed  s t a t i s t i c s  and dimens ions 
two t o  s i x  f o r  t h e  o t h e r s .  R e s u l t s  a r e  b a s e d  on 1000 r e p l i c a t i o n s  in 
each  c a s e .  To e v a l u a t e  the  t e s t  s t a t i s t i c  f o r  F i s h e r ' s  method l i n e a r  
i n t e r p o l a t i o n  was used  in  t a b l e s  5 .1  and 5 .2  t o  o b t a i n  t h e  p - v a l u e s  
f o r  t h e  Cramer-von  Mises  and R a y le ig h  t e s t s .  Observed  t e s t  s t a t i s t i c  
v a l u e s  g r e a t e r  t h a n  th e  99.5% p o i n t  were a s s i g n e d  a  p - v a l u e  o f  
0 .0025  w h i l e  t h o s e  l e s s  t h a n  the  10% p o i n t  were a s s i g n e d  a p - v a l u e  
o f  0 . 9 5 .
For  d i s t r i b u t i o n s  ( i )  and ( i i ) ,  which have d e n s i t i e s  v e r y  u n l i k e  
t h e  shape  o f  a Normal,  a l l  the  powers  o f  each  t e s t  a r e  v e r y  c l o s e  
t o  one which  i s  what one would expec t  i f  t h e  t e s t s  a r e  a t  a l l  
e f f e c t i v e .  See t a b l e s  5 .3  and 5 .4 .
The powers o f  the  d e n s i t y  based  t e s t s  f o r  d i s t r i b u t i o n s  ( i i i )  
and ( i v )  a r e  g i v e n  in  t a b l e  5 . 5 .  These a r e  poo r  a t  n = 25 which 
r e f l e c t s  t h a t  t h i s  i s  a small  sample s i z e  a t  which  t o  e s t i m a t e  a 
m u l t i v a r i a t e  d e n s i t y .  When n = 100 a l l  t h e  powers  a r e  a g a i n  c l o s e  
to  one w i t h  t h e  e x c e p t i o n  o f  t h e  e n t r o p y  s t a t i s t i c s  f o r  the  bimodal  
normal m ix t u r e  where t h e r e  i s  a d e c l i n e  in  power f o r  d imens ions  5 
and 6.
A more i n f o r m a t i v e  com par ison  can  be made when n = 50. For  
d i s t r i b u t i o n  ( i i i )  ( t h e  bimodal  normal m ix t u r e )  t h e  ISE s t a t i s t i c  has  
t h e  l a r g e s t  power i n  each  d imens ion  excep t  f o r  d im e n s io n  1 when 
t h e  e n t r o p y  s t a t i s t i c  based  on the  a d a p t i v e  e s t i m a t o r  i s  m a r g i n a l l y  
s u p e r i o r .  There  i s  a  marked d e c r e a s e  i n  power as  d i m e n s i o n a l i t y  
i n c r e a s e s  which  i s  most marked f o r  t h e  e n t r o p y  s t a t i s t i c s .  Of t h e  
two e n t r o p y  s t a t i s t i c s  the  a d a p t i v e  method has  a  b e t t e r  power in
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each  d im en s io n .
For  d i s t r i b u t i o n  ( i v )  b a sed  on Gamma m arg ins  t h e  ISE s t a t i s t i c  
a g a i n  has  the  b e s t  power in  each  d im ens ion  exc ep t  t h e  f i r s t  when 
th e  e n t r o p y  s t a t i s t i c  based  on f i x e d  k e r n e l s  pe r fo rm s  s l i g h t l y  
b e t t e r .  For  t h i s  d i s t r i b u t i o n  though  th e  a d a p t i v e  method has  no 
c l e a r  a d v a n ta g e s  ove r  the  f i x e d  method in  t h e  e n t r o p y  s t a t i s t i c .
The powers o f  the  n o n - d e n s i t y  b a s e d  t e s t s  f o r  d i s t r i b u t i o n  ( i i i )  
and ( i v )  a r e  g i v e n  in  t a b l e s  5 .5  and 5 . 6 .  The r e s u l t s  f o r  the  bimodal  
normal m ix t u re  show a t  each  sample s i z e  a  marked d e c r e a s e  i n  power f o r  
e ach  o f  t h e  t e s t s  as  the  d im ens ion  i n c r e a s e s .  These d e c r e a s e s  a r e  most 
pronounced  f o r  t h e  Cramer-von Mises  and F i s h e r  t e s t  s t a t i s t i c s  whi le  
t h e  R a y l e i g h  s t a t i s t i c  has  v e r y  poor  power a t  e ach  sample s i z e  and 
d im e n s io n .  The Cramer-von Mises t e s t  s t a t i s t i c  p e r fo rm s  b e s t  o v e r a l l  
h e r e  w i t h  F i s h e r ' s  t e s t  b e i n g  l e t  down by t h e  poo r  pe rfo rmance  o f  
R a y l e i g h ' s  s t a t i s t i c .
When t h e  u n d e r l y i n g  d i s t r i b u t i o n  i s  Gamma ( 2 . 1 )  i n  each  marg in  
t h e  powers  o f  t h e  t h r e e  t e s t s  i n c r e a s e  as  t h e  sample s i z e  g e t s  
l a r g e r  bu t  t h i s  t ime  t h e r e  i s  not  t h e  marked d e c l i n e  i n  perfo rmance  
f o r  i n c r e a s i n g  d im ens ion .  The b e s t  now o v e r a l l  i s  R a y l e i g h ’ s t e s t  
w i t h  F i s h e r ' s  method do ing  s l i g h t l y  worse ,  a g a i n  due t o  the  p o o r e r  
pe r fo rm a nc e  o f  t h e  o t h e r  t e s t ,  which t h i s  t im e  i s  b a s e d  on the  
Cramer-von  Mises  s t a t i s t i c .
Comparisons be tween  the  d e n s i t y  b a s ed  omnibus t e s t s  and F i s h e r ' s  
combined method f o r  d i s t r i b u t i o n  ( i i i )  show t h a s t  F i s h e r ' s  method 
p e r f o r m s  worse t h a n  t h e  o t h e r  t h r e e  a t  a l l  sample s i z e s  and 
d im e n s io n s  c o n s i d e r e d .  The d i f f e r e n c e s  a r e  most marked when n =* 25 
and n «= 50 -  t h e  r e s u l t s  a t  n — 50 a r e  p l o t t e d  i n  f i g u r e  5 .1 .
For  d i s t r i b u t i o n  ( i v )  a t  n *=■ 25 F i s h e r ' s  method has  lower power 
t h a n  f o r  each  o f  t h e  d e n s i t y  b a sed  s t a t i s t i c s  bu t  t h e  d i f f e r e n c e s  
a r e  g e n e r a l l y  not  g r e a t .  The r e s u l t s  f o r  n = 50 a r e  p l o t t e d  in  
f i g u r e  5 . 2 .  and show the  pe rfo rmance  o f  t h e  ISE s t a t i s t i c  to  be 
a g a i n  t h e  b e s t  f o r  d imens ions  2 -6 .  They a l s o  show a marked i n c r e a s e  
i n  power f o r  F i s h e r ' s  method w i t h  i n c r e a s i n g  d im e ns ion  so t h a t  f o r  
d im e ns ions  5 and 6 i t  i s  p e r f o r m in g  b e t t e r  t h a n  t h e  two e n t r o p y  
s t a t i s t i c s .  When n = 100 t h e s e  f o u r  omnibus t e s t s  each  have 
s i m i l a r  h ig h  powers  f o r  each  dimens ion .
Taken o v e r a l l ,  the  s i m u l a t i o n  r e s u l t s  i n d i c a t e  t h a t  the  ISE t e s t  
s t a t i s t i c  would g e n e r a l l y  be a good c h o ic e  f o r  t e s t i n g  m u l t i v a r i a t e  
n o r m a l i t y .  The 5% c r i t i c a l  v a l u e s  f o r  t h e  ISE s t a t i s t i c  f o r  
d im e ns ions  1 t o  6 and f o r  sample s i z e s  up t o  500 a r e  l i s t e d  i n  t a b l e  
5 . 7 .  These r e s u l t s  a l s o  show t h a t  F i s h e r ' s  method would g e n e r a l l y  
make a  b e t t e r  c h o ic e  th a n  j u s t  u s in g  t h e  Cramer von-Mises  o r  
R a y l e i g h  t e s t s  on t h e i r  own. Th is  i s  because  i t s  per fo rmance  was 
c l o s e  t o  t h e  b e t t e r  o f  t h e  o t h e r  two, and which  o f  t h e  two i s  b e t t e r  
depends  upon t h e  u n d e r l y i n g  d i s t r i b u t i o n .
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Table  5 . 1 .  Obse rved  °/o p o i n t s  f o r  t h e  Cramer-von Mises s t a t i s t i c  s im u l a t e d  
from 5000 samples  i n  each c a s e .
Sample s i z e  % p o i n t
n 10 ,0 25 .0 50 .0 75 .0 90 .0 95 .0 97 .5 99 .0 99.5
P -  2, 25 0 .034 0.048 0 ,072 0.113 0.166 0.211 0.251 0.321 0.368
50 0.033 0.047 0.071 0 .113 0.167 0 .217 0.263 0.326 0.384
100 0 .034 0.048 0 .074 0.115 0.175 0.222 0.265 0.327 0,361
p = 3 25 0 .033 0.046 0.069 0.107 0.158 0.196 0.229 0.279 0.339
50 0.033 0.046 0.070 0 .107 0 .160 0 .202 0.247 0,315 0.348
100 0.033 0.047 0.072 0.109 0.159 0 .200 0.242 0.295 0.340
p = 4 25 0 .034 0.047 0.069 0 .107 0.152 0 .1 90 0.229 0.279 0.315
50 0 .034 0.046 0.069 0.105 0.158 0 .194 0.226 0.278 0.316
100 0 .033 0.046 0.069 0.106 0 .154 0 .195 0.236 0.299 0.350
p = 5 25 0.035 0.048 0.071 0.109 0.162 0.196 0.235 0.283 0.314
50 0 .034 0.046 0.068 0.103 0.153 0.186 0 .222 0.281 0.317
100 0,032 0.045 0.067 0.103 0.152 0.188 0 .224 0.273 0.317
p = 6 25 0.035 0.049 0 .0 72 0.111 0 .1 64 0 .203 0 .244 0.296 0.353
50 0.033 0.046 0 .069 0 .105 0.153 0.192 0 .230 0.282 0.325
100 0.032 0.045 0 .067 0.103 0.150 0 .190 0.224 0.277 0.296
- 1 8 5 -
Table  5 . 2 .  Observed  °/o p o i n t s  f o r  t h e  R a v le lg h  s t a t i s t i c  s i m u l a t e d  
from 5000 samples  i n  each  c a s e .
Sample s i z e  % p o i n t
n 10 .0 25 .0 50 .0 75 .0 90 ,0 95 .0 97 .5 99 .0 99.5
.P -  2 25 0.186 0 .5 40 1 .364 2.698 4.457 5.637 6.838 8.198 9.439
50 0.208 0.556 1.397 2.773 4 .694 6.062 7.395 9.142 10.659
100 0.217 0 .576 1.426 2.858 4 .713 6.066 7.653 9.105 10.739
p = 3 25 0.519 1.072 2.153 3.802 5.745 7 .1 84 8.624 10.515 11.778
50 0.552 1.191 2.323 4 .008 6.159 7.713 9.696 11.582 13.580
100 0.576 1 .1 70 2.351 4.038 6.053 7.629 9.299 11 .411 13.310
p -  4 25 0.697 1.738 3.099 4 .948 7.087 8.688 9.988 11.957 13.497
50 1.018 1 .852 3.233 5.229 7.470 9.070 10.902 12.886 14.580
100 1.013 1.843 3 .260 5.362 7.771 9.467 10.892 12 .960 14.490
p = 5 25 1.338 2.343 3.792 5.742 8.044 9 ,600 11.153 13.355 14.327
50 1 .534 2.493 4 .1 33 6.306 8.837 10 .647 12.195 14.288 16.120
100 1.568 2.591 4.291 6.390 9.052 10.799 12.360 14.686 16.225
p = 6 25 1.779 2.762 4 .4 15 6.472 8.904 10 .725 12 .320 14.241 16.018
50 1.988 3.089 4.831 7.198 9.908 11.557 13.237 15.368 16.906
100 2.215 3.418 5.155 7.369 9.774 11 .724 13.659 16.511 16.867
- 1 8 6 -
Table 5.3
Powers of the density based. C ram er-von Mises. Ravleigh and Fisher'scombined tests, 
estimated from 1000 simulated samples in each case, when the underlying distribution is
Cauchv fO.ll in each margin.
Dimension
Sample s i z e  25
1 2 3 4 5 6
ISE f i x e d 0.948 0.997 0.995 1 .000 0.999 1.000
E n t ro p y  ( f i x e d ) 0 .950 0.997 1 .000 1 .0 0 0 0.999 1.000
E n t ro p y  ( a  = V p ) 0,926 0.986 1 .000 1 .000 0.999 1.000
CVM - 0.986 0.995 1 .000 0.999 0.991
RAY - 0.897 0 .9 65 0 ,981 0.995 0.997
FISHER - 0.990 0 .9 97 1 .000 1.000 0.999
Sample s i z e  50 
ISE f i x e d 0.998 1.000 1 .000 1 .000 1.000 1.000
E n t ro p y  ( f i x e d ) 0.998 1.000 1 .000 1 .000 1.000 1.000
E n t ro p y  ( a  = V p) 0.998 1.000 1 .000 1 .000 1.000 1.000
CVM - 1.000 1 .000 1 .000 1.000 1.000
RAY - 0.969 0 .992 0 .996 0.999 1.000
FISHER - 1.000 1 .000 1 .000 1.000 1.000
Sample s i z e  100 
ISE f i x e d 1 .000 1.000 1 .000 1 .000 1.000 1.000
E n t r o p y  ( f i x e d ) 1 .000 1.000 1 .000 1 .000 1.000 1.000
E n t ro p y  ( a  -  V p) 1.000 1 .000 1 .000 1 .000 1 .000 1.000
CVM - 1.000 1 .000 1 .0 00 1.000 1.000
RAY - 0.983 1 .0 00 1 .0 00 1.000 1.000
FISHER _ 1.000 1 .0 00 1 .0 00 1.000 1.000
Table 5.4
Powers of the density based. C ram er-von Mises. Ravleigh and Fisher’s combined 
tests, estimated from 1000 simulated samples in each case, when the underlying 
distribution is Cauchy (O.T) in each margin.
Dimension
Sample s i z e  25
1 2 3 4 5 6
ISE f i x e d 0.966 0.996 0 .999 1 .000 0.999 0.998
E n t ro p y  ( f i x e d ) 0.959 0.992 0 .995 0.999 0.996 0.997
E n t ro p y  ( a  = V p ) 0.964 0.990 0 .995 0.991 0.993 0.998
CVM - 0.816 0.875 0 .910 0.901 0.879
RAY - 0.955 0.975 0 .980 0.990 0.992
FISHER - 0 .960 0 .984 0 .985 0.989 0.986
Sample s i z e  50
ISE f i x e d 1.000 1.000 1 .000 1 .000 1.000 1.000
E n t ro p y  ( f i x e d ) 1.000 1.000 1.000 1 .000 1.000 1.000
E n t ro p y  ( a  -  Vp) 1.000 1.000 1 .000 1 .000 1.000 1.000
CVM - 0.991 0.997 0.999 0.998 0.999
RAY - 1.000 1.000 1 .000 1.000 1.000
FISHER
Sample s i z e  100
1 .000 1.000 1 .000 1.000 1,000
ISE f i x e d 1.000 1.000 1 .000 1 .000 1.000 1.000
E n t ro p y  ( f i x e d ) 1.000 1.000 1 .000 1 .000 1.000 1.000
E n t ro p y  ( a  -  1/ p ) 1.000 1.000 1 .000 1 .000 1.000 1.000
CVM - 1.000 1 .000 1 .000 1.000 1.000
RAY - 1.000 1 .000 1 .000 1.000 1.000
FISHER 1.000 1 .000 1 .000 1.000 1.000
--188™
Table 5.5
Powers of the density based. C ram er-von Mises. Rayleigh and Fisher's combined 
tests, estimated from 1000 simulated samples in each case when the underlying 
distribution is a bimodal normal mixture
Dimension
Sample s i z e  25
1 2 3 4 5 6
ISE f i x e d 0.621 0.671 0.440 0.336 0.176 0.151
E n t ro p y  ( f i x e d ) 0.488 0 .420 0.192 0 .185 0.095 0.072
E n t ro p y  ( a  = 1/ p ) 0.715 0.661 0 .349 0.181 0.098 0.092
CVM - 0 .452 0.221 0.128 0.107 0.074
RAY 0.117 0.077 0 .064 0.033 0.049
FISHER - 0.370 0.126 0 .065 0.049 0.046
Sample s i z e  50
ISE f i x e d 0.962 0.998 0.996 0 .847 0.619 0.488
E n t ro p y  ( f i x e d ) 0.918 0 .934 0.708 0 .392 0.213 0.158
E n t ro p y  ( a  = V p ) 0.966 0 .988 0.863 0 .480 0.295 0 .164
CVM - 0 .845 0.489 0 .243 0.173 0.123
RAY - 0.117 0 .090 0 .063 0.043 0.037
FISHER
Sample s i z e  100
0.787 0.343 0 .170 0.093 0.063
ISE f i x e d 0,999 1..000 1.,000 1,,000 0.,999 0.,980
E n t ro p y ( f i x e d ) 0.999 1.,000 1,,000 0.,953 0.,692 0..423
E n t ro p y (« -  V P) 0.999 1.,000 1,.000 0.,967 0.,697 0.,387
CVM - 0,.997 0,.880 0,,527 0..298 0,.187
RAY - 0,.125 0,.086 0..061 0,.037 0,.040
FISHER _ 0,.997 0 .812 0,.368 0,.183 0,.118
Table 5.6
Powers of the density based. C ram er-von Mises. Ravleigh and Fisher’s combined 
tests, estimated from 1000 simulated samples in each case when the underlying
distribution is Gamma (2.T) in each margin
Dimension
1 2 3 4 5 6
Sample s i z e  25
ISE f i x e d 0. 588 0.,688 0. 680 0. 697 0.,603 0..599
Ent ropy ( f i xed) 0..551 0.,629 0. 633 0. 650 0..526 0. 492
Ent ropy (a - VP) 0. 586 0.,574 0. 572 0. 590 0.,483 0..485
CVM - 0.,199 0. 247 0. 234 0..164 0. 128
RAY - 0.,474 0. 589 0. 536 0..553 0. 524
FISHER - 0.,449 0. 545 0. 507 0.,473 0. 432
S amp1e s i ze 50
ISE f i x e d 0,,880 0.,951 0.,964 0.,961 0,.960 0..958
E n t ro p y ( f i xed) 0,,908 0.,939 0.,937 0.,933 0,.901 0.,900
Ent ropy (a -  Vp) 0,,900 0,.930 0,,908 0.,910 0,.910 0..904
CVM - 0,.424 0.,546 0.,595 0,.612 0,,563
RAY - 0,.812 0.,904 0,.928 0,.929 0,,943
FISHER - 0,.810 0.,889 0,,916 0..921 0..934
Sample s ize 100
ISE f i x e d 0,.995 1 .000 1,.000 1.,000 1 .000 1,.000
E n t ro p y ( f i xed) 0,.998 0 .999 1,.000 1,.000 1 .000 0,.999
E n t ro p y (a - VP) 0 .998 1 .000 0,.997 1,.000 0 .997 0 .994
CVM - 0 .727 0 .875 0 .917 0 .933 0 .926
RAY - 0 .990 0 .996 0 .999 1 .000 1 .000
FISHER _ 0 .886 0 .998 0 .999 1 .000 0 .999
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5 . 5  Examples.
Example 1. Some haem a to logy  d a t a .
These d a t a ,  g i v e n  in  f u l l  Royston (1983) ,  c o n s i s t  o f  s i x  
measurements  made on ea ch  o f  103 b l a c k  (West I n d i a n  o r  A f r i c a n )  p a i n t
s p r a y e r s in  a c a r  a s sem b ly  p l a n t .  The s i x  v a r i a b l e s  c o n s i d e r e d  a r e
1. Haemoglobin c o n c e n t r a t i o n .
2. Packed c e l l  volume.
3. White b l o o d  c e l l  c o u n t .
4. Lymphocyte c o u n t .
5. N e u t r o p h i l  c o u n t .
6. Serum l e a d  c o n c e n t r a t i o n .
V a r i a b l e s  3, 4 ,  5 and 6 have skewed e m p i r i c a l  d i s t r i b u t i o n s  
and were t h e r e f o r e  l o g a r i t h m i c a l l y  t r a n s fo r m e d  b e f o r e  a n a l y s i s .
T h i s  d a t a s e t  was t e s t e d  f o r  c o n s i s t e n c y  w i t h  m u l t i v a r i a t e  
n o r m a l i t y  by Roys ton  (1983) who e x tended  S ha p i ro  and W ilks '  (1965) 
u n i v a r i a t e  W t e s t  to  a  m u l t i v a r i a t e  s e t t i n g  ( t h e  'H t e s t 1) and a l s o  
t o  a  normal  p r o b a b i l i t y  p l o t  o f  t h e  ( s q u a r e - r o o t  t r a n s f o r m e d )  s q u a re d  
r a d i i ,  Rj ( t h e  "£2 t e s t ” ) .  He r e p o r t s  t h a t  t h e  normal p r o b a b i l i t y  
p l o t s  f o r  each  o f  t h e  s i x  v a r i a b l e s  a r e  r e a s o n a b l y  l i n e a r  w i t h  t h e  H 
t e s t  o f  combined W ran k s  h a v in g  a p - v a l u e  o f  0 . 0 8 .  However, t h e  fi 
t e s t  i n d i c a t e s  a s t r o n g  d e p a r t u r e  f rom 6 - n o r m a l i t y  w i t h  a p - v a l u e  of  
0 .0004 .  To f u r t h e r  i n v e s t i g a t e  t h i s  the  0 t e s t  was c a r r i e d  out  on 
a l l  p a i r s  and t r i p l e s  o f  t h e  v a r i a b l e s .  The o n l y  s i g n i f i c a n t  r e s u l t  
i s  f o r  3, 4 and 5 w i t h  p = 6 X 10"^.  Three o u t l i e r s  a r e  i d e n t i f i e d  
i n  t h e  space  o f  t h e s e  t h r e e  v a r i a b l e s  ( c a s e s  21, 47 and 52) and 
on t h e i r  removal t h e  (1 t e s t  on v a r i a b l e s  3-5 has  a p - v a l u e  o f  0 . 5 2 .
The v a l u e s  o f  t h e  t e s t  s t a t i s t i c s  d i s c u s s e d  i n  d e t a i l  i n  t h i s
- 1 9 2 "
c h a p t e r  are  p r e s e n t e d  in  th e  f o l l o w i n g  t a b l e .
Tab le  5 . 6 .  R e s u l t s  o f  t e s t s  o f  n o r m a l i t y  f o r  t h e  haem a to logy  d a t a . 
Tes t  Data  Set
Vars  1-6 Vars  1-6 ex.  c a s e s  21 ,4 7 ,5 2 Vars 3 , 4 , 5
Vars  3 , 4 , 5  ex.  
c a s e s  2 1 ,4 7 ,5 2
CVM 0.253  (p ^ 0 .017 )
0.118 
(p ^ 0 .20 )
0 .406  
(p < 0 .005 )
0.0894 
(p * 0 .39 )
RAY 33.323 (p < 0 .005 )
22.450 
(p < 0 .005)
35.329 
(p < 0 .005 )
23.265 
(p < 0 .005)
FISHER 20.13  (p < 0 .005 )
15 .20  
(p < 0 .005)
23.97  
(p < 0 .005 )
13 .92 
(p « 0 . 0 O S )
ISE 0.000168 (p < 0 .0 5 )
0.000164 
(p < 0 .05 )
0 .00396 
p << 0 .0 5
0.00317 
p << 0 .05
For t h e  f u l l  d a t a s e t  each  t e s t  r e s u l t s  in  a s i g n i f i c a n t  r e s u l t .
The x ^ p r o b a b i l i t y  p l o t  ( f i g u r e  5 .3 )  shows most o f  t h e  p o i n t s  nea r  
th e  s t r a i g h t  l i n e  bu t  i d e n t i f i e s  c a s e s  1 0 s 21, 47,  52 and 80 as 
p o s s i b l e  o u t l i e r s  -  i n  p a r t i c u l a r  21 and 52 a r e  v e r y  ex t rem e .  Removing 
21,  47 and 52 i n  acco rda nce  w i th  Royston  and t h e n  r e p e a t i n g  the  t e s t s  
r e s u l t s  i n  a f a i r l y  marked d e c r e a s e  in  t h e  v a l u e  o f  each  t e s t  s t a t i s t i c  
ex c ep t  f o r  ISE. The CVM t e s t  i s  now n o n - s i g n i f i c a n t  bu t  f o r  t h e  o t h e r s  
t h e  r e s u l t s  a r e  q u a l i t a t i v e l y  the  same. Th i s  i s  i n  c o n t r a s t  to  
R o y s t o n 1s r e s u l t s  which p r o v id e  no ev ide nc e  o f  d e p a r t u r e  from 6-  
n o r m a l i t y  on removal  o f  t h e s e  t h r e e  i n d i v i d u a l s .  I f ,  i n  a d d i t i o n ,  
c a s e s  10 and 80 a r e  a l s o  removed the  v a l u e s  o f  t h e  f o u r  t e s t  s t a t i s t i c s  
(no t  i n c l u d e d )  a r e  f a i r l y  s i m i l a r  t o  when o n l y  21,  47 and 52 a r e  
removed t h u s  l e a d i n g  t o  t h e  same c o n c l u s i o n s .
The r e s u l t s  f o r  v a r i a b l e s  3,  4 and 5 a r e  h i g h l y  s i g n i f i c a n t  f o r  
each  t e s t  t h u s  c o n f i r m i n g  R o y s t o n ' s  c o n c l u s i o n s .  The p r o b a b i l i t y
- 1 9 3 -
p l o t  ( f i g u r e  5 .4 )  a g a i n  shows 21, 47 and 52 to  be ex tr em e .  On t h e i r  
removal t h e  v a l u e s  o f  each  s t a t i s t i c  d e c r e a s e  m arked ly  but  a g a i n  on ly  
CVM i s  n o n - s i g n i f i c a n t  -  the  o t h e r s  a r e  s t i l l  a l l  h i g h l y  s i g n i f i c a n t  
t h e r e b y  i n d i c a t i n g  s t r o n g  d e p a r t u r e s  f rom 3 - n o r m a l i t y .
Example 2. Plasma l i p i d  d a t a
A group o f  371 males  were s e l e c t e d  from p a t i e n t s  w i t h  c h e s t  p a in ,  
r e f e r r e d  to  a h o s p i t a l  c a r d i o l o g y  u n i t ,  to  be p a r t  o f  a  s t u d y  i n t o  
t h e  r e l a t i o n s h i p  be tween  plasma c h o l e s t r o l  and plasma t r i g l y c e r i d e  
c o n c e n t r a t i o n s  (mg/lOOml) and c o r o n a r y  a r t e r y  d i s e a s e .  These p a t i e n t s  
were t h e n  d i v i d e d  i n t o  two g roups  a c c o r d i n g  to  t h e  c r i t e r i a  " d i s e a s e d "  
o r  "no rm a l" .  320 p a t i e n t s  were i n c l u d e d  i n  t h e  " d i s e a s e d "  group w i th  
t h e  r e m a in in g  51 b e in g  c l a s s e d  as  "norm al" .  D e t a i l s  o f  the  e x p e r i ­
menta l  methods a r e  d e s c r i b e d  by S c o t t  e t  a l  (1978) .
To a n a l y s e  t h e  r i s k  o f  c o r o n a r y  a r t e r y  d i s e a s e  a s s o c i a t e d  w i th  
h i g h e r  l e v e l s  o f  plasma t r i g l y c e r i d e  S c o t t  e t  a l  use  the  "odds 
form" o f  B a y e ' s  r u l e  which depends on the  l i k e l i h o o d  r a t i o  o f  the  
j o i n t  b i v a r i a t e  d e n s i t y  f o r  d i s e a s e d  p a t i e n t s  t o  t h a t  f o r  normal  
p a t i e n t s .  By u s i n g  Kolmogorov-Smirnov t w o - t a i l e d  t e s t s  on the  
m arg in a l  d i s t r i b u t i o n s  t h e y  r e j e c t  the  h y p o t h e s i s  t h a t  t h e  u n d e r l y i n g  
d e n s i t y  f u n c t i o n s  a r e  no rm al .  The b i v a r i a t e  d e n s i t i e s  a r e  t h e r e f o r e  
e s t i m a t e d  n o n p a r a m e t r i c a l l y  u s i n g  a k e r n e l  a pproach  which i s  
d e s c r i b e d  i n  t h e  p a p e r .
For  t h e  d i s e a s e d  p a t i e n t s  a  s c a t t e r  p l o t  and c o n to u r  p l o t  based  
on a  k e r n e l  d e n s i t y  e s t i m a t e  a r e  i l l u s t r a t e d  in  S i lv e r m a n  (1986,  
p . 8 1 - 8 2 ) .  These show t h e  d i s t r i b u t i o n  t o  be b o t h  bimodal  and h i g h l y  
skewed.  Indeed ,  omnibus t e s t s  o f  n o r m a l i t y  u s i n g  F i s h e r ' s  combined 
t e s t  and t h e  ISE s t a t i s t i c  a r e  b o t h  h i g h l y  s i g n i f i c a n t  ( s e e  t a b l e
— 194 —
5 . 7 ) .  The d a t a  were t h e r e f o r e  t r a n s fo r m e d  u s i n g  t h e  n a t u r a l  log 
f u n c t i o n .  A s c a t t e r  p l o t  w i t h  the  c o n to u r s  o f  a k e r n e l  d e n s i t y  
e s t i m a t e  s u p e r im pose d  i s  i l l u s t r a t e d  in  f i g u r e  5 .5  The d e n s i t y  
e s t i m a t e  i s  b a s ed  on s t a n d a r d  normal f i x e d  k e r n e l s  u s i n g  a smoothing 
p a r a m e t e r ,  h, g i v e n  by ( 5 . 3 . 6 )  s c a l e d  by a r o b u s t  e s t i m a t e  o f  s c a l e  
(Hogg (1979) )  i n  e ach  c o - o r d i n a t e  d i r e c t i o n .  The d i s t r i b u t i o n  i s  now 
unimodal w i t h  much o f  t h e  skewness removed but  b o t h  omnibus t e s t s  a re  
s t i l l  h i g h l y  s i g n i f i c a n t  ( s e e  t a b l e  5 . 7 ) .
Tab le  5 .8  R e s u l t s  o f  t e s t s  o f  Norm al i ty  f o r  t h e  p lasm a  l i p i d  d a t a ,
Data
D i s e a s e d  p a t i e n t s
O r i g i n a l  d a t a  
(n = 320)
T e s t s
CVM
1.937
RAY
81.320
FISHER
23 .97
ISE
0.0158
(p «  0 .005 )  (p «  0 .005)  (p «  0 .005 )  (p «  0 .05 )
Loge t r a n s f o r m e d  0 .1 54  
(n = 320)
9.545 15 .92  0.00292
(p -  0 .1 4 )  (p < 0.005)  (p < 0 .005 )  (p < 0 .05 )
Normal p a t i e n t s
O r i g i n a l  d a t a  
(n  -  51)
O r i g i n a l  d a t a  
(n  = 50)
0 .4 50  6.727
(p < 0 .005 )  (p -  0 .0375)
0 .206  3.822
(p a  0 .0 617)  (p a  0 .168)
18 .5 50  0.00853
(p < 0 .005 )  (p < 0 .05 )
9 .139  0.00385
(p a  0 .0602)  (p > 0 .05 )
For  t h e  51 normal  p a t i e n t s  a s c a t t e r  p l o t  w i t h  c o n t o u r s  
supe r im pose d  i s  shown i n  f i g u r e  5 .6 .  The c o n t o u r s  a r e  a g a i n  b a sed  
on u s i n g  f i x e d  s t a n d a r d  normal k e r n e l s  w i th  h g i v e n  by ( 5 . 3 . 6 )  s c a l e d  
by r o b u s t  e s t i m a t e s  o f  s c a l e .  The d i s t r i b u t i o n  i s  unimodal  and 
does no t  have t h e  same s p r e a d ,  e s p e c i a l l y  f o r  t h e  p lasm a  t r i g l y c e r i d e  
c o n c e n t r a t i o n ,  a s  f o r  t h e  d a t a  f rom the  d i s e a s e d  p a t i e n t s .  The 
t e s t s  o f  n o r m a l i t y  a r e  a l l  s i g n i f i c a n t  though ( s e e  t a b l e  5 . 7 ) .  The
s c a t t e r  p l o t  e n a b l e s  a  c l e a r  o u t l i e r  t o  be i d e n t i f i e d  who has  a  h igh  
plasma c h o l e s t r o l  c o n c e n t r a t i o n  and a v e ry  h ig h  p lasma t r i g l y c e r i d e  
c o n c e n t r a t i o n  r e l a t i v e  t o  t h e  o t h e r  normal p a t i e n t s .  When t h i s  
p a t i e n t  i s  o m i t t e d  none o f  t h e  t e s t s  a r e  s i g n i f i c a n t  a t  t h e  5% l e v e l  
( s e e  t a b l e  5 . 7 )  bu t  t h e  low p - v a l u e  f o r  the  Cramer-von Mises and 
F i s h e r ' s  combined t e s t  i n d i c a t e s  some c a u t i o n  i s  r e q u i r e d  in  
a c c e p t i n g  t h a t  t h e  u n d e r l y i n g  d i s t r i b u t i o n  i s  b i v a r i a t e  no rmal .
The r e s u l t s  o f  t h e  more e x t e n s i v e  t e s t i n g  o f  b i v a r i a t e  n o r m a l i t y  
d e t a i l e d  above t h e r e f o r e  v i n d i c a t e s  t h e  use o f  k e r n e l  d e n s i t y  
e s t i m a t e s  i n  t h e  l i k e l i h o o d  r a t i o  i n  the a n a l y s i s  o f  S c o t t  e t  a l .
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F l g u r e  5 . 1 .  Powers o f  t h e  g o o d n e s s - o f - f I t  t e s t s  based on 1000 samples  o f  s i z e  50 f rom the
0 . 5 N p ( ( - 1 . 5 ...........- 1 . 5 ) T , Ip)  + 0 . 5 N p ( ( 1 . 5 ...........1 . 5 ) T , l p )  d i s t r i b u t i o n .
a * . .
J °-’+
 \
\  \
  --- Ef\Vrof«j '/(*}
--------------( y m o \
  P i l V t r  .
«-<H--------1------- 1------- 1------- 1------- 1------- 1------- 1------- 1------- 1------- 1------- 1------- 1------- 1------- h
0 .0  1.0 Z 0  1 .0  4.0 5 .0  0 .0
F i g u r e  5 . 2 .  Powers o f  t he  g o o d n e s s - o f - f i t  t e s t s  bas ed  on samples  o f  s i z e  50 f rom a d i s t r i b u t i o n  
which i s  Camma(2.1)  in  each  margin.
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F l gu re  5 . 3 .  • p r o b a b i l i t y  p l o t  o f  t he  Mahalanobls  squa red  d i s t a n c e s  f o r  t he  haema t ol ogy  d a t a  ( v a r i a b l e s  1-6)
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Fi gu r e  5 . 4 .  p r o b a b i l i t y  p l o t  o f  t he  Mahalanobl s  s q u a re d  d i s t a n c e s  f o r  t h e  haemato logy  d a t a  ( v a r i a b l e s  3 , 4 , 5 )
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F l gu re  5 . 5  S c a t t e r  p l o t  and k e r ne l  e s t i m a t e  f o r  t he  l o g - t r a n s f o r m e d  plasma l i p i d  d a t a .
7.0 + Di se ased  p a t i e n t s  o n l y ) .
6 .0  -  -
5 .5  - -
4 .6 4.6 5 .0 S. 2 5.4 5 .6 5.6 6.26 .0
cV\o\tsVroV ( oMt isVra.V>ofv. /looi*\\^
F i g u r e  5 . 6 .  S c a t t e r  p l o t  and k e r ne l  e s t i m a t e  f o r  t he  plasma l i p i d  d a t a .  (Normal p a t i e n t s  on l y)
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Chapter 6. Finding Directions of High Multivariate Density
6 . 1 .  I n t r o d u c t i o n .
Given a m u l t i v a r i a t e  d a t a  s e t  {xi ,X2 > • • • >^n) » i n i t i a l
a n a l y s i s  i s  o f t e n  e x p l o r a t o r y  w i th  t h e  hope t h a t  any impor tan t  f e a t u r e s  
such  as  c l u s t e r s ,  skewness or  long "arms" w i l l  be r e v e a l e d .  This  
i s  g e n e r a l l y  app roa c he d  by lo o k in g  a t  a v a r i e t y  o f  g r a p h i c a l  d i s p l a y s  
which t h e r e f o r e  n e c e s s i t a t e s  a p r e s e n t a t i o n  o f  t h e  d a t a  in  one o r  two 
d im e n s io n s .  The most common t e c h n i q u e  used  t o  a c h i e v e  t h i s  i s  the  
a p p l i c a t i o n  o f  l i n e a r  p r o j e c t i o n s .  While t h e s e  a r e  s t r a i g h t f o r w a r d  to  
implement  and a r e  c e r t a i n l y  u s e f u l  t h e i r  i n t e r p r e t a t i o n  may not  be so 
e a s y  as  d i s c u s s e d  by Gower i n  t h e  d i s c u s s i o n  o f  Jones  and S ibson  
( 1 9 8 7 ) .  Also ,  p r o j e c t i o n s  obscu re  e i t h e r  p a r t l y  o r  t o t a l l y  a c t u a l  
s t r u c t u r e  o f  t h e  f u l l  d im ens iona l  d a t a .  Two methods f o r  f i n d i n g  
" i n t e r e s t i n g "  p r o j e c t i o n s  a r e  p r i n c i p a l  components  a n a l y s i s  and 
p r o j e c t i o n  p u r s u i t .
P r i n c i p a l  components a n a l y s i s  (PCA) i s  a  r i g i d  r o t a t i o n  o f  the
o r i g i n a l  axes  X^,X2 , . . . ,Xp to  new p o s i t i o n s  '*1 ,Y2  Yp such t h a t
t h e  o r th o g o n a l  p r o j e c t i o n s  o f  t h e  d a t a  on to  them have d e c r e a s i n g  
s p r e a d .  The f i r s t  q (< p) components d e f i n e  t h e  b e s t  f i t t i n g  q -  
d im e n s io n a l  subspace  to  t h e  d a t a  i n  t e rms  o f  m in im is in g  t h e  sum o f  
s q u a r e d  o r th o g o n a l  d i s t a n c e s  from t h e  sample p o i n t s  t o  t h i s  subspace .
In  p a r t i c u l a r  Y^ and Y2 d e f i n e  t h e  b e s t  f i t t i n g  p l a n e .  To be 
s u c c e s s f u l ,  PCA r e q u i r e s  t h a t  l a r g e  v a r i a t i o n  c o r r e s p o n d s  to  i n t e r e s t ­
in g  s t r u c t u r e  which may e a s i l y  f a i l  t o  be t r u e  i n  p r a c t i c e .
P r o j e c t i o n  p u r s u i t  (PP) methods s e e k  p r o j e c t i o n s  o f  the  d a t a  which 
maximise some index  o f  " i n t e r e s t i n g n e s s " .  PCA i s  t h e r e f o r e  a PP
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p r o c e d u r e  where t h e  index  c o r r e s p o n d s  t o  the  p r o p o r t i o n  o f  the  t o t a l  
v a r i a t i o n  e x p l a i n e d  by the  p r o j e c t e d  d a t a .  Fr iedman and Tukey (1974) 
c o n s t r u c t e d  a PP index  b a sed  on the  p roduc t  o f  a measure o f  s p r e a d  and 
t h e  l o c a l  d e n s i t y  o f  the  p r o j e c t e d  d a t a  which has  to  be op tomised  
n u m e r i c a l l y .  Recent  a u t h o r s  such  as  Huber (1985) ,  Jones  and S ibson  
(1987) and Fr iedm an (1987) have a pproached  th e  p rob lem  by c o n s i d e r i n g  
t h e  conve rse  i d e a  o f  u n i n t e r e s t i n g  p r o j e c t i o n s  and p r e s e n t  h e u r i s t i c  
a rguments  t h a t  n o r m a l ly  d i s t r i b u t e d  p r o j e c t e d  d a t a  i s  l e a s t  i n t e r e s t ­
i n g .  T h e i r  p r o j e c t i o n  indexes  a r e  t h e n  b a s e d  on i n d i c e s  o f  n o r m a l i t y  
such  as  e n t r o p y  w i t h  t h e  num er ica l  o p t i m i s a t i o n  p r o c e d u r e  t h e n  s e e k i n g  
maximum d i v e r g e n c e  from t h i s  c r i t e r i a .  The two main problems w i th  
PP methods a r e  f i r s t l y  t h e  d i f f i c u l t y  i n  s u c c e s s f u l l y  implement ing 
t h e  num er ica l  o p t i m i s a t i o n  p r o c e d u r e  which may t a k e  c o n s i d e r a b l e  
computing e f f o r t  and a l s o  be t r a p p e d  by l o c a l  maxima and s e c o n d ly  
t h a t  t h e  s t r u c t u r e  a p p a r e n t l y  r e v e a l e d  i s  j u s t  t h e  r e s u l t  o f  random 
v a r i a t  ion.
In  t h i s  Cha p te r  a d i f f e r e n t  e x p l o r a t o r y  a pproach  b a sed  on f i n d i n g  
d i r e c t i o n s  o f  h ig h  m u l t i v a r i a t e  d e n s i t y  w i l l  be d e s c r i b e d .  There a re  
t h r e e  main aims i n  do ing  t h i s .  F i r s t l y ,  t o  e x p l o r e  t h e  shape  o f  a 
m u l t i v a r i a t e  d e n s i t y  f u n c t i o n  when i t  cannot  be r e a d i l y  p l o t t e d  f o r  
p > 2. Secondly ,  t o  f i n d  n o n - l i n e a r  f e a t u r e s  such  as  c l u s t e r i n g  
i n  t h e  d a t a  and t h i r d l y ,  to  use  p a i r s  o f  d i r e c t i o n s  f o r  the  
c o n s t r u c t i o n  o f  2 - d im e n s io n a l  r e p r e s e n t a t i o n s .  The t e c h n i q u e  w i l l  
a l s o  be u s e f u l  i n  d e t e r m i n i n g  t h e  r e a s o n s  f o r  t h e  r e j e c t i o n  o f  the  
h y p o t h e s i s  o f  n o r m a l i t y  f o l l o w i n g  one o f  the  d e n s i t y  b a s ed  t e s t s  
d e s c r i b e d  in  C h a p te r  5.
As i s  n o r m a l ly  t h e  c a se  b e f o r e  c a r r y i n g  out  a  PCA o r  PP a n a l y s i s  
t h e  d a t a  w i l l  be r e c e n t r e d  u s i n g  the  sample mean v e c t o r  and th e  s c a l e
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e f f e c t s  removed by s t a n d a r d i s i n g  each  v a r i a b l e  to  have u n i t  v a r i a n c e .
In t h e  f o l l o w i n g  d i s c u s s i o n  i t  w i l l  be assumed t h a t  t h e  d a t a  have 
a l r e a d y  been  t r a n s f o r m e d  in  t h i s  way.
6 . 2 .  F i n d in g  t h e  d i r e c t i o n s .
F e a t u r e s  such as  c l u s t e r s ,  skewness  and long "arms" in  t h e  d a t a  
w i l l  c l e a r l y  be i n d i c a t e d  by modes and long  t a i l s  i n  the  u n d e r l y i n g  
d e n s i t y  f u n c t i o n .  A c r o s s - s e c t i o n  o f  t h e  d e n s i t y  i n  a d i r e c t i o n  th rough  
such  a  f e a t u r e  w i l l  t h e r e f o r e  have l a r g e  c r o s s - s e c t i o n a l  a r e a .  Hence 
a  c r i t e r i a  f o r  i d e n t i f y i n g  t h e s e  e f f e c t s  i s  t o  f i n d  d i r e c t i o n s  v 
f rom th e  c e n t r e  which maximise
CO
f  f ( c . v ) d c  ( 6 . 2 . 1 )
0
Xwhere f  i s  t h e  u n d e r l y i n g  d e n s i t y  f u n c t i o n ,  v  = ( v ^ , V£, . . . , Vp) 
i s  a u n i t  v e c t o r  and c ^ 0 i s  a  s c a l a r .
For  b i v a r i a t e  d a t a  a l i n e  a  l i t t l e  l o n g e r  t h a n  t h e  d i s t a n c e  from 
t h e  c e n t r e  to  t h e  f u r t h e s t  d a t a  p o i n t  can  be swept round i n  a c i r c l e  
i n  smal l  a n g u l a r  s t e p s .  For  any such  l i n e  t h e  q u a n t i t y
i h z i ) ( 6 . 2 . 2 )
i
i s  c a l c u l a t e d  where the  z j ' s form an e q u a l l y  s p a c e d  g r i d  o f  p o i n t s  
a lo n g  t h i s  l i n e  and f ( * )  i s  a  n o n p a r a m e t r i c  e s t i m a t e  o f  t h e  t r u e  
d e n s i t y .  The v a l u e s  o f  ( 6 . 2 . 2 )  a r e  t h e n  p l o t t e d  a g a i n s t  8 e [0,2ir] 
w i t h  t h e  modes i n  t h e  p l o t  c o r r e s p o n d i n g  t o  i n t e r e s t i n g  d i r e c t i o n s  i n  
t h e  d a t a .  In  S e c t i o n  6 . 4  i t  i s  p roved  t h a t  i f  t h e  u n d e r l y i n g  d i s t r i ­
b u t i o n  i s  b i v a r i a t e  normal  t h e n  t h e  two d i r e c t i o n s  o f  h i g h e s t  d e n s i t y  
a r e  e q u i v a l e n t  t o  t h e  p o s i t i v e  and n e g a t i v e  d i r e c t i o n s  o f  t h e  f i r s t  PC.
This  method c o u l d  a l s o  be a p p l i e d  to  m u l t i v a r i a t e  d a t a  in  g e n e ra l  
but  f o r  p ^ 3 i s  c o m p u t a t i o n a l l y  r a t h e r  i n f e a s i b l e  and a  d i f f e r e n t  
approach  i s  t h e r e f o r e  needed .
As we a r e  i n t e r e s t e d  o n ly  i n  d i r e c t i o n s ,  an a l t e r n a t i v e  s t r a t e g y  
i s  f i r s t  t o  s c a l e  a l l  v e c t o r s  {X[} to  have u n i t  l e n g t h ,  i . e .
Yi = (IIX.II2 ) " 1 . Xi ( 6 . 2 . 3 )
/ P  2
where llXill2 “  V J  x.  .
j = l  J
The e le m en t s  o f  v j  c o r r e s p o n d  t o  the  d i r e c t i o n  c o s i n e s  o f  the  
v e c t o r  X i • I n t e r e s t i n g  d i r e c t i o n s  o f  h igh  d e n s i t y  now c o r r e s p o n d  to  
modes o f  t h e  d i s t r i b u t i o n  which has  been induced on th e  p - d im e n s io n a l
u n i t  h y p e r s p h e r e  b e c au s e  t h e  mass g a t  a p o i n t  v  on t h i s  h y p e r -
00
sp h e re  e q u a l s  f ( c . v ) d c .
0
Given a random sample o f  d a t a  on t h e  r e a l  l i n e  a  number o f  a u t h o r s  
have c o n s i d e r e d  methods o f  e s t i m a t i n g  the  mode 0 o f  t h e  u n d e r l y i n g  
d e n s i t y  f  b a s e d  on t h i s  d a t a .  The d i r e c t  method o f  C h e r n o f f  (1964) 
i s  t o  choose  t h e  c e n t r e  o f  t h e  i n t e r v a l  o f  l e n g t h  2a,  f o r  some 
c o n s t a n t  a ,  t h a t  c o n t a i n s  t h e  l a r g e s t  number o f  o b s e r v a t i o n s .  V en te r  
(1967)  a l s o  b a s e d  h i s  e s t i m a t e s  on t h a t  p o i n t  a round  which t h e  g r e a t e s t  
" c l u s t e r i n g "  o f  o b s e r v a t i o n s  o c c u r s  but u s e s  i n s t e a d  a  f u n c t i o n  o f  the  
o r d e r  s t a t i s t i c s .  G r e n a n d e r ' s  (1965) e s t i m a t e  i s  a l s o  b a s e d  on the  
s p a c i n g s  be tw een  t h e  d a t a  bu t  u s e s  a  d i f f e r e n t  f u n c t i o n  o f  t h e  o r d e r  
s t a t i s t i c s .  A l t e r n a t i v e l y ,  an i n d i r e c t  e s t i m a t e  o f  0 can  be ba sed  
on a  k e r n e l  d e n s i t y  e s t i m a t e  f  o f  f .  The mode, assumed u n i q u e ,  i s
A
t h e n  d e f i n e d  t o  be max f ( x ) .  The p r o p e r t i e s  o f  such  an e s t i m a t e
x
have been  s t u d i e d  by P a r z e n  (1962)  and Eddy (1980 ) ,  Both t h e  d i r e c t
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and i n d i r e c t  a p p ro a c h e s  a r e  rev iewed  by Rao (1983) .
D i r e c t  and i n d i r e c t  methods f o r  e s t i m a t i n g  th e  mode in  the  m u l t i ­
v a r i a t e  c a se  a r e  a l s o  d e s c r i b e d  by Rao (1983) .  In  t h e  d i s c u s s i o n  of  
a  d i r e c t  e s t i m a t e  i t  i s  assumed t h a t  the  d e n s i t y  f  i s  r i g h t  quadran t  
con t  i n u o u s , i . e .
l im  f ( y )  = f ( x )  ( 6 . 2 . 4 )
y-*x, y  > x
and t h e r e  i s  a  1  such  t h a t  f(JL) > f ( x )  a l l  K ^ A- Let
a n —» 0 a s  n  —» oo and l e t  [JLn ,J_n + a n* i ]  b e an i n t e r v a l  o f  
" l e n g t h "  a n c o n t a i n i n g  t h e  l a r g e s t  number o f  d a t a  p o i n t s  {x j } 
among a l l  i n t e r v a l s  o f  " l e n g t h "  an . Here,  l_n d e n o t e s  a  p - v e c t o r  
and 1. a p - v e c t o r  o f  l ' s .  The d i r e c t  e s t i m a t e  o f  6 i s  t h e n  g i v e n  by 
J_n + ( a n/ 2 )  . 1 ,  The c o n s i s t e n c y  o f  t h i s  e s t i m a t o r  i s  shown bu t  in  
p r a c t i c e  i t  would be v e r y  d i f f i c u l t  to  use  because  o f  t h e  c o n s i d e r a b l e  
c o m p u t a t i o n a l  p rob lem  o f  s e a r c h i n g  f o r  a " b e s t "  i n t e r v a l .  Sager  (1979) 
d i s c u s s e s  a r e l a t e d  e s t i m a t e  ba sed  on f i n d i n g  a s equence  o f  n e s t e d  
convex s e t s  c o n t a i n i n g  g i v e n  numbers o f  o b s e r v a t i o n s  but  p o i n t s  t o  the  
p r a c t i c a l  d i f f i c u l t i e s  o f  f i n d i n g  such  s e t s .
The p r o p e r t i e s  o f  an  i n d i r e c t  e s t i m a t e  o f  t h e  u n ique  mode o f  a 
unimodal d e n s i t y  f  b a s ed ,  a s  in  the  u n i v a r i a t e  c a s e ,  on f i n d i n g
A A
max f ( x ) ,  where f  i s  a k e r n e l  e s t i m a t e  o f  f ,  a r e  a l s o  d i s c u s s e d ,  
x
In  t h e  c o n t e x t  o f  d i r e c t i o n  f i n d i n g  we w i l l  g e n e r a l l y  need t o  be 
a b l e  t o  l o c a t e  s e v e r a l  modes o f  the  d i s t r i b u t i o n  on th e  p - d im e n s io n a l  
h y p e r s p h e r e .  The m u l t i v a r i a t e  methods d i s c u s s e d  above a r e  no t  r e a l l y  
p r a c t i c a l  o r  a p p l i c a b l e  so we deve lop  the  f o l l o w i n g  a l g o r i t h m  which 
p a r t i t i o n s  t h e  d a t a  i n t o  groups  around d i r e c t i o n s  o f  h i g h  d e n s i t y  and 
t h e n  c a l c u l a t e s  t h e  mean d i r e c t i o n  o f  each  group a s  an  e s t i m a t e  o f  the  
l o c a l  mode.
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i )  E s t i m a t e  g ( v j ) ,  i == l , . . . , n  where g ( - )  i s  t h e  u n d e r l y i n g  
induced  d e n s i t y  on the  h y p e r s p h e r e .
i i )  Rank th e  o b s e r v a t i o n s  from l a r g e s t  t o  s m a l l e s t  a c c o r d i n g  to  the  
s i z e  o f  t h e  e s t i m a t e s  g(*)> i . e .
/V A
S ( n ) >•■■’S ( l )
i i i )  C h a r a c t e r i s e  a f i r s t  group by the  d i r e c t i o n  o f  the
o b s e r v a t i o n  c o r r e s p o n d i n g  to  S(n)  • C a l l  t h i s  d i r e c t i o n  d^
iv )  A s s ig n  t h e  o b s e r v a t i o n  c o r r e s p o n d in g  t o  g ( n - l )  t o  ^1
a n g l e  be tw een  t h i s  o b s e r v a t i o n  and d]^  i s  l e s s  t h a n  a  r a d i a n s  
( e . g .  a: = t t /2)  . O the rw ise ,  form a new g roup ,  G2 , whose 
c h a r a c t e r i s t i c  d i r e c t i o n ,  d2 , i s  d e f i n e d  by t h e  d i r e c t i o n  
c o s i n e s  o f  t h e  o b s e r v a t i o n  c o r r e s p o n d i n g  t o  g ( n - l ) -
v)  In  d e s c e n d i n g  o r d e r  o f  d e n s i t y  h e i g h t ,  s u c c e s s i v e l y  a s s i g n  
o b s e r v a t i o n s  t o  t h e  c l o s e s t  e x i s t i n g  group i f  t h e  a n g le  o f  
s e p a r a t i o n  i s  l e s s  t h a n  a .  I f  the  a n g le  be tw een  t h e  c u r r e n t  
o b s e r v a t i o n  and a l l  e x i s t i n g  groups  i s  g r e a t e r  t h a n  o r  equal  
t o  a  form a  new group.
The end r e s u l t  i s  k  groups  G]_, G2 , . . . , c o n t a i n i n g
n ^ , n 2 , . . . , n^  o b s e r v a t i o n s  such t h a t  ^  n i ^  n>
i
iv )  F i n d  t h e  mean d i r e c t i o n ,  u s i n g  the  g (* )  a s  w e i g h t s ,  f o r  each 
o f  t h e  g r o u p s ,  i . e .  f o r  Gq t h e  mean d i r e c t i o n  i s
n£> -1  n f>
1.2 s J ■ .2 8 •
1=1  1 -1
(i2)
where v )  d e n o t e s  t h e  i t h  v e c t o r  o f  d i r e c t i o n  c o s i n e s  w i t h  weight
g.  i n  t h e  £ t]1 g roup .
1
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The l e n g t h s  o f  the mean v e c t o r s  p r o v id e  a  measure  o f  c o n c e n t r a t i o n  
o f  t h e  d i r e c t i o n s  in  a  group about  the  mean d i r e c t i o n .  A va lu e  
c l o s e  to  one w i l l  i n d i c a t e  t i g h t  c l u s t e r i n g  abou t  the  mean.
(Mard ia  ( 1 9 7 2 ) ) .
v i i )  S c a l e  t h e  mean d i r e c t i o n s  t o  have u n i t  l e n g t h .
I t  has  been  found  in  p r a c t i c e  t h a t  by c h o o s in g  ot = ir/2 the 
p r o c e d u r e  i s  o f t e n  a b l e  to  f i n d  the  main f e a t u r e s  o f  t h e  d a t a .
However, r e s u l t s  c o u ld  be compared f o r  d i f f e r e n t  v a l u e s  o f  a  
e s p e c i a l l y  i f  i t  i s  b e l i e v e d  t h a t  a number o f  d i s t i n c t  f e a t u r e s  a r e  
f a i r l y  c l o s e  t o g e t h e r .  As o; i s  r educed  the  number o f  groups  t ends  to  
i n c r e a s e ,  p a r t i c u l a r l y  f o r  h ig h  d im ens iona l  d a t a ,  and hence the  numbers 
o f  o b s e r v a t i o n s  fo rm ing  th e  groups  d e c r e a s e s .  C o n v e r s e l y ,  as  a  i s  
i n c r e a s e d  t h e  number o f  groups  t en d s  t o  d e c r e a s e .
I f  r e q u i r e d ,  o n ly  a s p e c i f i e d  p r o p o r t i o n  ( e . g .  0 . 7 5 )  o f  the  
o b s e r v a t i o n s  w i t h  h i g h e s t  d e n s i t y  c o u ld  be u s e d  t o  f i n d  the  modes thus  
u s i n g  t h e  i d e a s  o f  s h a r p e n i n g  by Tukey and Tukey (1 9 8 1 ) .
B e f o re  t r y i n g  t o  f i n d  the  modes o f  a  d e n s i t y  on t h e  h y p e r s p h e r e ,  a 
p r e l i m i n a r y  t e s t  t h a t  t h i s  d e n s i t y  i s  u n i fo rm ,  which  c o r r e s p o n d s  to  a 
r a d i a l l y  symmetr ic  s c a t t e r  o f  the  d a t a  i n  E u c l i d e a n  s p a c e ,  c o u ld  be 
c a r r i e d  out  t o  t r y  and a v o id  f i n d i n g  s p u r i o u s  d i r e c t i o n s .
At e a ch  s t e p ,  when an o b s e r v a t i o n  i s  a s s i g n e d  t o  a  group ,  the  
c h a r a c t e r i s t i c  d i r e c t i o n  o f  t h a t  group c o u ld  t h e n  be u p d a te d  by 
c a l c u l a t i n g  t h e  mean d i r e c t i o n  o f  a l l  t h e  c u r r e n t  members o f  the  group.  
The f i n a l  number o f  groups and t h e i r  c h a r a c t e r i s t i c  d i r e c t i o n s  w i l l  
no t  n e c e s s a r i l y  be the  same as  when no u p d a t i n g  t a k e s  p l a c e .  In  
p r a c t i c e  t hough ,  no a dva n ta ge s  o f  do ing  t h i s  a s  opposed  to  a v e ra g in g
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a t  t h e  end have g e n e r a l l y  been found.
K i t t l e r  (1976)  e s t i m a t e s  t h e  d e n s i t y  o f  each  d a t a  p o i n t  and then  
u s e s  t h i s  i n f o r m a t i o n  in  the  c o n s t r u c t i o n  o f  a p a t h  t h rough  the d a t a  
which p a s s e s  t h ro u g h  as  many o f  the  d a t a  p o i n t s  a s  p o s s i b l e  about  one 
mode b e f o r e  p a s s i n g  onto  t h o se  n e a r  a n o t h e r .  The aim i s  not  to  
s p e c i f i c a l l y  i d e n t i f y  where the  modes a r e  bu t  to  c l a s s i f y  the  d a t a  
i n t o  c l u s t e r s  b a s e d  on t h e s e  modes.
The a l g o r i t h m  d e s c r i b e d  above depends on b e i n g  a b l e  to  e s t i m a t e  a 
h y p e r s p h e r i c a l  d e n s i t y  so in  the  nex t  S e c t i o n  t h e  c o n s t r u c t i o n  o f  an 
a p p r o p r i a t e  k e r n e l  e s t i m a t e  w i l l  be d e s c r i b e d .
6 . 3 .  E s t i m a t i o n  o f  the  d e n s i t y  on a h y p e r s p h e r e .
Given a random sample o f  u n i t  v e c t o r s  (Yl»Y2>••*>v n^ where
Yi = ( v j i ,  v i 2 , . . . , v i p ) T ( 6 . 3 . 1 )
i t  i s  r e q u i r e d  t o  e s t i m a t e  t h e  d e n s i t y  as  t h e  p o i n t  v .
I t  i s  p r o p o s e d  t o  use  as  a k e r n e l  f u n c t i o n  w i t h  an a p p r o p r i a t e  
d e n s i t y  d e f i n e d  on a  h y p e r s p h e r e ,  t o  a v o id  any  p rob lem s  w i th  c ho ice  
o f  o r i g i n ,  i . e .
1 n
S(Y) * = - 2  ; Y j ,  c )  ( 6 . 3 . 2 )
i “ l
where K ( . , v j , c )  i s  t h e  k e r n e l  f u n c t i o n  c e n t e r e d  a t  v j  and c is  
a  smooth ing  p a r a m e t e r .  As a  c h o ic e  o f  k e r n e l  c o n s i d e r  the  r o t a t i o n -  
a l l y  symmetr ic  unimodal  f u n c t i o n
(P /2 -1 )  k .I Tm 
K d i m . k )  -  — ■ n  - ------------  ( 6 . 3 . 3 )
<2T) 1 ( P / 2 - 1 ) '(k)
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where J. i s  a v e c t o r  o f  d i r e c t i o n  c o s i n e s ,  m i s  t h e  v e c t o r  o f
d i r e c t i o n  c o s i n e s  c o r r e s p o n d i n g  to  t h e  mean d i r e c t i o n ,  k i s  a s c a l e
p a r a m e t e r  such t h a t  the  l a r g e r  i t s  v a lu e  t h e  more c o n c e n t r a t e d
K ( . ; m , k )  i s  about  t h e  mean/modal d i r e c t i o n  and I p ( k )  i s  the  m od i f ied
B e s s e l  f u n c t i o n  o f  o r d e r  p e v a l u a t e d  a t  k.  The q u a n t i t y
d0 (k) = k ^ ^  I /D , 1 N(k)} can  be r e g a r d e d  as  the( p / 2 - 1 ;
kl^Mn o r m a l i s i n g  c o n s t a n t  f o r  the  f u n c t i o n  e ------. I f  a change o f  v a r i a b l e
t o  p o l a r  c o - o r d i n a t e s  i s  made t h e n  t h e  p . d . f .  f o r  p = 2 i s  the 
Von-Mises  d i s t r i b u t i o n  and f o r  p = 3 i s  t h e  F i s h e r  d i s t r i b u t i o n .
When u s i n g  ( 6 . 3 . 3 )  as  a  k e r n e l  i n  ( 6 . 3 . 2 )  l a r g e  v a l u e s  o f  c w i l l
mean e ach  d e n s i t y  i n  the  summation i s  c o n c e n t r a t e d  and around i t s
mode a t  v j  and hence on ly  a  small  amount o f  smooth ing  i s  c a r r i e d  
o u t .  The o p p o s i t e  i s  t r u e  f o r  smal l  v a l u e s  o f  c u n t i l  when c = 0 
i t  becomes th e  u n i fo rm  d i s t r i b u t i o n  on t h e  h y p e r s p h e r e .
For  t h e  p u r p o s e s  o f  the  mode s e e k i n g  a l g o r i t h m  i t  i s  not  n e c e s s a r y  
t o  i n c l u d e  t h e  n o r m a l i s i n g  c o n s t a n t  i n  t h e  e v a l u a t i o n  o f  g because 
when u s i n g  f i x e d  k e r n e l s  i t  w i l l  be t h e  same f o r  e ach  g ( v j )  and i t  
i s  o n l y  t h e  r e l a t i v e  s i z e  o f  t h e  d e n s i t y  w e ig h t s  which a r e  i m p o r ta n t .  
T h i s  a v o id s  h a v in g  to  c a l c u l a t e  the  f u n c t i o n  I p ( c ) .
To c a l c u l a t e  t h e  e s t i m a t e  i t  i s  n e c e s s a r y  t o  choose  a v a lu e  f o r  
t h e  sm ooth ing  p a ra m e t e r  c .  One a pproach  would be t o  c a r r y  out  an 
a n a l y s i s  s e p a r a t e l y  f o r  s e v e r a l  s u b j e c t i v e l y  c hosen  v a l u e s  o f  c and 
compare t h e  r e s u l t s .  I t  has been  found t h a t  r e s u l t s  can  be f a i r l y  
s i m i l a r  f o r  a  b r o a d  range o f  smooth ing p a r a m e t e r s .  However, i t  i s  
p r o b a b l y  more u s e f u l  t o  have a more a c c u r a t e  a s se s s m e n t  o f  t h e  degree  
o f  smoo th ing  r e q u i r e d  ba sed  on a s u i t a b l e  l o s s  f u n c t i o n .
One app roach  d e s c r i b e d  i n  t h e  d i s c u s s i o n  o f  o p t im a l  smoothing 
i n  Bowman (1988)  f o r  c i r c u l a r  d a t a  and D igg le  and F i s h e r  (1984)  f o r
s p h e r i c a l  d a t a  a p p ro x im a te s  t h e  Von Mises  and F i s h e r  d i s t r i b u t i o n s  
by wrapped normal  d i s t r i b u t i o n s .  The r e s u l t s  f o r  op t im al  smoothing,  
i n  te rms  o f  m in im is in g  the  MISE when the  d a t a  i s  f rom a normal 
d i s t r i b u t i o n ,  a r e  t h e n  a d a p te d  t o  t h e  a n g u l a r  c a s e .  While t h i s  
a n a lo g y  i s  r e p o r t e d  to  work w e l l  f o r  un imodal ,  a p p r o x i m a t e ly  symmetr ic  
d i s t r i b u t i o n s ,  in  t h e  p r e s e n t  c o n t e x t  we a r e  g e n e r a l l y  e x p e c t i n g  the  
u n d e r l y i n g  d e n s i t y  to  be mult im odal  and so u s i n g  t h i s  approach  may 
r e s u l t  i n  c o n s i d e r a b l e  o ve rsm oo th ing .
The i n t e g r a t e d  s q u a re d  e r r o r  ( ISE) o f  the  e s t i m a t o r  g i s
The l a s t  t e rm  does not  depend on g so c h o o s in g  c t o  minimise 
ISE c o r r e s p o n d s  t o  t h a t  c h o ic e  which m in im ises  t h e  f u n c t i o n  R(g)  
d e f i n e d  by
The i d e a  o f  l e a s t  s q u a r e s  c r o s s - v a l i d a t i o n  i s  t o  c o n s t r u c t  an e s t i m a t e
A
o f  R(g)  u s i n g  t h e  d a t a  and t h e n  min imise  t h e  v a l u e  o f  t h i s  e s t i m a t e  
ove r  c t o  g iv e  t h e  c h o ic e  o f  smoo th ing p a r a m e t e r .  Using arguments  
a n a lo g o u s  to  t h o s e  o f  Rudemo (1982)  and Bowman (1984)  f o r  d a t a  on the  
r e a l  l i n e  t h e  q u a n t i t y  t o  be m in im ised  f o r  a n g u l a r  d a t a  i s
where K2(*) i s  t h e  c o n v o l u t i o n  o f  K w i t h  i t s e l f .  When u s i n g  
( 6 . 3 . 3 )  a s  a  k e r n e l  f u n c t i o n  t h i s  c o n v o l u t i o n  does  not  r e s u l t  i n  
a n o t h e r  f u n c t i o n  o f  t h e  same type  a s  i s  t h e  c a se  w i t h  normal d e n s i t i e s .  
When p “  2 Mardia  (1972) u s e d  wrapped normal a p p ro x i m a t io n s  t o  t h e  Von
( 6 . 3 . 4 )
( 6 . 3 . 5 )
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Mises d i s t r i b u t i o n s  t o  o b t a i n i n g  an a p p ro x im a t io n  to  K2. The 
r e s u l t  i s  a n o t h e r  Von Mises  d e n s i t y  but  w i t h  c o n c e n t r a t i o n  pa ra m e te r  
k.3 which i s  t h e  s o l u t i o n  to
where A(k) = I ^ ( k ) / l Q ( k ) .  Th is  i s  a complex r e l a t i o n s h i p  t o  have 
t o  i n v e r t  and the  p o s s i b i l i t y  o f  hav in g  t o  do t h i s  many t im es  in  the 
m i n i m i s a t i o n  o f  M(c) , i n  a d d i t i o n  to  c a l c u l a t i n g  t h e  n o r m a l i s i n g  
c o n s t a n t  which depends on the  c o n c e n t r a t i o n  p a r a m e t e r ,  makes l e a s t  
s q u a r e s  c r o s s - v a l i d a t i o n  c o m p u t a t i o n a l l y  i m p r a c t i c a l  f o r  p = 2 . 
S i m i l a r l y ,  i t  w i l l  a l s o  be i m p r a c t i c a l  f o r  p > 2,
The most p r a c t i c a l  a pp roa c h  i s  t o  use  l o g - 1 i k e l i h o o d  c r o s s -  
v a l i d a t i o n  which chooses  c t o  maximise
where g _ i ( v j )  i s  t h e  k e r n e l  e s t i m a t o r  ( 6 . 3 . 2 )  e v a l u a t e d  a t  v j  u s in g  
a l l  t h e  d a t a  p o i n t s  e xcep t  v j . The n o r m a l i s i n g  c o n s t a n t  dQ a l s o  
depends on c and so needs  t o  be c a l c u l a t e d  b u t ,  because  f i x e d  k e r n e l s  
a r e  b e i n g  u se d ,  i t  i s  t h e  same f o r  each  t e rm  i n  t h e  summation and i t  i s  
t h e r e f o r e  o n ly  n e c e s s a r y  t o  e v a l u a t e  i t  once .  Us ing  t h e  r e s u l t s  i n  
Mard ia  (1972, S e c t .  8 . 8 ) i t  can  be e x p r e s s e d  a s :
A(k3 ) -  A( k ! ) . A( k2 ) ( 6 . 3 . 7 )
( 6 . 3 . 8 )
0
T[ j  s in f lp_2 d0p _2] [ [  1 •d0p _ i ] > p = 3 , 4 . . .  ( 6 . 3 . 9 )
The i n t e g r a l
( 6 . 3 . 1 0 )
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needs  t o  be e v a l u a t e d  u s i n g  num er ica l  i n t e g r a t i o n  but  t h e  o t h e r s  in  
the  p ro d u c t  can  be e v a l u a t e d  a n a l y t i c a l l y .  The r e s u l t i n g  c o n s t a n t s  
f o r  d im ens ions  2 t o  13 a r e  g iv e n  in  t a b l e  6 . 1 .
Tab le  6 . 1 .  N o r m a l i s in g  c o n s t a n t s  o f  i n t e g r a t i o n  f o r  t h e  f u n c t i o n
Te x p ( c . l  ,m)
£ doCc)" 1
2 2 . J 2
3 2 x . J 3
4 4 t .  J 4
5 2x2. J [j
6 8tt2/ 3 .  J 5
7 TT3 . J 7
8 16ir3/ 1 5 .  Jg
9 ■jr4/ 3  . J 9
10 32tt4/ 1 0 5 .  j 1{)
11 7T3/ 12 .
12 74tt5/ 9 4 5 .  J 12
13 -it^/60 . J ^3
On t h e  r e a l  l i n e  t h e  pe r fo rm ance  o f  l i k e l i h o o d  c r o s s - v a l i d a t i o n  
has  been  n o t e d  t o  be s e n s i t i v e  t o  o u t l i e r s .  ( S c o t t  and F a c t o r  ( 1 9 8 1 ) ) .  
Th i s  w i l l  c a r r y  o v e r  t o  a n g u l a r  d a t a  because  an o u t l i e r  w i l l  c o n t r i b u t e  
a  l a r g e  n e g a t i v e  v a l u e  t o  L(c )  u n l e s s  c i s  s m a l l .  Hence,  d a t a  s e t s  
which c o n t a i n  a t  l e a s t  one o u t l i e r  w i l l  t e n d  to  be oversmoothed .
S c h u s t e r  and Gregory  (1981)  show t h a t  i f  t he  d e n s i t y  f  o f  d a t a  
on t h e  r e a l  l i n e  has  a  t a i l  which i s  monotonic  and d i e s  o f f  e i t h e r  
e x p o n e n t i a l l y  o r  s lo w e r  t h e n  u s i n g  l i k e l i h o o d  c r o s s - v a l i d a t i o n  w i l l  
no t  r e s u l t  i n  a  c o n s i s t e n t  e s t i m a t e  o f  f .  T h i s  i s  be c ause  as  n 
t e n d s  t o  i n f i n i t y  ex tr eme  o b s e r v a t i o n s  w i l l  be r e c o r d e d  i n  the  t a i l s  
and t h e  s e n s i t i v i t y  o f  t h e  method t o  o u t l i e r s  e n s u r e s  t h a t  t h e  v a lu e  
o f  t h e  smooth ing  p a r a m e t e r  does no t  t e n d  t o  z e r o .  However, f o r
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a n g u l a r  d a t a  t h e  domain o f  t h e  o b s e r v a t i o n s  i s  bounded and so the  
gaps be tween  o b s e r v a t i o n s  s h o u ld  s h r i n k  towards  z e r o  as  n goes to  
i n f i n i t y  and hence the  argument  o f  S c h u s t e r  and Gregory  w i l l  not  
ap p ly .
6 , 4 .  R e s u l t s  f o r  normal d a t a .
Co n s id e r  t h e  b i v a r i a t e  normal d i s t r i b u t i o n  w i t h  mean v e c t o r  0 and 
c o r r e l a t i o n  m a t r i x  ]£ = so t h a t  the  p . d . f .  f o r  x = ( x ^ , * 2 )^
i s
f ( x )  ”  \ i  ' S ' " *  exp \
-  l 2 l _ i  { -  \ [ ^ ]  -  2p^! * 2 + * 2>} ( 6 - 4 - 1 )
I f  a  t r a n s f o r m a t i o n  t o  p o l a r  c o - o r d i n a t e s  i s  made t h e n  x^ = r . c o s i  
and X£ = r . s i n #  and
1 „ - i  r _r2f ( r . t f )  -  i -
s  l21" * exp ( 6 ' 4 - 2)
T h e r e f o r e
00 00 2 tt  00
J J f ( 2£) dx = J  J  r . f ( r , 0) . d r . d 0 . ( 6 . 4 . 3 )
-00 -CO 0 0
(The J a c o b i a n  o f  t h e  t r a n s f o r m a t i o n  i s  r )  .
Because o f  t h e  c o r r e l a t i o n  p between t h e  v a r i a b l e s ,  f  i s  not 
r a d i a l l y  sym m etr ic ,  and so t h e  i n t e g r a l  i s  no t  c o n s t a n t  ove r  B.
The v a l u e s  o f  6 f o r  which t h e  c r o s s - s e c t i o n a l  i n t e g r a l  a lo n g  t h e  
c o r r e s p o n d i n g  r a d i u s  f rom th e  o r i g i n  i s  maximised i s  when t h e  f u n c t i o n
2
e x p ( -  — -— ( l - p s i n 2 0 ) l  ( 6 . 4 . 4 )
1 2 ( 1 - p 2) J
i s  a  maximum. T h i s  o c c u r s  a t  t h e  v a l u e s  o f  6 which min imise  
( l - p s i n 2 0 )  which  a r e  e a s i l y  found t o  be 6 = t t /4  and 6 — 5 t t/4.
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T h e r e f o r e ,  t h e  u n i t  v e c t o r s  d e f i n i n g  the  d i r e c t i o n s  a lo n g  which the  
c r o s s - s e c t i o n a l  i n t e g r a l  o f  the  d e n s i t y  i s  a maximum a r e
X1 ‘
=  +
■ 1/V2-
-x2- ■ l / \ /2.
C h a t f i e l d  and C o l l i n s  (1980)  show t h a t  t h i s  v e c t o r  i s  t h e  f i r s t  
p r i n c i p a l  component f o r  t h e  above c o r r e l a t i o n  m a t r i x .
Hence,  f o r  b i v a r i a t e  normal  d a t a  t h e  method f o r  f i n d i n g  d i r e c t i o n s  
o f  h i g h e s t  d e n s i t y  i s  e q u i v a l e n t  to  f i n d i n g  th e  f i r s t  p r i n c i p a l  
component which i n  t u r n  c o r r e s p o n d s  t o  t h e  p r i n c i p a l  a x i s  any 
e l l i p t i c a l  c o n t o u r  o f  the  d e n s i t y ,
6 . 5 .  I m p l e m e n ta t io n  o f  t h e  method and p r e s e n t a t i o n  o f  t h e  r e s u l t s .
With m u l t i v a r i a t e  d a t a  the  l i n e a r  s t r u c t u r e  be tw een  v a r i a b l e s  
can  be removed by p e r f o r m i n g  an e i g e n v a l u e - e i g e n v e c t o r  dec o m p o s i t i o n  
o f  t h e  sample c o v a r i a n c e  m a t r i x  S and t h e n  d e f i n i n g  new v a r i a b l e s  
Z by
Z -  S~*.X -  UD~*UtX. ( 6 . 6 . 1 )
The d i a g o n a l  m a t r i x  D c o n t a i n s  t h e  n o n n e g a t i v e  e i g e n v a l u e s  o f  
S a r r a n g e d  i n  d e s c e n d i n g  o r d e r  o f  magni tude and t h e  columns o f  U 
a r e  t h e  c o r r e s p o n d i n g  n o r m a l i s e d  e i g e n v e c t o r s .
We now have E[Z] = 0, (X was p r e l i m i n a r y  r e c e n t r e d  t o  have ze ro  
mean) and Cov(Z) *■ Ip .  Data  t r a n s f o r m e d  i n  t h i s  way a r e  c a l l e d  
" s p h e r e d 1* d a t a .  For  d a t a  f rom a d i s t r i b u t i o n  which i s  c o m p l e t e l y  
s p e c i f i e d  by t h e  l i n e a r  r e l a t i o n s h i p s  be tween  t h e  v a r i a b l e s ,  such  as  
t h e  Normal ,  t h e  u n d e r l y i n g  d e n s i t y  o f  Z w i l l  be s p h e r i c a l l y  symmetric 
and hence i n t e g r a l s  o f  c r o s s - s e c t i o n s  i n  a l l  d i r e c t i o n s  w i l l  be the  
same.
- 213 -
The main aim i s  to  f i n d  n o n - l i n e a r  e f f e c t s  so in  p r a c t i c e ,  as  a 
f i r s t  s t e p ,  t h e  l i n e a r  s t r u c t u r e  sho u ld  be removed from a s e t  o f  d a t a  
u s i n g  ( 6 . 6 . 1 ) .  D i r e c t i o n s  o f  h igh  m u l t i v a r i a t e  d e n s i t y  f o r  the  Z d a t a  
w i l l  t h e n  c o r r e s p o n d  t o  d i r e c t i o n s  c o n t a i n i n g  n o n - l i n e a r  e f f e c t s  in  the  
o r i g i n a l  X d a t a .  The t r a n s f o r m a t i o n  ( 6 . 6 . 1 )  i s  1-1 so t h e s e  s o l u t i o n s  
i n  Z c o - o r d i n a t e s  can  be t r a n s f o r m e d  back t o  r e f e r e n c e  the  X- 
c o - o r d i n a t e s  by u s i n g
X = Ud £ut Z ( 6 . 6 . 2 )
S p h e r in g  i s  a  commonly used  t e c h n iq u e  in  PP a n a l y s i s  bu t  t h e  
m o t i v a t i o n  i s  u s u a l l y  c o m p u ta t iona l  e f f i c i e n c y  d u r i n g  th e  n um er ica l  
opt  i m i s a t  ion .
The method f i n d s  k d i r e c t i o n s  ( i n  X s p a c e )  d e f i n e d  by k u n i t  
v e c t o r s .  They a r e  g e n e r a l l y  n o n - o r th o g o n a l  so i t  i s  u s e f u l  to  
c a l c u l a t e  t h e  a n g l e s  between a l l  p o s s i b l e  p a i r s  where t h e  an g le  
be tw een  p a i r  d j  and d j  i s  d e f i n e d  t o  be:
-  c o s - ^ d i T . d j )  . ( 6 . 6 . 3 )
I t  i s  a l s o  u s e f u l  t o  s ee  how th e  d i r e c t i o n s  compare w i t h  t h e  p r i n c i p a l  
components  b a s e d  on th e  X d a t a  by a g a in  c a l c u l a t i n g  th e  a n g u la r  
s e p a r a t i o n  be tw een  each  o f  t h e  d i r e c t i o n s  and p r i n c i p a l  components .
C r o s s - s e c t i o n a l  p r o f i l e s  o f  the  d e n s i t y  can  be e s t i m a t e d  u s i n g  
n o n p a r a m e t r i c  d e n s i t y  e s t i m a t i o n  w i th  f e a t u r e s  such  as  modes 
i n d i c a t i n g  c l u s t e r s  and a  f a i r l y  h ig h  d e n s i t y  s l o w l y  t a i l i n g - o f f  
i n d i c a t i n g  long  arms in  t h e  d a t a .  The d e n s i t y  h e i g h t s  a lo n g  a r a d i u s  
can  t h e n  be u s e d  t o  e v a l u a t e  the  c r o s s - s e c t i o n a l  a r e a  by u s i n g  
n u m e r i c a l  i n t e g r a t i o n .  I f  the  d a t a  a r e ,  o r  can  b e ,  d i v i d e d  i n t o  
g roups  t h e n  a  c r o s s - s e c t i o n a l  p l o t  c a l c u l a t e d  s e p a r a t e l y  f o r  each 
group  i n d i c a t e s  which d a t a  a r e  c o n t r i b u t i n g  t o  a  f e a t u r e  i n  a
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p a r t i c u l a r  d i r e c t i o n .
I t  i s  a l s o  u s e f u l  to  have c r o s s - s e c t i o n a l  d e n s i t y  e s t i m a t e s  in  
t h e  p l a n e s  d e f i n e d  by p a i r s  o f  d i r e c t i o n s .  T h i s  can  t a k e  the  form 
o f  a  c o n t o u r  p l o t .  The d i r e c t i o n s  a r e  g e n e r a l l y  n o n - o r th o g o n a l  so i t  
i s  n e c e s s a r y  t o  f i n d  two o r th o g o n a l  axes  w i t h  which t o  d e f i n e  the  
p l a n e .  C o n s id e r  t h e n  two u n i t  v e c t o r s  d^ and d j  d e f i n i n g  two 
d i r e c t i o n s .  I t  i s  r e q u i r e d  to  f i n d  a  t h i r d  u n i t  v e c t o r ,  a ,  which 
i s  o r t h o g o n a l  t o  dj  and in  t h e  same p l a n e  as  b o t h  dj  and d j . The 
v e c t o r  a  must t h e r e f o r e  s a t i s f y  t h e  f o l l o w i n g  c o n d i t i o n s :
T h e r e f o r e ,  by u s i n g  b o th  l i n e a r  and p l a n a r  c r o s s - s e c t i o n s  a  p i c t u r e  
o f  t h e  main f e a t u r e s  o f  t h e  d a t a  and i t s  d e n s i t y  c a n  be b u i l t  up. 
I n s p e c t i o n  o f  t h e  v a r i a b l e  l o a d i n g s  f o r  a p a r t i c u l a r  s o l u t i o n  w i l l  
i n d i c a t e  t h e  r e l a t i v e  s t r e n g t h  o f  each  o f  t h e  c o r r e s p o n d i n g  v a r i a b l e s  
t o  t h e  o b s e r v e d  e f f e c t .
F u r t h e r ,  i n  o r d e r  t o  r educe  th e  d i m e n s i o n a l i t y  o f  t h e  d a t a  t o  
two i t  c a n  be p r o j e c t e d  on to  t h e  p l a n e  d e f i n e d  by two o f  t h e  
d i r e c t i o n s .  T h i s  s h o u ld  i n d i c a t e  t h e  r e l a t i o n s h i p  be tw een  th e  a c t u a l  
d a t a  p o i n t s  and d i r e c t i o n s  and may a l s o  r e s u l t  i n  " i n t e r e s t i n g "  views 
as  a  consequence  o f  v iew ing  th e  d a t a  o r th o g o n a l  t o  " i n t e r e s t i n g "  
h i g h  d e n s i t y  r e g i o n s  -  we w i 11 be l o o k in g  a t  a c o n f i g u r a t i o n  o f  the  
d a t a  g i v i n g  r i s e  t o  t h e s e  r e g i o n s .  A lso ,  u s i n g  d i r e c t i o n s  o f  h ig h
a = a . d ^  + jS.d2 where a  and 0 a r e  c o n s a n t s
Ita|l2 = 1 . ( 6 . 6 . 4 )
-1  1Using t h e s e  c o n d i t i o n s  i t  i s  found t h a t  a  = ------- and 3  = —:—  wheretan-y sin-y
7  i s  t h e  a n g le  be tween dj  and d j  i . e .
—  . di + - 4 —  . do . ,ny “ x s i n y ( 6 . 6 . 5 )
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d e n s i t y  s h o u l d  mean t h a t  the  r e s u l t i n g  p l a n e  p r o v i d e s  a  r e a s o n a b ly  
good f i t  t o  t h e  d a t a  because  f o r  d i r e c t i o n s  t o  have h ig h  d e n s i t y  a 
l a r g e  number o f  d a t a  p o i n t s  must have a  small  E u c l i d e a n  d i s t a n c e  from 
th e  d e f i n i n g  l i n e .  The f i t  o f  a p r o j e c t i o n  p l a n e  can  be compared
th e  sum o f  s q u a r e d  o r th o g o n a l  d i s t a n c e s  f rom th e  d a t a  p o i n t s  to  the  
p l a n e  and compar ing  i t  w i th  the  m in im is in g  v a l u e  o f  the  p r i n c i p a l  
component s o l u t i o n .
In  t h e  nex t  S e c t i o n  t h i s  approach  t o  e x p l o r i n g  a m u l t i v a r i a t e  
d a t a s e t  w i l l  be i l l u s t r a t e d  t h rough  t h r e e  examples .  The f i r s t  
i n v o l v e s  s i m u l a t e d  b i v a r i a t e  d a t a  and w i l l  i l l u s t r a t e  the  r e l a t i o n s h i p  
be tw een  n o n - l i n e a r  f e a t u r e s  in  t h e  d a t a  and t h e  r e s u l t i n g  modes o f  
t h e  induced  d e n s i t y  on the  c i r c l e .  The second  examines a s e t  o f  d a t a  
on f l e a - b e e t l e s  (Lubischew (1962) )  f o r  which p r i n c i p a l  component and 
p r o j e c t i o n  p u r s u i t  a n a l y s e s  have been  c a r r i e d  ou t  and p u b l i s h e d  in  the  
l i t e r a t u r e .  F i n a l l y ,  a d a t a s e t  conc e rne d  w i t h  s e v e r a l  measurements  o f  
d e p r i v a t i o n  i n  each  o f  t h e  56 S c o t t i s h  l o c a l  government  d i s t r i c t s  is  
a n a l y s e d .
6 . 6 . Examples .
Example 1, S im u la te d  b i v a r i a t e  d a t a .
In  o r d e r  t o  i l l u s t r a t e  t h e  r e l a t i o n s h i p  be tw een  s t r u c t u r e  in  a 
d a t a s e t  and  t h e  induced  d e n s i t y ,  which i n  t h i s  b i v a r i a t e  ca se  w i l l  
be on t h e  u n i t  c i r c l e ,  200 o b s e r v a t i o n s  were s i m u l a t e d  a c c o r d in g  to  
t h e  f o l l o w i n g  scheme:
Number o f  s i m u l a t e d  D i s t r i b u t i o n  from which o b s e r v a t i o n s
w i t h  t h a t  d e f i n e d  by the  f i r s t  two p r inc ipa l  components  by c a l c u l a t i n g
o b s e r v a t  ions a r e  s i m u l a t e d
60 0 .4 00 .1 5
—216 —
60
20
60 0 .40  - 0 .3 0- 0 . 3 0  0 .30
0
0 .5
0 . 2 0
0 . 3 0
]]
]]
]]
The o b s e r v a t i o n s  were f i r s t l y  c e n t r e d  and s t a n d a r d i s e d  u s in g  
th e  o v e r a l l  mean v e c t o r  and s t a n d a r d  d e v i a t i o n s  and t h e n  s p h e re d  as  
d e s c r i b e d  in  S e c t i o n  6 .5 .  A s c a t t e r p l o t  o f  the  t r a n s f o r m e d  d a t a  i s  
shown i n  f i g u r e  6 .1  which c l e a r l y  i n d i c a t e s  the  t h r e e  main g r o u p in g s .  
The o b s e r v a t i o n s  were t h e n  p r o j e c t e d  onto  t h e  u n i t  c i r c l e  and w e igh ts  
p r o p o r t i o n a l  to  an e s t i m a t e  o f  t h e  in duced  d e n s i t y  e v a l u a t e d  u s i n g  
t h e  smooth ing  p a ra m e te r  c = 65 found by l o g - 1 i k e l i h o o d  c r o s s -  
v a l i d a t i o n .  F i g u r e  6 .2  shows th e  w e ig h t s  p l o t t e d  a g a i n s t  the
c o r r e s p o n d i n g  o b s e r v a t i o n ' s  p o l a r  c o - o r d i n a t e .  The t h r e e  l a r g e  modes
i n d i c a t e  t h r e e  d i r e c t i o n s  which c o r r e s p o n d  t o  n o n - l i n e a r  f e a t u r e s  in  
t h e  s t a n d a r d i s e d  d a t a .  Using  t h e  a l g o r i t h m  d e s c r i b e d  i n  S e c t i o n  6 .2
t h r e e  d i r e c t i o n s  d ^ , d2 and d.3 a r e  in  f a c t  found  w i t h  p o l a r
c o - o r d i n a t e s  331 .8 ° ,  93.8°  and 212.7°  r e s p e c t i v e l y .  These c o r r e s p o n d  
t o  t h e  modes o f  f i g u r e  6 . 2 .  The dashed  l i n e s  on f i g u r e  6.1  i n d i c a t e  
t h a t  t h e s e  t h r e e  d i r e c t i o n s  do indee d  p a s s  t h ro u g h  each o f  the  main 
f e a t u r e s .
F i g u r e s  6 . 3 ,  6 . 4  and 6 ,5  show d e n s i t y  c r o s s - s e c t i o n s  a long  
t h e s e  d i r e c t i o n s  b a s e d  on a f i x e d - k e r n e l  e s t i m a t e  w i t h  a  s u b j e c t i v e l y
A A
cho s en  smooth ing p a ra m e te r  o f  0 . 3  c j  ( i  = 1 ,2 )  where t h e  crj1s a re  
e s t i m a t e s  o f  s c a l e  in  t h e  two c o - o r d i n a t e  d i r e c t i o n s .  The r o b u s t  
e s t  imate
<71 = median[  | (x j  j - m e d i a n ( x j  j )  I ] / 0 .  6745
was u s e d  (Hogg ( 1 9 7 9 ) ) .
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In  each  o f  t h e s e  c r o s s - s e c t i o n s  t h e  d i r e c t i o n s  found c o r r e s p o n d  
t o  t h e  p o s i t i v e  p a r t  o f  the  x - a x i s .  The modes i n d i c a t e  c l u s t e r i n g  
o f  o b s e r v a t i o n s  w h i le  the  b r o a d e r  base  o f  t h e  peak  f o r  d.3 p o i n t s  to  
a  s p r e a d i n g  out  o f  d a t a  i n  t h i s  d i r e c t i o n .  The s m a l l e r  modes n e a r  the  
o r i g i n  f o r  d^ and d2 i n d i c a t e  t h e  p r e s e n c e  o f  a  s m a l l e r  l e s s  wel l  
d e f i n e d  c l u s t e r .
The s t a n d a r d  b i v a r i a t e  normal  c r o s s - s e c t i o n s  i n  f i g u r e s  6 . 3 - 6 . 5  
c l e a r l y  show t h a t  t h e s e  200 o b s e r v a t i o n s  a r e  not  f rom a s i n g l e  
b i v a r i a t e  normal p o p u l a t i o n .  The c r o s s - s e c t i o n a l  i n t e g r a l s  f rom the  
o r i g i n  f o r  d]^, and dg c a l c u l a t e d  by num er ica l  i n t e g r a t i o n  a r e
0 .3 8 4 ,  0 .281  and 0.321  r e s p e c t i v e l y  whereas  f o r  a  s t a n d a r d  b i v a r i a t e  
normal t h e  e q u i v a l e n t  a r e a  i s  0 .2 1 6 .
Example 2.  F l e a - b e e t l e s .
The genus o f  f l e a - b e e t l e s , Chaetocnema,  i n c l u d e s  s p e c i e s  which 
a r e  v e r y  d i f f i c u l t  t o  d i s t i g u i s h  by v i s u a l  e x a m i n a t i o n .  An 
e n t i m o l o g i s t  has  c o l l e c t e d  and t a k e n  c e r t a i n  p h y s i c a l  measurements  
f rom male specimens  o f  t h e  t h r e e  s p e c i e s ,  c o n c in n a  Marsh, 
h e i k e r t i n g e r  L ub i s ch  and h e p ta p o t a m i c a  L ub i sch ,  coded 1, 2 and 3 
r e s p e c t i v e l y .  T a b le s  4 ,  5 and 6 o f  Lubischew (1962)  g ive  s i x  
p a r t i c u l a r  measurements  f o r  21 b e e t l e s  from s p e c i e s  1, 31 from s p e c i e s  
2 and 22 from s p e c i e s  3, ( i . e .  74 c a s e s  i n  t o t a l ) .  The s i x  v a r i a b l e s
a r e :
Xx : w id th  i n  m ic rons  on th e  f i r s t  j o i n t  o f  t h e  f i r s t  t a r s u s .
X2 : t he same f o r  t h e  s econd  j o i n t .
X3 : t he maximal w id th  i n  m ic rons  o f  t h e  aedeagus  i n  t h e  f o r e p a r t
X4 : the f r o n t  a n g le  o f  t h e  aedeagus  (1 u n i t  — 7 .5  d e g r e e s ) .
X5 : t he maximal w id th  i n  0 . 01mm o f  t h e  head  between  th e  e x t e r n a l
“ 2 1 8 -
ed g es  o f  th e  e y e s .
Xg : t h e  aedeagus  w id th  from t h e  s i d e  in  m ic rons .
The d a t a  were f i r s t  m e a n - c o r r e c t e d  and s t a n d a r d i s e d  b e f o r e  
s p h e r i n g .  They were t h e n  p r o j e c t e d  on to  t h e  u n i t  h y p e r s p h e r e  and 
i n d i v i d u a l  w e ig h t s  d e t e r m i n e d  u s i n g  a  l o g - 1 i k e l i h o o d  c r o s s -  
v a l i d a t o r y  smooth ing  p a r a m e t e r  o f  1. The mode f i n d i n g  a l g o r i t h m  
s p l i t  t h e  d a t a  i n t o  f i v e  groups  c o n t a i n i n g  25, 18, 20,  7 and 4 
o b s e r v a t i o n s .  The c o - o r d i n a t e s  o f  the  modal d i r e c t i o n s  o f  t h e s e  
f i v e  g roups  were t h e n  t r a n s f o r m e d  back  to  r e f e r e n c e  t h e  c e n t e r e d ,  
s t a n d a r d i s e d  d a t a  and a r e  as  f o l l o w s  :
1 2 3 4 5
- 0 .5 0 6 0 .132 -0 .6 4 4 0.306 - 0 .0 6 4
- 0 .0 0 3 0.311 0.023 - 0 .649 0,218
- 0 .3 0 8 0.179 0 .154 -0 .1 7 7 0.792
- 0 . 4 8 4 0 .750 -0 .149 -0 .475 0.018
0.455 0.346 -0 .621 0 .111 - 0 .3 9 1
- 0 .4 5 6 0 .413 0.392 - 0 .4 6 4 -0 .4 0 9
0 .018 0 .019 0.017 0 .0 1 0 0 .008
i n t e g r a l
(Note t h a t  t h e  c r o s s - s e c t i o n a l  i n t e g r a l s  a r e  c a l c u l a t e d  in  the  
p o s i t i v e  d i r e c t i o n  from th e  o r i g i n  o n l y ) .
The a n g l e s  i n  d e g re e s  be tw een  t h e  d i r e c t i o n s  a r e :
D i r e c t i o n  : 1 2 3 4
2 112 .6
3 155 .0 89 .5
4 45 .3 134 .7 124.1
5 106.1 95 .1 75 .4 9 9 .4
The c l o s e s t  a r e  and - d 3 w i th  an an g le  o f  o n l y  25 .0  be tween
them. d ^ , d2 and <13 a r e  a l s o  not  w id e ly  s e p a r a t e d  from d^ but  
a l l  o t h e r  p a i r s  a r e  w i t h i n  about  2 0 ,0  o f  b e in g  o r th o g o n a l  t o  each  
o t h e r .
L i n e a r  c r o s s - s e c t i o n s  o f  t h e  m u l t i v a r i a t e  d e n s i t y  f o r  d ^ , d2 
and d 3 , t he  t h r e e  w i t h  the  h i g h e s t  c r o s s - s e c t i o n a l  i n t e g r a l s ,  
a r e  i l l u s t r a t e d  i n  f i g u r e s  6 . 6 - 6 . 8 . A f i x e d  k e r n e l  d e n s i t y  e s t i m a t o r  
was employed w i t h  a  s u b j e c t i v e l y  chosen  smoo th ing p a r a m e t e r  o f  0 .5 .<j j
( i  = 1 ...........6 ) where t h e  c r j ' s  a r e  as  d e s c r i b e d  i n  Example 1. The
d i s t i n c t  mode i n  ea ch  o f  t h e  p o s i t i v e  h a lv e s  o f  t h e s e  p l o t s  c l e a r l y  
i n d i c a t e s  t h a t  t h e s e  t h r e e  d i r e c t i o n s  pass  t h ro u g h  t h r e e  c l u s t e r s  in  
t he  d a t a .  The s m a l l e r  modes i n  the  n e g a t i v e  h a l v e s  o f  t h e  p l o t s  f o r  
d^ and CI3 a r e  due t o  t h o s e  d a t a  c o n t r i b u t i n g  t o  t h e  l a r g e r  modes in  
d3 and d^ r e s p e c t i v e l y  e v id e n c e d  by the  smal l  a n g le  o f  25 .0  between 
d^ and -CI3 . The d e n s i t y  c r o s s - s e c t i o n s  f o r  d^ and d$ a l s o  
c o n t a i n  modes bu t  t h e i r  h e i g h t s  a r e  much lower t h a n  f o r  t h e  f i r s t  
t h r e e .
P l a n a r  c r o s s - s e c t i o n s  o f  t h e  s i x - d i m e n s i o n a l  d e n s i t y  were a l s o  
c o n s t r u c t e d  u s i n g  p a i r s  o f  d i r e c t i o n s  to  d e f i n e  a p l a n e .  That b a s e d  on
d2 and (I3 , u s i n g  t h e  same smooth ing p a r a m e t e r s  a s  above i s
i l l u s t r a t e d  i n  f i g u r e  6 .9  and c l e a r l y  shows t h e  s i x - d i m e n s i o n a l  d e n s i t y  
t o  have t h r e e  modes in  t h i s  p l a n e .  Th is  t r i m o d a l  f e a t u r e  was a l s o
e v i d e n t  i n  o t h e r  p l a n a r  c r o s s - s e c t i o n s  such as  when u s i n g  d^ and d2 -
To s e e  which s p e c i e s  a r e  c o n t r i b u t i n g  t o  t h e  modes i n  f i g u r e  6.9 
t h e  d a t a  were p r o j e c t e d  on to  t h i s  p l a n e  and t h e  p o i n t s  l a b e l l e d  1 , 2 
and 3 a c c o r d i n g  t o  s p e c i e s  -  s ee  f i g u r e  6 .1 0 .  The d a t a  d i v i d e s  up 
i n t o  t h r e e  d i s t i n c t  groups  a c c o r d i n g  t o  s p e c i e s  w i t h  d2 and <13 
c o r r e s p o n d i n g  t o  s p e c i e s  1 and 3 r e s p e c t i v e l y .  P r o j e c t i o n  on to  the
p l a n e  c o n t a i n i n g  and £2 (not  i l l u s t r a t e d )  i n d i c a t e s  t h a t  d^
c o r r e s p o n d s  to  s p e c i e s  2. The sum o f  s q u a re d  p e r p e n d i c u l a r  d i s t a n c e s  
f rom th e  d a t a  t o  t h e  p l a n e  c o n t a i n i n g  ( ^ , ^ 3 ) i s  123 .0  which 
compares w i t h  t h e  o p t im a l  v a lu e  f o r  t h e  p l a n e  d e f i n e d  by th e  f i r s t  
two p r i n c i p a l  components  o f  87 .8 and i n d i c a t e s  a  r e a s o n a b l e  f i t .
The d a t a  p r o j e c t e d  on to  t h e  p lane  d e f i n e d  by t h e  f i r s t  two 
p r i n c i p a l  components and l a b e l l e d  by s p e c i e s  i s  shown i n  f i g u r e  6 . 1 1 . 
Again t h e  d i v i s i o n  i n t o  t h r e e  g roup ings  a c c o r d i n g  t o  s p e c i e s  i s  e v id e n t  
bu t  t h e  d i s t i n c t i o n  between  s p e c i e s  i s  pe rha ps  no t  a s  s t r o n g  as  in  
f i g u r e  6 . 1 0 .
The f o l l o w i n g  t a b l e  g i v e s  the  a n g le s  be tween  t h e  f i r s t  t h r e e  
d i r e c t i o n s  and f i r s t  two p r i n c i p a l  components :
PC
1 2 
1 155.3  110 .9
D i r e c t i o n :  2 54 .9  125 .8
3 39 .8  51 .1
The s t r o n g e s t  s i m i l a r i t y  i s  between d^ and -PCI.  On t h e  o t h e r  hand 
d^ and d.2 a r e  w e l l  s e p a r a t e d  from PC2.
T h i s  d a t a  h a s  a l s o  been a n a l y s e d  u s in g  p r o j e c t i o n  p u r s u i t  by Jones 
and S ib s o n  ( 1 987 ) .  They a l s o  p r o v id e  a p l a n a r  s o l u t i o n  which d i v i d e s  
t h e  d a t a  i n t o  t h e  t h r e e  s p e c i e s  but  a t  t h e  expense  o f  c o n s i d e r a b l y  
more comput ing  e f f o r t  t h a n  t h a t  inv o lv e d  in  f i n d i n g  t h e  above 
di  r e c t  i o n s .
6 . 6 . 3 .  S c o t t i s h  d e p r i v a t i o n  d a t a .
There  a r e  56 l o c a l  government  d i s t r i c t s  i n  S c o t l a n d .  For  each  o f
t h e s e  d i s t r i c t s  t h e  v a l u e s  o f  the  f o l l o w i n g  se ven  v a r i a b l e s  have 
been  r e c o r d e d :
: S t a n d a r d i s e d  M o r t a l i t y  R a t i o .  (SMR)
X2 : P e r s o n s  i n  p r i v a t e  househo lds  w i t h  e c o n o m i c a l l y  a c t i v e  ( i . e .
i n  work, s e e k i n g  work or  t e m p o r a r i l y  s i c k )  head  in  s o c i a l  
c l a s s  1 ( h i g h e r  m ana ge r ia l  and p r o f e s s i o n a l )  as  a p r o p o r t i o n  
o f  a l l  p e r s o n s  in  p r i v a t e  househo ld s  w i t h  e c o n o m i c a l ly  a c t i v e  
he a d s .  (S I )
X3 : Same a s  i n  s o c i a l  c l a s s  1 but  f o r  s o c i a l  c l a s s  V ( u n s k i l l e d
m an u a l ) .  (S5)
X4 : P r o p o r t i o n  o f  p e r s o n s  i n  p r i v a t e  h o u s e h o ld s  l i v i n g  in
overc rowded  accommodat ion ( i . e .  > 1 .5  p e r s o n s  p e r  room). (OV)
X5 : P r o p o r t i o n  o f  p e r s o n s  in  p r i v a t e  h o u s e h o ld s  w i t h  no c a r .  (NC)
Xg : P r o p o r t i o n  o f  c h i l d r e n  (under  16) i n  p r i v a t e  hous e h o ld s  w i th
o n ly  one a d u l t .  (PC)
X7 : P r o p o r t i o n  o f  e c o n o m ic a l ly  a c t i v e  males  s e e k i n g  work.  (UN)
The SMR f o r  a  d i s t r i c t  i s  d e f i n e d  as  t h e  r a t i o  o f  o b s e rv e d  to  
e x p e c t e d  d e a t h s  i n  the  d i s t r i c t .  The e x p e c t e d  number o f  d e a th s  i s  
o b t a i n e d  by a p p l y i n g  th e  n a t i o n a l  a g e - s e x - s p e c i f i c  m o r t a l i t y  r a t e s  
t o  t h e  p o p u l a t i o n  s t r u c t u r e  o f  the  d i s t r i c t .
The d a t a  u s e d  a r e  g iv e n  in  Amfoh (1988) .  He o b t a i n e d  th e  SMR d a ta
from t h e  1981 annua l  r e p o r t  o f  the  R e g i s t r a r - G e n e r a l  o f  S c o t l a n d  whi le  
t h a t  f o r  t h e  o t h e r  s i x  v a r i a b l e s  was e x t r a c t e d  from t h e  1981 S c o t t i s h  
c e n su s  sm al l  a r e a  s t a t i s t i c s .  All  t h e  v a r i a b l e s  a r e  i n d i c a t o r s  o f  
d e p r i v a t i o n  i n  a  d i s t r i c t  b u t ,  i n  c o n t r a s t  t o  t h e  o t h e r s ,  small  v a lu e s
o f  SI  d e n o te  d e p r i v a t i o n  and l a r g e  v a l u e s  a f f l u e n c e .
- 2 2 2 -
Amfoh (1988)  p r o v i d e s  b o x p l o t s  and h i s t o g r a m s  f o r  each  o f  the  
v a r i a b l e s .  Those f o r  SMR a r e  f a i r l y  symmetr ic  bu t  f o r  the  o t h e r  s i x  
t h e y  show v a r y i n g  d e g re e s  o f  skewness  t o  t h e  r i g h t .
The d a t a  were f i r s t  m e a n - c o r r e c t e d  b e f o r e  s p h e r i n g .  A p p l i c a t i o n  
o f  t h e  a l g o r i t h m  o f  S e c t i o n  6 .2  t o  t h e  s p h e r e d  d a t a  u s i n g  c = 7, found 
by l o g - 1i k e l i h o o d  c r o s s - v a l i d a t i o n ,  d e t e r m i n e d  f i v e  d i r e c t i o n s  based  on 
12,  12,  17,  8 and 7 o b s e r v a t i o n s .  The d e n s i t y  p r o f i l e s  f o r  t h e s e  
d i r e c t i o n s  (no t  i l l u s t r a t e d )  i n d i c a t e  c l u s t e r i n g  about  the  o r i g i n  
as  w e l l  a s  two s m a l l e r  but  marked c l u s t e r s  away from th e  o r i g i n  in  
d i r e c t i o n s  2 and 5. These p r o f i l e s  a l s o  c l e a r l y  i n d i c a t e  the  non­
n o r m a l i t y  o f  t h e  d a t a .
These d i r e c t i o n s  were t h e n  t r a n s f o r m e d  t o  back  r e f e r e n c e  the  mean- 
c o r r e c t e d  s t a n d a r d i s e d  d a t a .  The u n i t  v e c t o r s  d e f i n i n g  each  o f  them 
a r e  as  f o l l o w s  :
D i r e c t i o n  :
0 .,625 0 .,405 - 0 .,350 - 0 .,474 - 0 .,361
- 0 .,220 - 0 .,051 - 0 .,401 0 .,062 0 .,529
- 0 .,197 0 ,.377 - 0 .,289 - 0 .,074 - 0 ,,461
- 0 . 347 0 ,.592 - 0 , 420 - 0 ,.318 - 0 ,.135
0 ,.303 0 ,.460 - 0 . 425 0 ,.381 - 0 ,.295
0 ,.087 0 ,.133 0 . 293 - 0 . 455 - 0 ,.475
0 ,.550 0 ,.334 - 0 ,.441 - 0 ,.559 - 0 ,.217
C r o s s -
s e c t  i o n a l  0 .038  0.029  0 .0 60  0 .0 2 4  0 .039
i n t e g r a l ,
The f o l l o w i n g  t a b l e  g i v e s  a l l  t h e  p a i r w i s e  a n g l e s  i n  d eg rees  
be tw een  t h e  d i r e c t i o n s :
“ 2 2 3 -
D i r e c t i o n  : 1 2 3 4
2 71 .4
3 106 .0 141.3
4 130.3 146.5 55 .2
5 117.0 134.2 79 .4 4 3 .1
They a r e  a l l  r e a s o n a b l y  we l l  s e p a r a t e d .  The c l o s e s t  p a i r s  a re  
(^2 » 3) anc* (do . -d / , ) w i t h  a n g l e s  o f  38 .7  and 33 .5  between  the  
p a i r s  r e s p e c t i v e l y .
Each o f  the  o n e -d im e n s io n a l  p r o f i l e s  i s  q u i t e  s i m i l a r  i n  shape 
t o  t h e  c o r r e s p o n d i n g  one f o r  t h e  s p h e re d  d a t a .  Those f o r  d2 , CI3 and 
d.5 a r e  i l l u s t r a t e d  in  f i g u r e s  6 . 1 2 - 6 . 1 4 .  Each o f  t h e s e  shows a l a r g e  
mode n e a r  t h e  o r i g i n  i n d i c a t i n g  c l u s t e r i n g  t h e r e  w h i l e  d2 and d.5 
b o t h  have s m a l l e r  modes away from th e  o r i g i n  as  w e l l .  The p r o f i l e s  f o r  
d^ and d^,  not  i n c l u d e d ,  a r e  b o th  unimodal  w i t h  modal p o i n t s  to  the  
r i g h t  o f  t h e  o r i g i n .
E x a m in a t io n  o f  t h e  v a r i a b l e  l o a d i n g s  e n a b l e s  m ena ingfu l  i n t e r ­
p r e t a t i o n s  to  be g i v e n  to  some o f  t h e  d i r e c t i o n s .  For  example,  d2 
can  be i n t e r p r e t e d  as  an index  o f  SMR, S5, OV, NC and UN ( p o s i t i v e  
c o e f f i c i e n t s )  w h i l e  d5 i s  a c o n t r a s t  be tw een  Si  ( p o s i t i v e )  and 
SMR, S5, NC and PC ( n e g a t i v e ) .  Also <14 i s  an  index  o f  a group o f  
t h e  d e p r i v a t i o n  v a r i a b l e s  w i t h  n e g a t i v e  c o e f f i c i e n t s  w h i l e  d^ i s  
a  c o n t r a s t  be tween  SMR and UN ( p o s i t i v e )  and OV ( n e g a t i v e ) .  In 
a r r i v i n g  a t  t h e s e  i n t e r p r e t a t i o n s  c o e f f i c i e n t s  w i t h  a b s o l u t e  v a lu e s  
l e s s  t h a n  h a l f  t h e  l a r g e s t  a b s o l u t e  c o e f f i c i e n t  have been  ig n o re d .
The p l a n a r  c r o s s - s e c t i o n  c o n t a i n i n g  ( d 2 , ^ 5 ) ,  f i g u r e  6 .1 5 ,  shows 
th e  f u l l  s e v e n - d i m e n s io n a l  d e n s i t y  t o  be t r i m o d a l  i n  t h i s  p l a n e  w i th  
t h e  l a r g e s t  mode n e a r  t h e  o r i g i n  and t h e  s m a l l e s t  i n  d i r e c t i o n  5.
- 2 2 4 -
That c o n t a i n i n g  f i g u r e  6 , 1 6 ,  a g a i n  shows modes i n  <15 and
a round  the  c e n t r e  but  a l s o  i n d i c a t e  two "arms" in  the  d e n s i t y .
P o s i t i v e  d^ and CI5 a r e  b o t h  d i r e c t i o n s  o f  i n c r e a s i n g  a f f l u e n c e .
For  t h e  p l a n e  c o n t a i n i n g  ( d ^ , ^ ) ,  f i g u r e  6 .1 7 ,  t h e r e  i s  a s e p a r a t e  
mode i n  d-2 and a r e g i o n  o f  h i g h  d e n s i t y  n e a r  t h e  c e n t r e  c o n t a i n i n g  
one l a r g e  peak and two s m a l l e r  ones .
The d a t a  were t h e n  p r o j e c t e d  on to  each o f  t h e s e  t h r e e  p l a n e s .
That  f o r  t h e  p l a n e  c o n t a i n i n g  ( ^ 2 , ^ 5 ) ,  f i g u r e  6 .1 8 ,  shows most o f  
t h e  p o i n t s  to  be a ro und  th e  o r i g i n  bu t  w i t h  some s p r e a d  a lo ng  
p o s i t i v e  d2 and <15. The p o i n t  w i t h  t h e  l a r g e s t  v a lu e  a long  d2 
and s m a l l e s t  a lo n g  ^5 c o r r e s p o n d s  t o  Glasgow whereas  a t  the  o t h e r  
ex tr eme  B ea rsden  and Eastwood have the  l a r g e s t  v a l u e s  on CI5 and 
s m a l l e s t  on d ^ . In  f a c t ,  e x a m i n a t i o n  o f  t h e  o r i g i n a l  d a t a  r e v e a l s  
t h a t  Glasgow has  t h e  h i g h e s t  v a l u e s  f o r  SMR, S5, OV, NC, PC and UN 
out  o f  a l l  t h e  d i s t r i c t s  t o g e t h e r  w i t h  a s m a l l ,  w e l l  below a v e ra g e ,  
v a l u e  f o r  SI .  I n  c o n t r a s t  B e a r sde n  and Eastwood have between  them 
t h e  lowes t  v a l u e s  f o r  SMR, S5, OV and PC, v e r y  sm al l  v a l u e s  f o r  NC 
and UN and by f a r  t h e  l a r g e s t  v a l u e s  f o r  S I .  These o u t l i e r s  a re  
a g a i n  c l e a r l y  shown in  t h e  p r o j e c t i o n  on to  t h e  p l a n e  c o n t a i n i n g  
(^4 , ^ 5 ) ,  f i g u r e  6 .1 9 ,  and a l s o  t h a t  c o n t a i n i n g  ( d ^ , ^ ) ,  f i g u r e  6 .20 .
Al l  t h e s e  p l o t s  i n d i c a t e  t h a t  t h e  d a t a  can  be d i v i d e d  up i n t o  
t h r e e  g r o u p in g s .  The l a r g e s t  i s  a ro und  t h e  o r i g i n  which a l s o  c o n t a i n s  
some f i n e r  a d d i t i o n a l  s t r u c t u r e .  The o t h e r  two i n  d i r e c t i o n s  2 and 
5 a r e  due t o  more d e p r i v e d  and a f f l u e n t  d i s t r i c t s  r e s p e c t i v e l y .
A p r i n c i p a l  component a n a l y s i s  was a l s o  c a r r i e d  out  on t h i s  
d a t a s e t .  The f i r s t  two p r i n c i p a l  components  t o g e t h e r  e x p l a i n  75.1% o f  
t h e  t o t a l  v a r i a t i o n  and a r e  a s  f o l l o w s  :
- 2 2 5 -
PCI PC2
-0 .3 7 0 0 .2 2 0
0.261 0.697
-0 .383 - 0 .0 8 4
-0 .4 1 5 0 .364
-0 .445 0.126
-0 ,2 9 5 -0 .526
-0 .4 3 7 0 .184
% o f  t o t a l
v a r i a t i o n  61 .70  13 .41
e x p l a i n e d .
PCI can  be i n t e r p r e t e d  as  a  c o n t r a s t  be tween  p o s i t i v e  SI ( i . e .  
a f f l u e n c e )  and a l l  t he  o t h e r  v a r i a b l e s  ( i . e .  d e p r i v a t i o n ) .  I t  i s  
d i f f i c u l t  to  g iv e  PC2 a m ean ingfu l  i n t e r p r e t a t i o n  which i s  a l s o  
t h e  c a se  f o r  t h e  o t h e r  p r i n c i p a l  components .
The a n g l e s  i n  d e g re e s  be tw een  th e  f i v e  d i r e c t i o n s  and f i r s t  two 
p r i n c i p a l  components a r e  as  f o l l o w s :
PCI PC2
1 118 .0 91 .8
2 160.6 73 .3
3 52 .9 140.7
4 25 .8 94 .7
5 29 .5 63.1
d2 has  an an g le  o f  o n l y  19 .4 °  w i t h  -PCI w h i l e  d ^  and a r e
b o t h  l e s s  t h a n  30 .0°  f rom +PC1. O th e rw is e ,  each  o f  t h e  d i r e c t i o n s  i s  
w e l l  s e p a r a t e d  from PCI and PC2. Th is  i s  a l s o  t h e  c a se  f o r  t h e  
o t h e r  p r i n c i p a l  components  w i t h  many o f  t h e  p a i r w i s e  compar isons  
i n d i c a t i n g  n e a r  o r t h o g o n a l i t y .
A p l o t  o f  t h e  7 - d im e n s i o n a l  d e n s i t y  in  the  p l a n e  o f  (PC1,PC2),  
f i g u r e  6 . 2 1 , a g a i n  shows th e  c o n to u r s  to  be c o n c e n t r a t e d  about  the  
o r i g i n  w i t h  a much lower s e p a r a t e  c o n to u r  in  the  -PCI d i r e c t i o n  due 
to  the  more d e p r i v e d  a r e a s .
P r o j e c t i n g  th e  d a t a  on to  the  p l a n e  d e f i n e d  by PCI and PC2, f i g u r e  
6 .2 2 ,  a g a i n  shows B ea rsden  and Eastwood t o  be ext reme v a l u e s  f o r  +PC1 
and Glasgow to  be ex treme f o r  -PCI.  However, t h e  r e l a t i v e  s c o r e s  
amongst t h e  d a t a  i n  te rms  o f  PC2 a re  not  h e l p f u l .  Tak ing  o t h e r  p a i r s  
o f  p r i n c i p a l  components  to  d e f i n e  a p lane  r e v e a l s  o n l y  a  s i n g l e  mode 
n e a r  t h e  o r i g i n  i n  t h e  p l a n a r  c r o s s - s e c t i o n s  and l i t t l e  o f  the  
r e l a t i o n s h i p s  between  the  d i s t r i c t s  in  the  p r o j e c t i o n s .
The sum o f  s q u a r e d  p e r p e n d i c u l a r  d i s t a n c e s  f rom th e  d a t a  to  the  
(PC1,PC2) p l a n e  i s  9 5 .8 .  For  t h e  p l a n e s  c o n t a i n i n g  ( d ^ , d 2 )> ( i i2 ’^5)  
and ( d /^ d ^ )  t h e  sum o f  s q u a r e s  a r e  138 .1 ,  104.1 and 126 .0  
r e s p e c t i v e l y .  The d i f f e r e n c e s  in  the  f i t s  as  compared wi t h  the  
o p t im al  p r i n c i p a l  component s o l u t i o n  a r e  not  g r e a t  bu t  more o f  t h e  
s t r u c t u r e  in  t h e  d a t a  i s  r e v e a l e d .
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F l gu re  6 . 1 .  S c a t t e r p l o t  o f  t he  s p h e r ed  s i m u l a t e d  d a t a  w i t h  t he  t h r e e - d l r e c t I o n s  o f  h ig h  b i v a r i a t e  
d e n s i t y  ( d | ,  | -  1 , 2 , 3 )  I n d i c a t e d .
0.5
1.0 as 1.5
N.
F i gu re  6 . 2 .  Weights  p r o p o r t i o n a l  t o  an  e s t i m a t e  o f  t he  i nduced c i r c u l a r  d e n s i t y  ( c  -  65) f o r  t h e  
s ph e r ed  s i m y l a t e d  d a t y .  I I I I
r- -  • ,
•* i• t
n
'Z
3  «X
; \
- 2 2 8 -
F i g u r e  6 . 3 .  F i x e d  k e r n e l  e s t i m a t e ,  h j  -  0 . 3  ffj ( I  -  1 , 2 ) ,  Tor  a c r o s s - s e c t i o n  a l o n g  d l
and an  N2 ( Q , l 2 ) d e n s i t y  p r o f i l e  f o r  the  s ph e r ed  s i m u l a t e d  d a t a .
esV.~a.Ve . a2*”
  «»Vi~aVe. .
_ _ .0.20 - -
0. 12 - -
♦  1-------H
•3.0 -2.5 -2 .0  - t .S  .1 .0  - a 5 0.0 0.5 1.0 1.5 2.0 2.5 5.0
F ig u re  6 . 4 .  F i xe d  k e r n e l  e s t i m a t e ,  hj  -  0 . 3  ffj ( I  -  1 , 2 ) ,  f o r  a c r o s s - s e c t  Ion a l o n g  ^2
and an  N2 ( H , l 2 ) d e n s i t y  p r o f i l e  f o r  t he  s p he r ed  s i m u l a t e d  d a t a .
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F l g u r e  6 . 5 .  F i x e d  k e r n e l  e s t i m a t e ,  h j  -  0 . 3  <r| ( I  -  1 , 2 ) ,  f o r  e c r o s s - s e c t i o n  a l o n g  5X3
and an N2 ( f l , l 2 ) d e n s i t y  p r o f i l e  f o r  t he  s p h e r ed  s i m u l a t e d  d a t a .
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F i g u r e  6 . 6 . F i xed  k e r n e l  e s t i m a t e ,  h j  -  0 . 5  <rj ( I  — 1 , . . . , 6 ) ,  f o r  a c r o s s - s e c t i o n  a long  
f o r  t he  s t a n d a r d i s e d  f l e a - b e e t l e  d a t a .
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F l g u r e  6 . 7 .  F ixed  k e r n e l  e s t i m a t e ,  hj  — 0 . 5  <Tj ( I  -  f o r  a c r o s s - s e c t ( o n  a l ong  ^2
f o r  t he  s t a n d a r d i s e d  f l e a - b e e t l e  d a t a ,
0.011 -f-
0.010..
0.009  - -
0. 000 - -
0.007
0. 004 - -
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0.001
F i g u r e  6 . 8 . F ix e d  k e r n e l  e s t i m a t e ,  hj  — 0 . 5  ffj ( i  — 1 , . . . , 6 ) ,  f o r  a  c r o s s - s e c t  Ion a l ong  £ 3  
f o r  t he  s t a n d a r d i s e d  f l e a - b e e t l e  d a t a .
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F l g u r *  6 . 9 .  F i x e d  k e r n e l  e s t i m a t e ,  h |  -  0 . 5  <rj ( I  -  1 , , . . , 6 ) ,  f o r  a  c r o s s - s e c t i o n  I n  t h e  p l a n e
c o n t a i n i n g  * n^  d3  f"o r  *he s t a n d a r d i s e d  f l e a - b e e t l e  d a t a .
Figure  6 . 10 .  The s t a n d ar d i se d  f l e a - b e e t l e  d a ta ,  wi th  da ta  p o i n ts  l a b e l l e d  by s p e c i e s ,  p ro j ec te d  
onto the plane  con t a i n i ng  £ 2  arK* d 3 -
2.0. r
-2.5 - 1.5•2.0 - 1.0 -0.5 t .0 t.s
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- 2 3 2 -
Figure  6 . 11 .  The s t an d ar d i s ed  f l e a - b e e t l e  d a t a ,  wi th da ta  p o i n t s  l a b e l l e d  by s pec ies ,  p r o j ec ted  onto 
the plane de f ined  by the f i r s t  two p r i n c i p a l  components.
2 .0  ■ -
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Figure  6 . 12 .  Fixed ke rne l  e s t im a t e ,  hj  -  0.5  ffj (1 -  1 , . . . , 7 ) ,  f or  a c r o s s - s e c t i o n  along £ 2  
f or  the s t a n d a r d i s e d  S c o t t i s h  d e p r i v a t i o n  d a t a .  .
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F l g u r e  6 . 1 3 .  F i x e d  k e r n e l  e s t i m a t e ,  h j  — 0 . 5  a j  ( I  -  1 ............7 ) ,  f o r  a  c r o s s - s e c t i o n  a l o n g  d j
f or  the s t a n d a r d i s e d  S c o t t i s h  d e p r i v a t i o n  da ta .
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Figure  6 . 14 .  Fixed kerne l  e s t i m a t e ,  hj  -  0 .5  a j (I  -  for  a c r o s s - s e c t  ion a long d j
f or  the s t a n d a r d i s e d  S c o t t i s h  d e pr i v a t i o n  da ta .
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F l g u r e  6 . 1 5 .  F i x e d  k e r n e l  e s t i m a t e ,  h |  — 0 . 5  ffj ( I  “  1 .......... 7 ) ,  Tor  ■ c r o s s - s e c t i o n  I n  t h e  p l a n e
c o n t a i n i n g  &2 an<* ds fo r  the s t andar di se d S c o t t i s h  d e p r i v a t i o n  d a t a .
2..
Figure  6 . 16 .  Fixed ke rne l  e s t im a t e ,  hj  -  0 . 5  <Tj (1 -  1 , . . . , 7 ) ,  f o r  a c r o s s - s e c t i o n  In the plane
c o n t a i n i n g  £ 4  and £ 5  for  the s t andar di se d  S c o t t i s h  d e p r i v a t i o n  data' .
'O
- 2 3 5 -
F l g u r e  6 . 1 7 .  F i x e d  k e r n e l  e s t i m a t e ,  h j  -  0 . 5  ffj ( I  -  f o r  a c r o s s - s e c t i o n  I n  t h e  p l a n e
conta i ning-  ^ 1  *nd ^2 f ° r  s t a nd ar d i s e d  S c o t t i s h  d e p r i v a t i o n  d a t a .
Figure 6 .18.  The s t a n d a r d i s e d  S c o t t i s h  d e p r i v a t i o n  da ta  p ro jec te d  onto the plane c on ta in ing  £ 2
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F t g u r e  6 , 1 9 ,  The  s t a n d a r d i s e d  S c o t t i s h  d e p r i v a t i o n  d a t a  p r o j e c t e d  o n t o  t h e  p l a n e  c o n t a i n i n g  a n d  &$.
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Figure  6 .20 .  The s t a n d a r d i s e d  S c o t t i s h  d e p r i va t i o n  da ta  p r o j ec te d  onto the plane c o n ta i n i ng  d l  and ji2>
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Figure  6 . 21 .  Fixed ke r ne l  e s t im a te ,  hj  -  0 . 5  (T| (I  -  1 ..........7 ) ,  f or  a c r o s s - s e c t i o n  In the plane
def ined  by PCI and PC2 for  the s t andar di sed  S c o t t i s h  d e p r i v a t i o n  da ta .
Figure  6 . 22 .  The s t a n d a r d i s e d  S c o t t i s h  d e p r iv a t i o n  data p r o j e c t e d  onto  the  plane def ined by the f i r s t  
two p r i n c i p a l  components.
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Chapter 7. Assessing Logistic Regression Models.
7 . 1 .  I n t r o d u c t i o n .
Suppose t h a t  we have N s e t s  o f  o b s e r v a t i o n s  in  t h e  form 
(^1>nl » x l ) > • • • » (Yn , nN»xn) • For  e a c h i n d i v i d u a l  o r  o b j e c t  i n  the  
s t u d y  we have o b s e rv e d  th e  outcome o f  a  b i n a r y  r e s p o n s e  v a r i a b l e  
which i s  coded 1 f o r  " s u c c e s s "  and 0 o t h e r w i s e .  Yj d e n o te s  the  
number o f  i n d i v i d u a l s  h a v in g  p o s i t i v e  r es p o n s e  ( i . e .  equa l  t o  one) 
i n  t h e  s e t  which c o m p r i se s  n j  i n d i v i d u a l s  each  w i th  a common
c o v a r i a t e  v a lu e  x j  and p r o b a b i l i t y  p ( x j )  ( a l s o  t o  be d e n o te d  by 
p j )  o f  a p o s i t i v e  r e s p o n s e .  I f  t h e  outcomes f o r  each  o f  t h e
i n d i v i d u a l s  i n  s e t  i a r e  in dependen t  t h e n  Yj -  B j ( n j , p j )  w i th
E[Yj]  = n j . p j  = j .  Ungrouped d a t a  c om pr i se s  a s p e c i a l  c a se  and
have n j  = 1 f o r  i *= 1 , . . . , N .
The aim i s  t o  i n v e s t i g a t e  t h e  dependence o f  a p o s i t i v e  reponse  
on t h e  measured  c o v a r i a t e  which may be e i t h e r  c a t e g o r i c a l  o r  on a 
c o n t i n u o u s  s c a l e .  Such a n a l y s e s  have many a r e a s  o f  a p p l i c a t i o n  such 
as  i n  m e d i c a l ,  economic and e d u c a t i o n a l  s t u d i e s .  For  example,  we may 
be i n t e r e s t e d  i n  t h e  p r o b a b i l i t y  t h a t  a p a t i e n t  w i t h  a p a r t i c u l a r  
d i s e a s e  w i l l  s u r v i v e  f o r  a t  l e a s t  f i v e  y e a r s  f o l l o w i n g  s u r g e r y  when 
he o r  she i s  x y e a r s  o l d  a t  t h e  t ime o f  t h e  o p e r a t i o n .
A common method o f  m o d e l l i n g  such  d e p e n d e n c ie s  i s  t o  f i t  l i n e a r  
f u n c t i o n s  o f  p a r a m e t e r s  t o  some t r a n s f o r m a t i o n  o f  t h e  p r o b a b i l i t i e s .  
One o f  t h e  most w i d e l y  u s e d  t e c h n i q u e s  in  t h i s  r e s p e c t  i s  l o g i s t i c  
r e g r e s s i o n .  The l o g i s t i c  model p o s t u l a t e s  t h a t
l o g ( p i / ( X - p i ) )  *  a  +  /Sxj ( 7 . 1 . 1 )
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a+j3xj
Pi -  P (X,)  -  - i - 5 ^  ( 7 . 1 . 2 )
where a  and /3 a r e  unknown p a ra m e t e r s  to  be e s t i m a t e d  from th e  
d a t a  and p ( x j )  d e n o te s  t h e  dependence o f  pj  on x j  . In  g e n e r a l ­
i s e d  l i n e a r  model t e r m in o l o g y  th e  r i g h t  hand s i d e  o f  ( 7 . 1 . 1 )  i s  c a l l e d  
t h e  " l i n e a r  p r e d i c t o r "  and t h e  l e f t  hand s i d e  t h e  " l i n k  f u n c t i o n "  
as  i t  l i n k s  t h e  e x p e c t e d  r e s p o n s e  f o r  an i n d i v i d u a l  i n  t h e  i t h  s e t  
t o  t h e  l i n e a r  p r e d i c t o r  f o r  t h a t  i n d i v i d u a l .
Under t h e  above c o n d i t i o n s  t h e  l i k e l i h o o d  f u n c t i o n  f o r  the  
o b s e rv e d  d a t a  i s
t  n fn i l y i M sni - y i iL “ " LJ Pi P* <7-1'3)1=1  1
so t h a t  t h e  log  l i k e l i h o o d  i s
N
log(L)  -  G -  c o n s t .  + ^  [ V i  * l o S(Pi> + ( n i ~ y i ) • l ° g ( l ~ P i )  ]
1 -1
N N
( 7 . 1 . 4 )
a+I^Xi
c o n s t .  + ^  y \  * ) -  2  n i l o g ( l + e  )
i - 1  i= l
( 7 . 1 . 5 )
by u s i n g  ( 7 . 1 . 2 ) .
To o b t a i n  e s t i m a t e s  o f  a  and |8 the  method o f  maximum l i k e l i ­
hood i s  u s e d  so  t h a t  Q. i s  p a r t i a l l y  d i f f e r e n t i a t e d  w i t h  r e s p e c t  to  
a  and {3 and t h e  r e s u l t s  s e t  equa l  t o  z e r o .  T h i s  g i v e s  a  sys te m  
o f  n o n - l i n e a r  e q u a t i o n s  i n  a  and /3 which need  t o  be s o l v e d  
i t e r a t i v e l y .  Second d e r i v a t i v e s  can  e a s i l y  be computed so t h e  Newton- 
Raphson method can  be employed. McCullagh and N e ld e r  (1983) show t h a t  
t h i s  can  be e x p r e s s e d  a s  i t e r a t i v e l y  r e w e ig h te d  l e a s t  s q u a r e s  i . e .
f l ( t )  _  (xTwX)"1 . (XTWZ) ( 7 . 1 . 6 )
where f
1  -  ( a , « T ,
XT -  f1  1 1 ,
Lxi  ,xNJ
W -  d i a g  ( n j P i C l - p i ) ) ,
Z -  XI + W ^ s
and s. has  e l e m e n t s  s j  = y i " n i * P j ? i ** 1 ........... ,N.
The r i g h t  hand  s i d e  o f  ( 7 . 1 . 6 )  i s  e v a l u a t e d  a t  j ? ( t - l )  ( i . e .  
u s i n g  th e  e s t i m a t e s  o f  a  and 0 c a l c u l a t e d  a t  t h e  ( t - l ) ^ ^ 1 
i t e r a t i o n ) .  At conve rgence  t h e  e lem en ts  o f  8_ c o r r e s p o n d  t o  the  
maximum l i k e l i h o o d  e s t i m a t e s .
The t h e o r y  r e a d i l y  e x t e n d s  to  the  v a l u e s  o f  p c o v a r i a t e s  be ing  
a v a i l a b l e  f o r  e a ch  i n d i v i d u a l  so t h a t  t h e  model becomes
l o g ( P i / ( l - P i ) >  = + 0 i x i  + . . . +  (3pXp ( 7 . 1 . 7 )
o r  p ( x )  = e x p ( ! Tx ) / ( l + e x p ( ! ^ x ) ) ( 7 . 1 . 8 )
where J? i s  now ( < * 1 0 1 ............0p)^* The x j ' s  can  be a  m ix tu re  o f
b o t h  c a t e g o r i c a l  and  c o n t i n u o u s  v a r i a b l e s .
The u s u a l  a s y m p t o t i c  r e s u l t s  a s s o c i a t e d  w i t h  maximum l i k e l i h o o d  
e s t i m a t o r s  a p p l y  so t h a t
£  -  Np+1 ( 1 ’ (xTwx) ' 1)-  ( 7 - 1 . 9 )
In t h i s  context (xl"WX)~l i s  equivalent to the inverse o f  the Fisher
A
i n f o r m a t i o n  m a t r i x  e v a l u a t e d  a t  6 .
Once a  l o g i s t i c  model has  been  f i t t e d  i t  i s  t h e n  u s e f u l  to  t h e n
a s s e s s  how wel l  i t  a c t u a l l y  does f i t  the  d a t a .  Such checks  can be 
d i f f i c u l t  to  do v i s u a l l y ,  e i t h e r  by examining t h e  f i t t e d  v a lu e s  o r  by 
u s i n g  c e r t a i n  g r a p h i c a l  t e c h n i q u e s ,  and t h e r e f o r e  some measure o f  
g o o d n e s s - o f - f i t  i s  d e s i r a b l e .  G o o d n e s s - o f - f i t  t e s t s  may be e f f e c t i v e  
i n  d e t e c t i n g  prob lems but  t h e y  w i l l  no t  n e c e s s a r i l y  i n d i c a t e  t h e i r  
n a t u r e .  They do, however,  h e lp  to  p rev e n t  i n a p p r o p r i a t e  c o n c lu s i o n s  
b e in g  made as  a  consequence  o f  a p o o r ly  f i t t i n g  model .  In  S e c t i o n  2 
some commonly u s e d  g o o d n e s s - o f - f i t  measures  a r e  r e v i e w e d .  A number o f  
a u t h o r s  have s u g g e s t e d  e s t i m a t i n g  some o r  a l i  o f  t h e  c o v a r i a t e  e f f e c t s  
n o n - p a r a m e t r i c a l l y  and i n c o r p o r a t i n g  t h e s e  i n t o  t h e  l o g i s t i c  model.
Some o f  t h e s e  a p p ro a c h e s  a r e  r ev iewed in  S e c t i o n  3 w h i l e  i n  S e c t i o n  4 
t h e  p s u e d o - 1 i k e l i h o o d  r a t i o  t e s t ,  which aims t o  compare the  l o g i s t i c  
model w i t h  a n o n p a r a m e t r i c  a l t e r n a t i v e ,  i s  d e s c r i b e d  i n  d e t a i l .  Lack 
o f  f i t  may r e s u l t  f rom o m i t t i n g  impor tan t  c o v a r i a t e s  o r  by i n c o r r e c t l y  
s p e c i f y i n g  th e  f u n c t i o n a l  form o f  a  c o v a r i a t e  e f f e c t .  In  S e c t i o n  5, 
t h e  use  o f  p a r t i a l  r e s i d u a l s  f o r  e s t a b l i s h i n g  t h e  c o r r e c t  f u n c t i o n a l  
form i s  i n v e s t i g a t e d .
7 . 2 .  Some m easures  o f  g o o d n e s s - o f - f i t .
In  g e n e r a l i s e d  l i n e a r  models a common measure  o f  d i s c r e p a n c y  
be tw een  th e  d a t a  y  and f i t t e d  v a lu e s  j i  i s  t h e  s c a l e d  dev iance  
which i s  d e f i n e d  t o  be
y\
-D(y ’ = -  2. (G-G0 ) ( 7 . 2 . 1 )
9
A
where G i s  t h e  l o g - 1 i k e l i h o o d  e v a l u a t e d  a t  t h e  MLE's Gq *s
t h e  maximum a c h i e v a b l e  l o g - 1 i k e l i h o o d  f o r  a  s a t u r a t e d  model w i th  the 
number o f  p a r a m e t e r s  equa l  t o  t h e  number o f  o b s e r v a t i o n s  and th e  
s c a l i n g  f a c t o r  <p i s  t h e  d i s p e r s i o n  p a ra m e te r  which e q u a l s  1 f o r
b inom ia l  models .
For b in o m ia l  d a ta  ( 7 . 2 . 1 )  t a k e s  the form
D (y ,^ )  = 2  2  {yi l o S [t t - \  + ( n j - y i )  log  [-------- ^ - ] } .
i = l  ( ii n j  -  ^
( 7 . 2 . 2 )
I f  t h e  n j ' s  a r e  l a r g e  t h e n  th e  d i s t r i b u t i o n  o f  ( 7 . 2 . 2 )  i s  
2
a p p r o x i m a t e l y  X ( n - p ) . The a s y m p t o t i c s  r e q u i r e  t h a t  t h e  model 
r em a ins  f i x e d  as  the  number o f  o b s e r v a t i o n s  i n c r e a s e s  so t h a t  the  
jtq —» co. While  t h i s  i s  the  ca se  f o r  b inom ia l  d a t a ,  f o r  b i n a r y  
o b s e r v a t i o n s  t h e  w i l l  remain  smal l  and the  c h i - s q u a r e d  a p p r o x i ­
m a t io n  w i l l  be i n v a l i d .  Wil l i ams  (1983) shows t h a t  f o r  l o g i s t i c  
models  o f  b i n a r y  d a t a  the  dev ia nc e  can be w r i t t e n  as
N
D<y,it) -  -  2 I  [ h  log Oij )  + ( l - ; , ) I o 8 ( l - w ) }  ( 7 . 2 . 3 )
i = l
which i s  a  f u n c t i o n  o f  the  f i t t e d  v a l u e s  o n l y  and i s  t h e r e f o r e
u n i f o r m a t i v e  about  the  g o o d n e s s - o f - f i t . A model f o r  b i n a r y  d a t a
can  s t i l l  be t e s t e d  a g a i n s t  a n o n - s a t u r a t e d  a l t e r n a t i v e  by comparing
2
t h e  d i f f e r e n c e s  i n  de v ia n c e s  w i th  a X i n  t h e  u s u a l  way but  the
2
a c t u a l  a c c u r a c y  o f  t h i s  X a p p ro x im a t io n  i s  unknown.
2
Another  w i d e l y  used  measure i s  P e a r s o n s  X s t a t i s t i c  d e f i n e d  by
x L  ( 7 . 2 , 4 )
i = l  n j p j ( l - p j )
2For  l a r g e  n j ' s  t h i s  a l s o  has  an X (n -p )  d i s t r i b u t i o n .
2McCullagh (1986)  a rg u e s  t h a t  f o r  t h e  d e v ia n c e  and P e a r s o n ' s  X 
t h e  a p p r o p r i a t e  r e f e r e n c e  d i s t r i b u t i o n  i s  c o n d i t i o n a l  on th e  
s u f f i c i e n t  s t a t i s t i c ,  S, f o r  the  unknown j? r a t h e r  t h a n  c o n s i d e r i n g
- 2 4 3 -
th e  m ar gin a l  d i s t r i b u t i o n s .  For b in om ia l  and b i n a r y  d a ta  S = X^Y
o f  which 6_ i s  a 1-1 f u n c t i o n .  For  b i n a r y  d a t a  t h i s  c o n d i t i o n a l
d i s t r i b u t i o n  o f  t h e  dev iance  i s  a f u n c t i o n  o f  S and so c o n t a i n s  no
i n f o r m a t i o n  r e g a r d i n g  l a c k  o f  f i t  whereas  f o r  b in o m ia l  d a t a  i t  i s
a s y m p t o t i c a l l y  normal  w i th  the  moments g i v e n  i n  t h e  p a p e r .  The un-
2
c o n d i t i o n a l  mean and v a r i a n c e  o f  X  a r e  d e r i v e d  and i t  i s  a l s o  shown 
2
t h a t  X  and S a r e  independent  t o  f i r s t  o r d e r  i n  n.
Hosmer and Lemeshow (1980,  1982) d e s c r i b e  and d i s c u s s  a number o f  
s t a t i s t i c s  f o r  a s s e s s i n g  g o o d n e s s - o f - f i t . To c a l c u l a t e  t h e i r
A
recommended s t a t i s t i c  the  e s t i m a t e d  p r o b a b i l i t i e s  t p ( x j ) ,  i = 1 , . . . , N }
a r e  f i r s t l y  r a n k e d  and t h e n  g rouped  i n t o  d e c i l e s  so t h a t  the  f i r s t
A
d e c i l e  c o n t a i n s  t h e  s m a l l e s t  N/10 v a l u e s  o f  p ( x j ) ,  e t c .  I f  N i s
no t  a  m u l t i p l e  o f  10 then  an e x t r a  o b s e r v a t i o n  i s  a s s i g n e d  to  an 
a p p r o p r i a t e  number,  ( N - [ n / 1 0 ] ) } o f  the  d e c i l e s  c o n t a i n i n g  t h e  l a r g e s t
A
p ( x j ) ' s .  E i t h e r  fewer  o r  more t h a n  10 groups  can  be u s e d  p r o v id e d  the  
number i s  g r e a t e r  t h a n  p+1 but  most a p p l i c a t i o n s  do use 10. T h e i r  
t e s t  s t a t i s t i c  compares t h e  o b s e rv e d  and e s t i m a t e d  f r e q u e n c i e s  i n  each 
d e c i l e  and i s  g i v e n  by
 ^ ^  (ovg -e kg )^
C = 2 2  ( 7 . 2 . 5 )
w h e r e ,
k=0 2=1
°o2 = 2 ( ^ i - y i ) ,
i e D  q
° i  Q. = 2  Yi>
i £Dj2
A
e o2 "  2 n j ( l - p ( x i ) ) ,
ieD2
e i2 “  2 n iP(* i>.
i eDj2
- 2 4 4 -
and Dg d e n o te s  t h e  s e t  o f  i n d i v i d u a l s  i n  t h e  2 t h  d e c i l e .  They show
in  t h e i r  1980 pa pe r  v i a  computer  s i m u l a t i o n s  t h a t  p r o v i d e d  g > p+1
t h e n  under  the  n u l l  h y p o t h e s i s  C i s  a p p r o x i m a t e l y  d i s t r i b u t e d  as  
2a X ( g -2 )  where g i s  t h e  number o f  g roups  u s e d .
7 . 3 .  I n c o r p o r a t i n g  smooth f u n c t i o n s  o f  t h e  c o v a r i a t e s  i n t o  the  model .
H a s t i e  and T i b s h i r a n i  (1987)  g e n e r a l i s e  t h e  l i n e a r  model ( 7 . 1 . 1 )  
t o  one which models  l o g i t ( p )  as  t h e  sum o f  smooth f u n c t i o n s  o f  the  
c o v a r i a t e s  which t h e y  c a l l  a  g e n e r a l i s e d  a d d i t i v e  model i . e .
P
l o g i t ( p ( x ) ) -  a  + 2  f i ( X j )  ( 7 . 3 . 1 )
j - 1
where t h e  f j ( - ) , s  a r e  u n s p e c i f i e d  smooth o n e -d i m e n s i o n a l  f u n c t i o n s .
The lo g -o d d s  a r e  t h u s  m ode l led  i n  an a d d i t i v e  bu t  n o n p a ra m e t r i c  manner . 
The model ( 7 . 3 . 1 )  i s  f i t t e d  u s i n g  a  ' l o c a l  s c o r i n g  a l g o r i t h m '  which i s  
a  g e n e r a l i s a t i o n  o f  i t e r a t i v e l y  r e w e ig h t e d  l e a s t  s q u a r e s  and the  
f j ( 0 ' s  a r e  e s t i m a t e d  u s in g  a  s c a t t e r p l o t  smoother  in  a n o t h e r  i t e r a t i v e  
p r o c e d u r e .  F u l l  d e t a i l s  a r e  c o n t a i n e d  i n  t h e  p a p e r .  Here a l l  t h e  non-  
l i n e a r i t i e s  a r e  e s t i m a t e d  s i m u l t a n e o u s l y  and may s u g g e s t  s u i t a b l e  
p a r a m e t r i c  t r a n s f o r m a t i o n s  o f  t h e  c o v a r i a t e s .  P a i r w i s e  i n t e r a c t i o n s  
ca n  be i n c l u d e d  by a l l o w i n g  b i v a r i a t e  f u n c t i o n s  i n t o  t h e  model . They 
a l s o  d e s c r i b e  a  number o f  i n f e r e n t i a l  t o o l s  t o  a s s i s t  i n  a s s e s s i n g  the  
r e l e v a n c e  and s i g n i f i c a n c e  o f  t h e  e s t i m a t e d  f u n c t i o n s .  These inc lu d e  
a s y m p t o t i c  c o n f i d e n c e  i n t e r v a l s ,  d e g re e s  o f  f reedom and h y p o t h e s i s  
t e s t s  bu t  t h e r e  i s  an absence  o f  a p p r o p r i a t e  d i s t r i b u t i o n  t h e o r y  to  
accompany t h e s e .
While t h e s e  models a r e  c e r t a i n l y  u s e f u l  t h e r e  a r e  a l s o  some 
prob lems and unanswered q u e s t i o n s .  F i r s t l y ,  the  e f f e c t  o f  the  
dependence be tween two or  more c o v a r i a t e s  on the  f i t t i n g  a l g o r i t h m ,  
s t a n d a r d  d e v i a t i o n s  and d e g re e s  o f  f reedom i s  no t  c l e a r .  Secondly ,  
no accoun t  i s  t a k e n  o f  the  i n h e r e n t  b i a s  in  the  f u n c t i o n  e s t i m a t e s  
and th e  e f f e c t  t h i s  has when c o n s t r u c t i n g  c o n f i d e n c e  i n t e r v a l s  and 
comparing f i t s .  T h i r d l y ,  c a t e g o r i c a l  v a r i a b l e s  have not  been m odel led  
i n  t h i s  f ramework and f i n a l l y  t h e  model on ly  e x i s t s  on th e  computer  
so t h a t  e s t i m a t i n g  p (x)  f ° r  a new i n d i v i d u a l  w i t h  c o v a r i a t e  v e c t o r  
x may in v o lv e  a l a r g e  amount o f  com p u ta t io n .
O ' S u l l i v a n  e t  a l  (1986)  c o n s i d e r  m o d e l l i n g  t h e  c o v a r i a t e s  non-  
p a r a m e t r i c a l l y  by s p l i n e  f u n c t i o n s  u s i n g  a p e n a l i s e d  l i k e l i h o o d  
w i t h  a L a p l a c i a n  p e n a l t y  f u n c t i o n .  They do not  use an  a d d i t i v e  model 
bu t  e s t i m a t e  l o g i t ( p ( x ) )  d i r e c t l y  u s i n g  m u l t i - d i m e n s i o n a l  s p l i n e s .  
These a r e  however d i f f i c u l t  to  d i s p l a y  and i n t e r p r e t  f o r  more t h a n  
two c o v a r i a t e s .  They do not  c o n s i d e r  any i n f e r e n c e  b a sed  on t h e i r  
e s t  i m a t e s .
Green and Yande l l  (1985)  c o n s i d e r  t h e  c a se  when a l l  but  one o f  the  
c o v a r i a t e s  a r e  l i n e a r .  They a l s o  use s p l i n e  f u n c t i o n s  i n  a p e n a l i s e d  
l i k e l i h o o d  a pproach  and s o l v e  t h e  normal  e q u a t i o n s  e x p l i c i t l y .  
G o o d n e s s - o f - f i t  i s  a s s e s s e d  by t h e  de v ia n c e  w i t h  t h e  a s y m p t o t i c  
e x p e c t a t i o n  p r o v i d i n g  an e s t i m a t e  o f  i t ' s  d e g re e s  o f  f reedom. They 
u se  f u r t h e r  approx im ate  a s y m p t o t i c s  t o  d e r i v e  an  e s t i m a t e d  c o v a r i a n c e  
m a t r i x  f o r  j9 f rom which s t a n d a r d  e r r o r s  can  be c a l c u l a t e d .  However, 
t h e y  recommend t h a t  t h e s e  r e s u l t s  s h o u ld  o n ly  be u s e d  i n f o r m a l l y  due 
t o  a l a c k  o f  a p p r o p r i a t e  d i s t r i b u t i o n  t h e o r y .
7 . 4 .  The P s e u d o - L i k e l i h o o d  R a t i o  T e s t .
7 . 4 . 1 .  I n t r o d u c t i o n .
The methods d e s c r i b e d  i n  t h e  f o l l o w i n g  s e c t i o n s  a r e  most 
a p p r o p r i a t e  f o r  b i n a r y  d a t a  o r  d a t a  f o r  which a l l  t h e  n j ' s  a r e  
sm al l  bu t  a r e  a l s o  a p p l i c a b l e  t o  b inomia l  d a t a  w i t h  l a r g e  group s i z e s
The aim i s  t o  c o n s t r u c t  a  n o n p a ra m e t r i c  e s t i m a t e  o f  t h e  l o g i s t i c  
r e g r e s s i o n  f u n c t i o n  and t h e n  q u a n t i f y  and a s s e s s  t h e  s i g n i f i c a n c e  o f  
i t s  g l o b a l  d i s c r e p a n c y  from t h e  l o g i s t i c  model e s t i m a t e  g i v e n  by
✓v. /\
( 7 . 1 . 8 )  e v a l u a t e d  a t  ±  and now t o  be de no te d  e i t h e r  by p(Xi_0) or  
p , Th i s  can  be e x p r e s s e d  by t h e  f o l l o w i n g  h y p o t h e s e s :
A z z a l i n i  e t  a l  (1989)  t e s t e d  t h e s e  h y p o th e s e s  u s i n g  a l i k e l i h o o d  
r a t i o  a pp roa c h  f o r  t h e  ca se  o f  a s i n g l e  c o n t i n u o u s  c o v a r i a t e  x. The 
l i k e l i h o o d  unde r  Hq i s  e v a l u a t e d  u s i n g  t h e  l o g i s t i c  model maximum 
l i k e l i h o o d  e s t i m a t e  o f  6 w h i l e  t h e  l i k e l i h o o d  unde r  t h e  a l t e r n a t i v e
A
i s  e v a l u a t e d  a t  p (*)» a  n o n p a r a m e t e r i c  k e r n e l  r e g r e s s i o n  e s t i m a t e  o f  
t h e  l o g i s t i c  c u r v e .  The p s e u d o - l i k e l i h o o d  r a t i o  t e s t  s t a t i s t i c  i s  
t h e n  g i v e n  by:
H q  and a r e  n e s t e d  h y p o t h e s e s  bu t  because  t h e  model under  i
no t  f i t t e d  by maximum l i k e l i h o o d  T c o u l d  t a k e  a  n e g a t i v e  v a l u e .
The s t a t i s t i c  e s t i m a t e s  t h e  K u l b a c k - L e i b l e r  d i s t a n c e  be tween  t h e  two 
models  and so t h e  t e s t  w i l l  be c o n s i s t e n t  because  as  t h e  number o f
Hq : p (x )  = p(x, j9)  f o r  some _£ 
Hi : p (x )  i s  a  smooth f u n c t i o n .
groups  i n c r e a s e s  t h e  n o r m a l i s e d  t e s t  s t a t i s t i c  w i l l  converge  to  z e ro  
when HO i s  t r u e  and t o  some n o n - z e r o  v a lu e  when Hq i s  f a l s e .  In  an 
as  ye t  u n p u b l i s h e d  p a p e r  W. Hard le  and E. Mammen show t h a t  the  
a s y m p t o t i c  d i s t r i b u t i o n  o f  T i s  normal  but f o r  f i n i t e  sample s i z e s  
t h e  s i g n i f i c a n c e  o f  an o b s e rv e d  v a lu e  needs t o  be d e t e r m i n e d  by s imu­
l a t i o n  which w i l l  be d e s c r i b e d  i n  more d e t a i l  l a t e r  i n  t h i s  s e c t i o n .
When a p - d im e n s i o n a l  (p >• 1) v e c t o r  x o f  c o v a r i a t e s  a r e  
a v a i l a b l e  f o r  e a ch  i n d i v i d u a l  t h e n  th e  p s e u d o - l i k e l i h o o d  r a t i o  t e s t  
s t a t i s t i c s  ( 7 . 4 . 1 )  c a n  s t i l l  be used  but  the  n o n p a r a m e t r i c  e s t i m a t e s  
o f  p(K) need  t o  be c o n s t r u c t e d  u s i n g  a m u l t i v a r i a t e  k e r n e l .  As the  
number o f  c o v a r i a t e s  i n c r e a s e s  t h e  q u a l i t y  o f  such  an  e s t i m a t e  i s  
l i k e l y  t o  d e t e r i o r a t e  and t h e  f o l l o w i n g  approach  b a s e d  on an a n a lo g y  
w i t h  t h e  Hosmer-Lemeshow t e s t  maybe u sed  i n s t e a d .
In  t h e  Hosmer-Lemeshow t e s t  t h e  p 1 s a r e  r a n k e d  and grouped  i n t o
~Ld e c i l e s .  Under H0 t h e r e  i s  a 1-1 r e l a t i o n s h i p  be tw een  p and 
Z = O j x .  T h e r e f o r e ,  t h e  Hosmer-Lemeshow t e s t  i s  e q u i v a l e n t  t o
A
r a n k i n g  t h e  z ' s  and g r o u p in g  i n t o  d e c i l e s .  The r e l a t i o n s h i p  between
A A
t h e  p ' s  and z ’ s i s  g i v e n  by ( 7 . 1 . 8 )  and i s  e s s e n t i a l l y  r e p r e s e n t e d  
by a  s t e p  f u n c t i o n  i n  t h e  Hosmer-Lemeshow t e s t  s t a t i s t i c .  An e s t i m a t e  
o f  p unde r  H]^  can  t h e r e f o r e  be c o n s t r u c t e d  by r e g a r d i n g  z  as  a 
s i n g l e  c o v a r i a t e  and smooth ing  th e  d a t a  in  the  form ( y i , n j , z j )  to  
g iv e  a  n o n p a r a m e t r i c  smooth e s t i m a t e  o f  t h e  r e l a t i o n s h i p  i n  ( 7 . 1 . 8 ) .  
T h i s  e s t i m a t e ,  u n l i k e  a  m u l t i v a r i a t e  one,  can  alw ays  be p l o t t e d  and 
can  a l s o  be u s e d  i n  t h e  t e s t  s t a t i s t i c  t o  a s s e s s  t h e  g o o d n e s s - o f - f i t  
o f  m u l t i v a r i a t e  d a t a .  Because t h e  d a t a  a r e  no l o n g e r  b e i n g  g rouped  
t h i s  t e s t  may have  g r e a t e r  power t h a n  t h e  Hosmer-Lemeshow t e s t .
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7 . 4 . 2 .  Smooth no np a ra m etr ic  r e g r e s s i o n  f o r  e s t i m a t i n g  p ( x ) .
In  the  f o l l o w i n g  d i s c u s s i o n  x i s  a s i n g l e  c o v a r i a t e  which can  
be r e p l a c e d  by z  f o r  t h e  c o n s t r u c t i o n  o f  t h e  t e s t  s t a t i s t i c .  I f
each  o f  t h e  n j 1s a r e  l a r g e  t h e n  a  u s e f u l  e s t i m a t e  o f  p ( x j )  i s
g i v e n  by th e  maximum l i k e l i h o o d  e s t i m a t e  y i / n j .  However, i f  t h e  
n j ' s a r e  smal l  o r  equa l  to  one t h e n  meaningfu l  p r o p o r t i o n s  a r e  not  
a v a i l a b l e  and i t  i s  n e c e s s a r y  t o  average  over  n e i g h b o u r i n g  v a l u e s  o f  
x .  T h i s  a pp roa c h  was f i r s t  s u g g e s t e d  by Copas (1983) w i t h  h i s  
p ro p o se d  e s t i m a t e  b e i n g  e s s e n t i a l l y  a  n o n p a r a m e t r i c  r e g r e s s i o n
f u n c t i o n .  Under t h e  a s su m p t io n  o f  smoothness  we have t h e  f o l l o w ­
ing  k e r n e l  e s t i m a t o r  o f  p ( x ) :
where w(*) i s  a  symmetr ic  n o n - n e g a t iv e  k e r n e l  f u n c t i o n  w i t h  a mode
a t  z e r o  and h i s  a  smooth ing  p a ra m e t e r  c o n t r o l l i n g  t h e  de g re e  o f
l o c a l  a v e r a g i n g .  I f  h i s  v e r y  small  t h e n  ( 7 . 4 . 2 )  w i l l  j u s t
i n t e r p o l a t e  t h e  d a t a  w h i l e  when i t  i s  v e r y  l a r g e  t h e  r e s u l t i n g
N
e s t i m a t e  a p p ro a c h e s  t h e  sample mean N- 1 £ y i / n i* *n t i^e examples
i -1
t o  f o l l o w  a s t a n d a r d  normal  k e r n e l  has  been used .
A
Copas s u g g e s t s  p l o t t i n g  p f o r  a  range  o f  d i f f e r e n t l y  chosen  h 
v a l u e s .  While t h i s  i s  s a t i s f a c t o r y  f o r  a s im ple  g r a p h i c a l  i n s p e c t i o n  
o f  t h e  d a t a  a  more p r e c i s e  c h o i c e ,  s a t i s f y i n g  some o p t i m a l i t y  
c r i t e r i o n ,  i s  ne e ded  i f  p i s  t o  be used  f o r  i n f e r e n t i a l  p u r p o s e s .
A z z a l i n i  e t  a l  (1989) s u g g e s t  c h o os ing  h t o  maximise t h e  
l i k e l i h o o d  f u n c t i o n
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N rn i i  Y i  n I~yi
11 L  P i<x i> “ P i<x i>> ( 7 . 4 . 3 )i = l  l Y i J
which i s  e q u i v a l e n t  to  m in im is ing
N
2 {-  Y i  l o S P _ i ( x i)  -  ( n i - y i )  log  (1 -  P _ i ( x i ) ) }
1=1
( 7 . 4 . 4 )
Here p j ( ' )  d e n o t e s  the  n o n p a ra m e t r i c  e s t i m a t e  c o n s t r u c t e d  from 
a l l  t h e  d a t a  p o i n t s  e xcep t  ( y j , n j , x j ) .  In  g e n e r a l  n o n p a r a m e t r i c  
r e g r e s s i o n  w i t h  c o n t i n u o u s  res p o n s e  d a t a  a s y m p t o t i c  o p t i m a l i t y  
p r o p e r t i e s  have been  d e r i v e d  f o r  a l e a s t  s q u a r e s  c r o s s - v a l i d a t o r y  
c h o ic e  o f  h which ,  unde r  t h e  a s sum pt ion  o f  n o r m a l l y  d i s t r i b u t e d  
e r r o r s ,  can  be r e g a r d e d  as  a  l i k e l i h o o d  c r i t e r i o n .  (H ard le  and Marron
( 1 9 8 5 ) ) .  The p r o p e r t i e s  o f  a  l i k e l i h o o d  ba sed  c h o i c e  o f  h in  the
b in o m ia l  c o n t e x t  have not  been i n v e s t i g a t e d  but  i t  i s  e x p e c t e d  t h a t
some o f  t h e  j u s t i f i c a t i o n  i n  t h e  c o n t in u o u s  c a s e  w i l l  c a r r y  o v e r .  This
s e l e c t i o n  r u l e  may a l s o  be r e g a r d e d  as  c h o o s in g  h t o  make each  n j . p j  
an e f f e c t i v e  p r e d i c t o r  o f  y j  and so the  r e s u l t i n g  cu rv e  w i l l  be q u i t e
s e n s i t i v e  t o  v a r i a t i o n  i n  t h e  d a t a .
For  b i n a r y  d a t a  t h e  d e n s i t y  f u n c t i o n  o f  y j  i s :
g ( y i )  "  P j 1 (1-Pi )  yi  » y i  -  0 .1  ( 7 , 4 . 5 )
and i t s  e x p e c t e d  v a l u e  i s :
E ( g ( y i ) ]  -  p j+  ( 1 - P i ) 2 ( 7 . 4 . 6 )
Kapperman (1987)  p r o p o s e s  c h oos ing  h as  t h e  s o l u t i o n  t o  t h e  non-
N
l i n e a r  e q u a t i o n  o b t a i n e d  by e q u a t i n g  an e s t i m a t e  o f  £  g ( y i )  t o  i t s
i*=l
e x p e c t a t i o n  a g a i n  u s i n g  a  c r o s s - v a l i d a t o r y  a p p ro a c h  t o  e n s u re  the  
e x i s t e n c e  o f  a  s o l u t i o n .  Th is  approach  g e n e r a l i s e s  t o  grouped  d a t a .
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An i t e r a t i v e  p r o c e d u r e  i s  r e q u i r e d  to  f i n d  a s o l u t i o n  and I t  i s  
r e p o r t e d  t h a t  more t h a n  one may e x i s t  in  which c a s e  i t  i s  a rg u e d  
t h a t  t h e  s m a l l e r  one s h o u ld  be chosen.  Again i t  seems l i k e l y  t h a t  
t h i s  method w i l l  be q u i t e  d a t a  s e n s i t i v e .  He does remark  t h a t  i t  
works w e l l  but  does not  i l l u s t r a t e  o r  d e s c r i b e  i n  what s e n se  t h i s  
i s  so .
A f u r t h e r  p o s s i b i l i t y  i s  t o  choose an h which  i s  s u i t e d  more 
t o  t h e  model r a t h e r  t h a n  to  t h e  obse rved  d a t a .  T h i s  i s  p a r t i c u l a r l y  
a p p r o p r i a t e  i f  t h e  e s t i m a t e  i s  to  be used  in  t h e  p s e u d o - l i k e l i h o o d  
r a t i o  t e s t  s t a t i s t i c  and a l s o  in  view o f  the  s i m u l a t i o n s  r e q u i r e d  to  
a s s e s s  s i g n i f i c a n c e .  The model op t im al  c r i t e r i o n  i s :
... *! E K Y i - n ^ f ) 2 ]
h i h  — —  ( 7 - - 7 )
/V g  A
where p j  s  p ( x j ) .
T h i s  i s  e q u i v a l e n t  to
N E[[(Yi - n i P i ) - ( n iPf - n i P i ]2 ]
Min I  ---------------------------   * ( 7 , 4 . 8 )
h i = l  V U l '
I t  can  be s e e n  t h a t  the  v a lu e  o f  ( 7 . 4 . 8 )  w i l l  a p p ro a c h  z e r o  as  h
A g
a p p ro a c h e s  z e r o  because  n j . p j  w i l l  become c l o s e r  t o  y j . I t  i s  
t h e r e f o r e  n e c e s s a r y  t o  use  a  c r o s s - v a l i d a t o r y  c h o i c e  t o  o b t a i n  a 
f e a s i b l e  s o l u t i o n .  E x p r e s s i o n  ( 7 . 4 . 8 )  i s  t h e r e f o r e  r e d e f i n e d  t o  be:
”  E [ [ ( Y i - n i p i ) - ( n i p ! i - n i p j ] 2 ]
M . n  £   ^ -----------------  < 7 . 4 . 9 )
A s
where a g a i n  p _ |  i s  t h e  n o n p a ra m e t r i c  e s t i m a t e  e v a l u a t e d  a t  x j , but  
c a l c u l a t e d  w i t h o u t  t h e  i t h  d a t a  p o i n t .  C o n s id e r  t h e  n u m era to r :
Now, 
A l s o ,
where
F i n a l l y ,
where
T h e r e f o r e , 
such  t h a t
E [ [ ( Y i - n i P i ) - ( n i p t i - n i p i ) ] 2 ]
= E t C Y j - n i p i ) 2 ] -  2E[(Yi - n i p i ) ( n i p f i - n j p i ) ]
+ E [ ( n j p f i - n j p j ) 2 ] .
2
E f C Y j- n jp j )  ] = V(Yj) and does not  depend on h,
E[ (Yj-njpi)  (r i ip f i -n iP i )  ]
n i E [YiP ? i ]  ~ n j p i  E [Y j ] -  n f p i  E [ p t { ] + n \  p 2
n i E [ Y j p f i ] -  n f p j  E [ p f j ]
2  EtYj Yj]Wu  2 E [ Yj 1 wi j
j * i  „2 j * i
n i  ~ ~ 1  " jwTj n i  Pi T W
Wi \ -  W P ? )>J "I h
.2 . njP j * i j  ,  2 . njp jwi j2 j?£i 2 i^ i
"i p i £ njWjj "i pi "a njWjj
jVi
=  0
E[ (rijpf i - n j p j ) 2 ]
-  n? [ E [ ( p f i ) 2 ] -  2pj E[pf i ]  + p f ]
-  nf  [[V(p!j)  + E ( p ! i ) 2 ] -  2Pi E [p f , ]  + pf]  
*  0
2 r'jPj<1-Pj>wi j 
v < p f j )  -  J i l -----------------, —  .
[ J . - ' j ]
t h e  c r o s s - v a l i d a t o r y  model op t im al  method i s  to  choose h
— 252 —
( 7 .4 .1 0 )
In  p r a c t i c e  the  unknown l o g i s t i c  model p r o b a b i l i t i e s  a r e  r e p l a c e d  by
t h e i r  maximum l i k e l i h o o d  e s t i m a t e s .  I t  has  g e n e r a l l y  been  found t h a t
u s i n g  ( 7 . 4 . 1 0 )  r e s u l t s  in  a l a r g e r  v a lu e  o f  h and hence a smoother  
cu rve  t h a n  t h a t  a r i s i n g  from the  l i k e l i h o o d  b a s e d  c h o i c e .  However,
o f - f i t  s t a t i s t i c  w i l l  be d i s c u s s e d  l a t e r  in  t h i s  s e c t i o n .
I f  we now have a p - v e c t o r  (p > 1) o f  c o v a r i a t e s  and a r e  u s in g
A
t h e  l i n e a r  p r e d i c t o r ,  Z, as  a  s i n g l e  c o v a r i a t e  ( S e c t i o n  7 . 4 . 1 )  then  
th e  model o p t im a l  c r i t e r i o n  ( 7 . 4 . 1 0 )  w i l l  no t  be s t r i c t l y  c o r r e c t .
Th i s  i s  be c ause  now Wjj = W ( ( Z j - Z j ) /h )  which i s  a f u n c t i o n  o f  the 
Y j ’ s t h r o u g h  Zj and Zj so t h a t  t h e  e x p e c t e d  v a l u e  o f  the
n u m e r a to r  w i l l  no t  be as  g iv e n  above.  However, i f  we assume t h a t  the
f i t t e d  model i s  c o r r e c t  ( i . e .  Pi “  Pi , i = 1,  . . . , N) t h e n  the  w ij's
a r e  non- random and ( 7 . 4 . 1 0 )  i s  a g a i n  o b t a i n e d  a s  t h e  c r i t e r i o n .
T h i s  a s s u m p t io n  abou t  the  f i t t e d  method w i l l  a l s o  be made in  the  
s i m u l a t i o n  p r o c e d u r e  t o  de te rm ine  the  s i g n i f i c a n c e  o f  t h e  pseudo­
l i k e l i h o o d  r a t i o  t e s t  s t a t i s t i c  f o r  a s e t  o f  d a t a .
As d i s c u s s e d  in  c h a p t e r  3, n o n p a r a m e t r i c  c u rv e  e s t i m a t e s  a re  
b i a s e d .  In  t h e  p r e s e n t  c o n te x t  the  e s t i m a t e s  a r e  t o  be u sed  to  t e s t  
t h e  g o o d n e s s - o f - f i t  o f  a  p a r a m e t r i c  l o g i s t i c  model .  T h e r e f o r e ,  the  
b i a s  can  be e v a l u a t e d  under  Hq and s u b t r a c t e d  from th e  o r i g i n a l  
e s t i m a t e  t o  g iv e  an u n b i a s e d  e s t i m a t e  i f  H q  i s  t r u e .  The p r a c t i c a l  
v e r s i o n  o f  t h e  b i a s  c o r r e c t e d  e s t i m a t e  i s  t h e n :
th e  p o s i t i v e  b e n e f i t s  o f  u s i n g  a model op t im al  c h o ic e  in  the  goodness-
j
( 7 . 4 . 1 1 )
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where Wjj i s  b a s e d  on the  x j ' s o r  z j ' s  as  a p p r o p r i a t e .  The
v a l u e  o f  ( 7 . 4 . 1 1 )  may not  n e c e s s a r i l y  l i e  between  0 and 1 in  which 
c a se  i t  s h o u ld  be r e s e t  t o  z e ro  o r  one as  a p p r o p r i a t e .
An a l t e r n a t i v e  b i a s  c o r r e c t e d  e s t i m a t e  i s  g i v e n  by
pL <?Wt J )
Pi •--- -----------   <7.4.12)
I  "j  Pj  Wjj
J
bu t  a g a i n  t h i s  does not n e c e s s a r i l y  l i e  be tween  0 and 1.
A b i a s  c o r r e c t e d  e s t i m a t e  o f  the  form ( 7 . 4 . 1 1 )  w i l l  be u sed  in  a l l  
sub s eq u e n t  a n a l y s e s .
To i l l u s t r a t e  t h e  r e g r e s s i o n  e s t i m a t e s  40 random b i n a r y  
o b s e r v a t i o n s  were s i m u l a t e d  from th e  model
l ° g ( P i / ( l - P i ) )  “ -1 + xx + X2 + 3Xj (7 .4 .13 )
where and X2  a r e  i n d e p e n d e n t l y  u n i f o r m l y  d i s t r i b u t e d  on th e
i n t e r v a l  ( - 1 , 1 ) .  The s i m u l a t i o n  p r o c e d u r e  u s e d  i s  as  fo l l o w s :
i )  Sample x^ and X2 i n d e p e n d e n t l y  f rom th e  U ( - l , l )
d i s t r i b u t  i on .
i i )  C a l c u l a t e  t h e  v a lu e  o f  t h e  l i n e a r  p r e d i c t o r  z u s i n g  t h e s e
v a l u e s  o f  x^ and X2 .
i i i )  Compute p = e x p ( z ) / ( l + e x p ( z ) ) .
iv )  Sample a  U (0 ,1 )  random number,  u .  I f  u i s  l e s s  t h a n  o r
equa l  t o  p s e t  t h e  r e s p o n s e  y t o  1 ,  o t h e r w i s e  s e t  t o  z e r o .
v)  Repea t  N t im es  to  o b t a i n  a  random sample o f  ( y j , n j , x j ) ' s
where xj  -  (x l i > x2 i ) ^  an<* n i *s  ^ f ° r  e a °h  i*
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I f  b inomia l  d a t a  had been  r e q u i r e d  th e n  s t e p  iv )  would have been
r e p e a t e d  nj  t im e s .
A model j u s t  i n v o l v i n g  l i n e a r  terms was t h e n  f i t t e d  to  t h e s e  d a t a  
u s i n g  t h e  maximum l i k e l i h o o d  p r o c e d u r e  d e s c r i b e d  i n  S e c t i o n  7 . 1 .  The 
e s t i m a t e d  l o g i s t i c  model i s :
The d a t a  in  t h e  form ( y j . n j . Z j )  were t h e n  smoothed u s i n g  bo th  
l i k e l i h o o d  and model op t im al  c h o i c e s  o f  h which a r e  0 .11  and 0 ,54  
r e s p e c t i v e l y .  The r e s u l t i n g  b i a s  c o r r e c t e d  c u r v e s  a r e  shown, 
t o g e t h e r  w i t h  t h e  l o g i s t i c  r e g r e s s i o n  e s t i m a t e  i n  f i g u r e s  7 .1  and 
7 . 2 .  Both n o n p a r a m e t r i c  e s t i m a t e s  i n d i c a t e  a  l a c k  o f  f i t  th roughou t  
t h e  whole r ange  o f  z  but  t h i s  i s  f a r  more marked when u s i n g  th e  
more d a t a  s e n s i t i v e  l i k e l i h o o d  b a s e d  h.
To t a k e  i n t o  account  t h e  h e t e r o g e n e i t y  i n  the  v a r i a n c e s  o f  the
y j ' s  a  w e ig h te d  n o n p a r a m e t r i c  r e g r e s s i o n  e s t i m a t e  was a l s o  c o n s i d e r e d .
L  LThe v a r i a n c e  o f  Yj under  H q i s  n j p j ( l - p j )  so an  a p p r o p r i a t e  s e t  
o f  w e i g h t s  summing to  one a r e :
These a r e  t h e n  used  to  s c a l e  t h e  k e r n e l  i n  t h e  r e g r e s s i o n  e s t i m a t e  
r e s u l t i n g  i n  t h e  f o l l o w i n g  w e ig h te d  e s t i m a t e :
l o g ( p L/ ( l - p L))  = z  = 0.489 + 0 . 3 3 5 . xx + 1 . 1 1 8 . x 2 . ( 7 . 4 . 1 4 )
~ - lcr.
( 7 . 4 . 1 5 )
where
( 7 . 4 . 1 6 )
where Wj r e p r e s e n t s  the  k e r n e l  f u n c t i o n  e v a l u a t e d  a t  ( x - x j ) / h .
G r e a t e r  weight  i s  t h e r e f o r e  a p p l i e d  to  d a t a  w i th  low v a r i a n c e  
r e f l e c t i n g  t h a t  more emphas is  s h o u ld  be g iv e n  to  s t a b l e  d a t a  and
t h e r e b y  h o p e f u l l y  c o n s t r u c t i n g  a  b e t t e r  e s t i m a t e .  The s c a l i n g  o f
the  W j ' s i s  by an e s t i m a t e  o f
z i 2 (1+e J)
z j
n j  e
i z
1+e
^  e2 ^ 2
e “Zj / 2  + e z j / 2
2 c o s h ( z j / 2 )
The minimum weigh t  o f  2 /  V^ nij i s  t h e r e f o r e  when z j  = 0 w i t h  
i n c r e a s i n g  we igh t  a p p l i e d  i n  a  symmetr ic  manner as  z j  i n c r e a s e s  and 
d e c r e a s e s  away from z e r o .
The e f f e c t  o f  w e i g h t i n g  w i l l  however be downplayed by th e  k e r n e l  
w e i g h t s  Wj, e s p e c i a l l y  when h i s  smal l  as  t h e n  th e  l o c a l  a v e r a g i n g  
i s  c a r r i e d  out  o n l y  ove r  a  s h o r t  i n t e r v a l  w i th  d a t a  i n  t h a t  i n t e r v a l  
t e n d i n g  t o  have s i m i l a r  v a r i a n c e  and hence w e i g h t s .  S i m i l a r l y ,  f o r  
an unw e igh ted  e s t i m a t e  t h e  smoo th ing p a r a m e t e r ,  e s p e c i a l l y  when 
s m a l l ,  s h o u ld  min imise  t h e  e f f e c t  o f  the  unequal  v a r i a n c e s .  Th i s  i s  
i l l u s t r a t e d  when u s i n g  th e  d a t a  s i m u l a t e d  from ( 7 . 4 . 1 3 )  where,  f o r  
a  w e i g h te d  e s t i m a t e ,  b o t h  t h e  op t im al  l i k e l i h o o d  and model b a s e d  c ho ic e  
o f  h were found t o  be a lm os t  unchanged.  The r e s u l t i n g  w e ig h te d  
e s t i m a t e s  d i f f e r  v e r y  l i t t l e  t h e  w e ig h te d  ones shown in  f i g u r e s
7 .1  and 7 . 2 .  Such s i m i l a r i t i e s  were a l s o  found f o r  a  number o f  
o t h e r  d a t a  s e t s .  As a  r e s u l t  w e ig h te d  e s t i m a t e s  w i l l  no t  be u s e d  i n  
any s u b seque n t  a n a l y s e s .
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7 . 4 . 3 .  A s s e s s i n g  th e  s i g n i f i c a n c e  o f  the  p s e u d o - l i k e l i h o o d  r a t i o  t e s t  
s t a t 1st  i c .
The s i g n i f i c a n c e  o f  an o b s e rv e d  t e s t  s t a t i s t i c  needs  t o  be 
de t e r m i n e d  by s i m u l a t i o n  because  o f  the  unknown f i n i t e  sample
d i s t r i b u t i o n .  To a c h ie v e  t h i s  a s i m u l a t e d  sample { y ^ , . . . . , y  ] is
*
f i r s t l y  o b t a i n e d  from t h e  f i t t e d  model such t h a t  e ach  y has a 
- L
B i ( n j , p j )  d i s t r i b u t i o n .  For  the  i t h  group t h i s  i s  a c h i e v e d  by
sam pl in g  nj  i ndependen t  U (0 ,1 )  random numbers and c o u n t i n g  the
Lnumber which a r e  l e s s  t h a n  o r  equal  to  p.  t o  g iv e  y . .  A new s e t
A> g
o f  n o n p a r a m e t r i c  e s t i m a t e s  p .  a r e  t h e n  c a l c u l a t e d  and hence a 
a s i m u l a t e d  v a l u e  o f  t h e  t e s t  s t a t i s t i c  can be o b t a i n e d .  Th i s  p r o c e s s  
can  t h e n  be r e p e a t e d  a l a r g e  number o f  t im es  to  g ive  B, s a y ,  
s i m u l a t e d  t e s t  s t a t i s t i c  v a l u e s .  These B v a l u e s  can  t h e n  be o r d e r e d  
and t h e  s i g n i f i c a n c e  o f  t h e  o r i g i n a l  v a lu e  d e t e r m i n e d  by i t s  p o s i t i o n  
among t h e s e  o r d e r e d  v a l u e s .
There  a r e  two im por ta n t  c o n s i d e r a t i o n s  in  t h i s  s i m u l a t i o n  p r o c e s s  
which c o n c e r n  t h e  f i t  o f  a s i m u l a t e d  d a t a  s e t  t o  t h e  models  under  
t h e  n u l l  and a l t e r n a t i v e  h y p o t h e s e s .  The f i r s t  i s  w he the r  t o  choose 
a  new smoo th ing  p a r a m e t e r  f o r  each  s i m u l a t e d  sample and t h e  second  i s  
w he the r  t o  r e f i t  t h e  l o g i s t i c  model to  each  new sample .
The v a l u e  o f  h c l e a r l y  does a f f e c t  how th e  n o n p a r a m e t r i c  e s t i m a t e  
f i t s  t h e  d a t a  bu t  v e r y  l a r g e  samples  a r e  needed  b e f o r e  any op t im al  
p r o p e r t i e s  t h e  c h o ic e  o f  h may have come s t r o n g l y  i n t o  p l a y .  Th is  
i m p r e c i s i o n  means t h a t  i n  most p r a c t i c a l  s i t u a t i o n s  c h o o s in g  a  new 
h f o r  e ach  sample w i l l  add a n o t h e r  s o u rc e  t o ,  and hence i n c r e a s e ,  the  
t o t a l  v a r i a b i l i t y  i n  t h e  s i m u l a t e d  d i s t r i b u t i o n  o f  t h e  t e s t  s t a t i s t i c .  
The c a l c u l a t i o n  o f  a  new smooth ing p a ra m e t e r  by one o f  t h e  c r o s s -  
v a l  i d a t o r y  methods f o r  e ach  new sample a l s o  i n v o l v e s  a g r e a t  dea l  o f
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e x t r a  c o m p u ta t io n a l  e f f o r t ,  e s p e c i a l l y  f o r  l a r g e  d a t a  s e t s .  T h e r e f o r e ,  
i t  i s  a p p r o p r i a t e  to  use  t h e  o r i g i n a l  h v a lu e  f o r  smooth ing each 
s e t  o f  s i m u l a t e d  d a t a  and hence u s i n g  a model op t im al  c h o ic e  sho u ld  
p r o v id e  a  s e t  o f  more s t a b l e  e s t i m a t e s  t h a n  the  more d a t a  s e n s i t i v e  
l i k e l i h o o d  c h o i c e .
The t e s t  s t a t i s t i c  T ( 7 . 4 . 1 )  f o r  the  o r i g i n a l  d a t a  i s  the  
d i f f e r e n c e  be tween  the  log l i k e l i h o o d s  c a l c u l a t e d  under  the  a l t e r ­
n a t i v e  n o n - p a r a m e t r i c  smooth and n u l l  p a r a m e t r i c  l o g i s t i c  h y p o th e s e s  
( i . e .  • The p a ra m e te r  e s t i m a t e s ,  f o r  t h e  p a r a m e t r i c
model a r e  ba sed  on maximum l i k e l i h o o d .  However, i n  the  subsequen t  
s i m u l a t e d  samples  j9 w i l l  c l e a r l y  not  maximise t h e  l i k e l i h o o d  o f  the  
new d a t a  and hence an e x t r a  s o u rc e  o f  v a r i a b i l i t y  i s  i n t r o d u c e d  i n to
A
t h e  s i m u l a t i o n s  i f  J? i s  a lways kep t  the  same. To remove t h i s ,  _£ 
s h o u ld  be r e - e s t i m a t e d  f o r  each  new sample .  Th i s  r e s u l t s  i n  t h e  Qq 
component o f  t h e  t e s t  s t a t i s t i c  b e i n g  maximised and hence the  v a l u e  o f  
i s m in im ised .  The r e s u l t  i s  t h a t  t h e  o b s e rv e d  t e s t  s t a t i s t i c
becomes more ext reme w i t h  r e s p e c t  t o  t h e  s i m u l a t e d  v a l u e s .  The
A
c a l c u l a t i o n  o f  6_ i s  i t e r a t i v e  as  d e s c r i b e d  in  S e c t i o n  7 . 1 .  However, 
a  good e s t i m a t e  i s  a v a i l a b l e  a f t e r  t h e  f i r s t  i t e r a t i o n ,  e s p e c i a l l y  i f
A
J? f rom t h e  o r i g i n a l  d a t a  i s  u sed  as  a s t a r t i n g  v a l u e .  T h e r e f o r e ,
t o  r educ e  t h e  c o m p u ta t io n  l e v e l  o n l y  one i t e r a t i o n  need be c a r r i e d  o u t .
To i l l u s t r a t e  t h i s  d i s c u s s i o n  t h e  pseudo l i k e l i h o o d  r a t i o  t e s t  was 
c a r r i e d  out  on t h e  d a t a  s i m u l a t e d  from model ( 7 . 4 . 1 3 ) .  500 s i m u l a t i o n s  
were pe r fo rm ed  t o  a s s e s s  s i g n i f i c a n c e .  Each n o n p a r a m e t r i c  e s t i m a t e  
was b a s e d  on t h e  o r i g i n a l  h v a lu e  and b i a s  c o r r e c t e d  as  in  ( 7 . 4 . 1 1 )  
w h i l e  t h e  p a r a m e t r i c  model was r e f i t t e d  u s i n g  o n l y  one i t e r a t i o n .  The 
r e s u l t s  a r e  g i v e n  in  the  f o l l o w i n g  t a b l e :
Table  7 .1
Smoothing parameter Test  s t a t i s t i c S i g n i f i c a n c e  l e v e l
L i k e l i h o o d ,  h = 0 .1 1 . T -  21.39 0 , 020
Model o p t i m a l ,  h = 0 .5 4  T = 6.58 0.012
The v a lu e  o f  T i s  much s m a l l e r  f o r  h = 0 .5 4  because  the  
r e s u l t i n g  e s t i m a t e  i s  much c l o s e r  t o  the  l o g i s t i c  cu rv e  as  can  be 
s e e n  i n  f i g u r e s  7 .1  and 7 . 2 .  The s i g n i f i c a n c e  l e v e l s  a r e  comparable  
f o r  t h e  two t e s t s  because  t h e  same s e ed  f o r  the  random number 
g e n e r a t o r  was u s e d  f o r  b o t h  s e t s  o f  s i m u l a t i o n s .  A more s i g n i f i c a n t  
r e s u l t  i s  o b t a i n e d  when u s i n g  t h e  model op t im al  h,  p r o b a b l y  be cause  
t h e  l i k e l i h o o d  c h o ic e  p roduced  much more v a r i a b l e  e s t i m a t e s  f rom the 
s i m u l a t e d  d a t a  s e t s  f o r  r e a s o n s  d i s c u s s e d  e a r l i e r  and t h u s  made the  
o b s e rv e d  v a l u e  l e s s  ex t rem e .
The Hosmer-Lemeshow t e s t  s t a t i s t i c  f o r  t h e s e  d a t a  has  t h e  v a lu e  
20 .75 on 8 d e g re e s  o f  f reedom and i s  a l s o  h i g h l y  s i g n i f i c a n t  when 
compared w i t h  x ^ ( 8 , 0 . 9 5 )  = 1 5 , 5 1 ,
7 . 5 .  A s s e s s i n g  t h e  f u n c t i o n a l  form o f  c o v a r i a t e s ,
7 . 5 . 1 .  I n t r o d u c t i o n .
I f  a  l o g i s t i c  model i s  found t o  have a  poot  f i t ,  f o r  example 
a f t e r  u s i n g  t h e  p s e u d o - l i k e l i h o o d  r a t i o  t e s t ,  i t  i s  n a t u r a l  to  t h e n  
i n v e s t i g a t e  t h e  p o s s i b l e  r e a s o n s  f o r  t h i s .  As m en t ione d  i n  S e c t i o n
7 .1  i t  may be t h e  r e s u l t  o f  i n c o r r e c t l y  s p e c i f y i n g  t h e  f u n c t i o n a l  
form o f  one o r  more o f  t h e  c o v a r i a t e s .  For  example a  q u a d r a t i c  
c o n t r i b u t i o n  may a l s o  be r e q u i r e d  from a v a r i a b l e  which  i s  c u r r e n t l y  
o n l y  i n c l u d e d  l i n e a r l y .
I f ,  t h ro u g h  knowledge o f  t h e  d a t a ,  the  n o n - l i n e a r  f u n c t i o n a l  form 
o f  a v a r i a b l e  i s  known or  can  be h y p o t h e s i s e d  t h e n  a  t e rm  w i t h  the  
a p p r o p r i a t e l y  t r a n s f o r m e d  v a r i a b l e  sho u ld  be i n c l u d e d  i n  t h e  p a r a m e t r i c  
model .  However, i f  t h i s  a pproach  cannot  be a d e q u a t e l y  j u s t i f i e d  but 
a  n o n - l i n e a r  form i s  s t i l l  s u s p e c t e d  t h e n  the  s e m i - p a r a m e t r i c  approach  
o f  Green and Yande l l  (1985)  o r  a g e n e r a l i s e d  a d d i t i v e  model w i t h  a l l  
bu t  the  v a r i a b l e  o f  i n t e r e s t  i n c l u d e d  l i n e a r l y  ( H a s t i e  and T i b s h i r a n i  
(1987))  c o u ld  be u s e d .
I t  i s  o f t e n  no t  c l e a r  a p r i o r i  t h a t  n o n - l i n e a r  c o n t r i b u t i o n s  a r e  
r e q u i r e d  and  a u s e f u l  f i r s t  s t e p  i s  t o  f i t  a model c o n t a i n i n g  o n l y  
l i n e a r  e f f e c t s .  I t  i s  t h e r e f o r e  u s e f u l  to  have a v a i l a b l e  methodology  
f o r  c h e c k in g  w h e th e r  t h e  e f f e c t s  a r e  l i n e a r  and t o  i d e n t i f y  forms which 
may improve t h e  f i t .
For  a s s e s s i n g  d e p a r t u r e s  f rom l i n e a r i t y  a s s o c i a t e d  w i t h  a  v a r i a b l e  
*m th e  a p p ro a c h  o f  Minkin (1989)  i s  to  choose k -1  v a l u e s  
V1>v 2 *••■>v ( k - l )  anc* d e f i n e  k new v a r i a b l e s  as  f o l l o w s :
Z i l
Zi j  "
z i k
x im » x im < V1 *
Vj , o t h e r w i s e .
0 > x im < V j - i ,
x im“v j - l  » v i j  ^ x im < v j
v j “v j - l  ’ x im > v j ■
x im“ ,'k - l>  x im > vk - l  *
0 , o t h e r w i s e .  ( 7 . 5 . 1 )
The t e rm  j3m X j m i n  t h e  l i n e a r  p r e d i c t o r  i s  t h e n  r e p l a c e d  b y
b
T 7 j Z j ; and  t h e  model f i t t e d  u s i n g  maximum l i k e l i h o o d  i n  t h e
j - 1
u s u a l  way. The e f f e c t  o f  xm i s  t h e r e f o r e  a p p ro x im a te d  by segments  
j o i n e d  a t  t h e  p o i n t s  v i ,V£ , . . . . , and a  g r a p h i c a l  r e p r e s e n t a t i o n
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k s\
i s  p r o v i d e d  by p l o t t i n g  the  ^  7 j  Zj : a g a i n s t  t h e  ^'im. I f  the  v j ' s
j ” l
a r e  s e l e c t e d  i n d e p e n d e n t l y  f rom th e  res p o n s e  t h e n  t h e  l i k e l i h o o d  
r a t i o  t e s t  s t a t i s t i c  f o r  t e s t i n g  i f  the  segments  a l l  have the  same 
s l o p e  has  an a s y m p t o t i c  x ^ ( k - l )  d i s t r i b u t i o n .  An a u t o m a t i c  
p r o c e d u r e  f o r  s e l e c t i n g  the  j o i n  p o i n t s  ba sed  on g o o d n e s s - o f - f i t  i s  
a l s o  p r o p o s e d  and a  s i m u l a t i o n  s tu d y  shows th e  v a l i d i t y  o f  the  y ^ ( k - l )  
d i s t r i b u t i o n  as  a  r e f e r e n c e  f o r  the  t e s t  when th e  sample s i z e  i s  
l a r g e .  However, f o r  m o d e r a t e l y  s i z e d  samples  i t  i s  no t  r e l i a b l e .
A n o th e r ,  o l d e r  p r o c e d u r e ,  which w i l l  be c o n c e n t r a t e d  on f o r  the 
r e s t  o f  t h i s  s e c t i o n ,  i s  the  use o f  p a r t i a l  r e s i d u a l  p l o t s .  For  
m u l t i p l e  l i n e a r  r e g r e s s i o n  the  p l o t  was f i r s t  p r o p o s e d  by E z e k ie l  
(1924)  and t h e n  much l a t e r  a d v o c a t e d  by L a r s e n  and  McCleary (1972) .
In  t h i s  c o n t e x t  when we have d a t a  from t h e  model
E(Y) = X£ + f (Z)  cov(Y) = <r2 I n ( 7 . 5 . 2 )
where f  i s  a smooth,  but  unknown, f u n c t i o n  o f  t h e  c o v a r i a t e  Z and 
th e  v e c t o r  f  (Z) = f  (Z]_) , . . . , f  (Zn ) ) ^  the  p a r t i a l  r e s i d u a l  v e c t o r  rP 
f o r  Z i s  d e f i n e d  by:
rP = (y  -  Xg -  xy) + zy  
= l  + zy
-  y  -  Xg ( 7 . 5 . 3 )
where t h e  v e c t o r  r  c o n t a i n s  the  o r d i n a r y  r e s i d u a l s .  I t  can  be 
r e g a r d e d  a s  t h e  dependen t  v a r i a b l e  v e c t o r  c o r r e c t e d  f o r  a l l  t h e
A A
i ndependen t  v a r i a b l e s  e xcep t  Z. The c o e f f i c i e n t  e s t i m a t e s  & and y  
a r e  o b t a i n e d  by f i t t i n g  t h e  comple te  model .  The p l o t  i s  t h e n  o b t a i n e d
/N
by p l o t t i n g  y  -  Xg a g a i n s t  z .
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There  a r e  two o r th o g o n a l  components which make up the  p a r t i a l  
r e s i d u a l .  The f i r s t ,  r ,  r e p r e s e n t s  s c a t t e r  w h i l e  zy  i s  the  
s y s t e m a t i c  p a r t .  In  a l e a s t  s q u a re s  r e g r e s s i o n  o f  rP on z the
A
i n t e r c e p t  i s  0 and the  s lo p e  i s  y.  I f  f ( z )  i s  l i n e a r  t h e n  the  
e x p e c t e d  c o n f i g u r a t i o n  o f  t h e  p l o t t e d  p o i n t s  w i l l  be l i n e a r  w i th  
s l o p e  y  bu t  when i t  i s  n o n - l i n e a r  the  shape o f  t h e  p l o t t e d  p o i n t s  
s h o u l d  s u g g e s t  t h e  form o f  f .  In the  p a r t i a l  r e s i d u a l  p l o t  the
A A
v a r i a n c e  o f  y  may u n d e r e s t i m a t e  the  e s t i m a t e d  v a r i a n c e  o f  y  from 
t h e  f u l l  r e g r e s s i o n  because  any e f f e c t  due t o  f i t t i n g  t h e  o t h e r  
v a r i a b l e s  i s  i g n o r e d .  Thus the  p l o t  may g iv e  a s p u r i o u s  im pre ss ion  
o f  t h e  a c c u r a c y  o f  the  s lo p e  o f  t h e  f i t t e d  l i n e  and  w i l l  be most marked 
when t h e  c o r r e l a t i o n  be tween  Z and the  o t h e r  r e g r e s s o r  v a r i a b l e s  i s  
h i g h .  (Cook and Weisberg ( 1 9 8 2 ) ) .
The e x p e c t e d  e r r o r  f o r  the  p a r t i a l  r e s i d u a l  p l o t  i s  d e f i n e d  as
e = f (Z )  -  E[rP]
-  f (Z )  -  [X£ + f (Z )  -  X(£ + b i a s ( g ) ) ]
= X. ( b i a s ( g ) )  ( 7 . 5 . 4 )
where t h e  b i a s ( g )  i s  g iv e n  in  M a n s f i e ld  and C o n e r ly  (1987)  as
b i a s ( g )  = (XTX)"1XT [I  -  Z(uTu ) " 1uT] f  ( 7 . 5 . 5 )
where u = [I -  X(XTX)"1XT]Z and the  v a l u e  o f  ( u T u ) - l u T f  i s  t h e  s lope  
t h a t  o c c u r s  i f  f  i s  r e g r e s s e d  on Z a d j u s t e d  f o r  X ( i . e .  on u ) . 
When f  i s  l i n e a r  t h e n  ( u ^ u ) “ ^-u^f *  y  and hence  t h e  b i a s ( g )  and
e r r o r  a r e  z e r o .  I f  t h e r e  i s  no l i n e a r  a s s o c i a t i o n  be tw een  u and f  
t h e n  ( uTu ) = 0.  Th is  oc c u rs  when u ^ f  = 0  o r  more s p e c i f i c a l l y
when z l ' f  *= 0 and  X^.f *= 0 and im p l ie s  t h a t  n e i t h e r  Z nor  X
A
c o n t a i n  i n f o r m a t i o n  about  f .  The b i a s ( g )  and  hence  t h e  e r r o r  a re
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a g a i n  z e r o .  When th e  bias( jS)  i s  n o n - z e r o  i t s  s i z e  depends on the  
c o r r e l a t i o n  be tween  Z and the  v a r i a b l e s  in  X and on how well  Z 
and X r e p r e s e n t  f  a c r o s s  t h e  range  o f  r e l e v a n t  d a t a .
The u se  o f  p a r t i a l  r e s i d u a l  p l o t s  i n  l o g i s t i c  r e g r e s s i o n  was f i r s t  
s u g g e s t e d  by Landwehr e t  a l  ( 1984) .  To c o n s t r u c t  t h e  p a r t i a l  r e s i d u a l s  
t h e y  e x p l o i t e d  t h e  r e l a t i o n s h i p  be tween  l o g i s t i c  and w e ig h te d  l i n e a r  
r e g r e s s i o n  -  s ee  e q u a t i o n  ( 7 . 1 . 6 ) .  They r e g a r d
y* = x l  + zy  + W~l(v-n p^)  ( 7 . 5 . 6 )
~ l A Lwhere W = d i a g ( n . . p . , ( 1 - p . ) )  as " l o g i s t i c  o b s e r v a t i o n s "  and a 
s t r a i g h t f o r w a r d  a p p l i c a t i o n  o f  t h e  normal  l i n e a r  model r e s u l t s  
g i v e s  t h e  l o g i s t i c  p a r t i a l  r e s i d u a l s  as
rPL = W"1 (y  -  n i L) + zy  ( 7 . 5 . 7 )
and t h e  p l o t  i s  o b t a i n e d  by p l o t t i n g  rP^  a g a i n s t  z .  Here,  y  and
~ L A Lnp a r e  v e c t o r s  o f  l e n g t h  N c o n t a i n i n g  th e  y . ' s and n ^ p . ' s
r e s p e c t i v e l y .  For  b i n a r y  d a t a  the  p o i n t s  w i l l  f a l l  i n t o  two s e p a r a t e
c lo u d s  de pe nd ing  on whether  y j  = 1 o r  0 t h u s  o b s c u r i n g  th e  f u n c t i o n a l
form o f  f .  I t  i s  t h e r e f o r e  u s e f u l  t o  smooth t h e  p l o t  u s i n g  a  k e rn e l
r e g r e s s i o n  e s t i m a t e  o f  t h e  form
^  rZ“Zi i  pL
rpL(z) -  i - 1 ------------------------  ( 7 . 5 . 8 )
.2  K[~b 1
1=1
where K ( - )  i s  a  symmetr ic  p . d . f .  such  as  t h e  s t a n d a r d  normal 
d e n s i t y  and b i s  t h e  bandwid th  o r  smooth ing  p a r a m e t e r  (Watson, 
( 1 9 6 4 ) ) .  A c h o ic e  o f  b can be made by u s i n g  l e a s t  s q u a r e s  c r o s s -  
v a l i d a t i o n ,  i . e .
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Min I  ( r P L-  ^ b 2 ( 7 . 5 . 9 )
b i -1
An a l t e r n a t i v e  model ba sed  approach  to  s e l e c t i n g  b can a l s o  be 
d e r i v e d  and w i l l  be d i s c u s s e d  f u r t h e r  l a t e r  i n  t h i s  S e c t i o n  in  the  
c o n t e x t  o f  t e s t i n g  f o r  l i n e a r i t y .
To remove t h e  s t r u c t u r e  r e s u l t i n g  from t h e  b i n a r y  n a t u r e  o f  the  
o b s e r v a t i o n s  Fowlkes (1987) u s e s  p a r t i a l  r e s i d u a l s  w i t h  yj  
r e p l a c e d  by p^ i n  the  d e f i n i t i o n  where p® i s  c a l c u l a t e d  u s in g  a 
m u l t i v a r i a t e  k e r n e l  f u n c t i o n .
7 . 5 , 2 .  T e s t i n g  t h e  l i n e a r i t y  o f  t h e  p a r t i a l  r e s i d u a l s .
I f  t h e  v a r i a b l e  z in  t h e  l o g i s t i c  r e g r e s s i o n  model has been 
s p e c i f i e d  c o r r e c t l y  as  b e in g  l i n e a r  t h e n  t h e  p a r t i a l  r e s i d u a l s  s hou ld
/V
l i e  abou t  a s t r a i g h t  l i n e  w i t h  s lo p e  a p p r o x i m a t e l y  equa l  to  7 . 
Smoothing th e  p l o t  a l l o w s  a s u b j e c t i v e  i m p r e s s i o n  t o  be made o f  t h e  
de g re e  o f  l i n e a r i t y  but  i t  i s  d e s i r a b l e  t o  be a b l e  to  q u a n t i f y  the  
s t r e n g t h  o f  l i n e a r i t y ,  i . e .  t o  t e s t  t h e  n u l l  h y p o t h e s i s
H0 : E[i-PL] -  y z i ,  i - 1  N
a g a i n s t  t h e  a l t e r n a t i v e
T
Hi : E [ r j  ] = f ( z j ) ,  i = 1 , . . . . , N  f o r  some smooth f u n c t i o n  f .
To do t h i s  c o n s i d e r  t h e  r e s i d u a l  sum o f  s q u a r e s  o f  t h e  p a r t i a l
a a pL
r e s i d u a l s  about  t h e  l i n e  7Z and cu rve  r ^  ( z )  which  a r e  e s t i m a t e s  
o f  t h e  l i n e  yz  and the  cu rve  f ( z ) .  The r e s i d u a l  sum o f  s q u a re s  
p r o v i d e s  a  measure  o f  the  d i s c r e p a n c y  be tween  t h e  d a t a  and f i t t e d  l i n e  
o r  c u r v e .  In  g e n e r a l  RSSl > RSS^ where t h e  s u b s c r i p t s  L and C 
r e f e r  t o  t h e  l i n e  and curve  r e s p e c t i v e l y ,  as  t h e  cu rv e  has  more freedom
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t o  e x p l a i n  the  d a t a .  A t e s t  s t a t i s t i c  can  t h e n  be d e f i n e d  by 
c o n s i d e r i n g  the  d i f f e r e n c e  in  r e s i d u a l  sums o f  s q u a r e s  r e l a t i v e  to  
RSSc, i . e .
S = (RSSl -  RSSC)/RSSC ( 7 . 5 . 1 0 )
and r e j e c t i n g  Hq f o r  l a r g e  v a l u e s  o f  S.
T h i s  i s  ana logous  to  t e s t i n g  n e s t e d  h y p o th e s e s  in  a normal l i n e a r  
model f ramework where the  n u m era to r  and denom ina to r  a r e  d i v i d e d  
by a p p r o p r i a t e  d e g re e s  o f  f reedom so t h a t  t h e  t e s t  s t a t i s t i c ,  unde r  
Hq , has an F d i s t r i b u t i o n .  I t  i s  no t  n e c e s s a r y  to  d i v i d e  by 
e s t i m a t e s  o f  d e g re e s  o f  f reedom h e r e ,  bu t  a s  the  d i s t r i b u t i o n  o f  S 
i s  unknown and d i f f i c u l t  t o  e v a l u a t e  i t  i s  t h e r e f o r e  n e c e s s a r y  t o  use 
s i m u l a t i o n  to  a s s e s s  the  s i g n f i c a n c e  o f  an o b s e rv e d  v a l u e .  The 
s i m u l a t i o n  p r o c e d u r e  i s  t h e  same as  t h a t  d e s c r i b e d  in  S e c t i o n  7 . 4  but
w i t h  t h e  a d d i t i o n a l  s t e p  o f  c a l c u l a t i n g  th e  p a r t i a l  r e s i d u a l s  e i t h e r
A sfrom t h e  new y j *s o r  p . ’ s b a s e d  on u s i n g  th e  l i n e a r  p r e d i c t o r s  in
( 7 . 4 . 2 )  r a t h e r  t h a n  F o u l k e s ' s  m u l t i v a r i a t e  k e r n e l  ap p ro a c h .  The t e s t  
s t a t i s t i c s  c a l c u l a t e d  from each  s i m u l a t e d  d a t a  s e t  a r e  t h e n  o r d e r e d  
and s i g n i f i c a n c e  a s s e s s e d  by e v a l u a t i n g  t h e  p r o p o r t i o n  o f  s i m u l a t e d  
v a l u e s  g r e a t e r  t h a n  t h a t  o b s e rv e d .
I n  o r d e r  t o  be a b l e  t o  c o r r e c t  f o r  b i a s  and add bands t o  t h e  
p l o t  a t  ±2 s t a n d a r d  d e v i a t i o n s  o f  t h e  smooth e s t i m a t e ,  the  mean and 
v a r i a n c e  o f  t h e  smooth cu rve  can  be c a l c u l a t e d  unde r  Hq. As in  
S e c t i o n  7 . 4 . 2  i t  w i l l  be assumed t h a t  the  f i t t e d  model i s  c o r r e c t .
The f o l l o w i n g  r e s u l t s  a r e  e x a c t  i f  t h e  d a t a  d i d  i n d e e d  a r i s e  from 
such  a  model bu t  i f  not  t h e y  s h o u ld  s t i l l  p r o v id e  a  good a p p ro x i m a t io n  
p r o v i d e d  t h e  P i ’s a r e  good e s t i m a t e s  o f  t h e  P i ’ s .  When the  
d i s c r e t e  r e s p o n s e  i s  u s e d  we have :
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so t h a t
and
v  " L Y . - n . p ,
r PL  J  J . J . . + y  Z
J - L , ,  ~L,  7  .J n . p . ( l - p . )
J J J
E[r*?L] -  7  z j
Var ( r ^ L) = [n . p ^ l - p ^ )  ] ""1
j  y y  V
( 7 . 5 . 1 1 )
( 7 . 5 . 1 2 )
( 7 . 5 . 1 3 )
Us ing ( 7 . 5 . 8 )  to  o b t a i n  smooth e s t i m a t e s  { r?^ ;  i — 1 , . . . , N )  g i v e s
E [ r pL]
Y y  z . K . .
j  J , J
X * .
( 7 . 5 . 1 4 )
i j
where K. . d e n o te s  the  v a l u e  o f  t h e  weight  f u n c t i o n  K a t  ( z . - z . ) / b
i j
and
Lv * -1
Var ( r ? ^ )i
J * ? ,  [n.p’r o - p , ) ]IJ J J
U i j ] 2j
When t h e  smoothed r e s p o n s e  i s  u s e d  t h e n :
( 7 . 5 . 1 5 )
so t h a t
where
s Lp . -  p . ps J J , ~
r j  -  - l m - l ,  + y  z j 
p j ( 1 - p j )
E [ r
. A c A T
E [ p . ] -  p .
PS ' "  ^  - i N ? * .
E [ P j ]
I  " k  Pk  \ j
2  \  \ j
( 7 . 5 . 1 6 )
( 7 . 5 . 1 7 )
-L
PJ
w i th o u t  b i a s  c o r r e c t i o n ,
w i t h  b i a s  c o r r e c t i o n
( 7 . 5 . 1 8 )
where W^j — W(zj^ -  z j ) / h )  where z ^  d e n o te s  t h e  l i n e a r  p r e d i c t o r  
f o r  t h e  k 1*1 o b s e r v a t i o n .  A lso ,
V a r ( p j )  i s  t h e  same whe ther  p*j has  been b i a s  c o r r e c t e d  o r  n o t .  
Using t h e s e  r e s u l t s  g i v e s
.PSV E ( r  . ) ,K, . 5] 7  z .  K. .
i J i j  { J *J
E [ r ? S ] = J-------------------  -  - 4 ----------------  ( 7 . 5 . 2 1 )
1 y  k . . y k.  .. l j  . i j
j  J j  J
* g
i f  p .  i s  b i a s  c o r r e c t e d  whereas  i f  i t  has  not  been  t h e n  e x p r e s s i o n
J
( 7 . 5 . 1 7 )  s h o u l d  be s u b s t i t u t e d  f o r  E[r*jS ] . A l so ,
y K?. V ( r ? S)
V(rPS) = - ----- ------ g L  ( 7 . 5 . 2 2 )
< £ K U>
where e x p r e s s i o n  ( 7 . 5 . 1 9 )  s h o u ld  be s u b s t i t u t e d  f o r  V a r ( r j S) .
A b i a s  c o r r e c t e d  smooth e s t i m a t e  i s  t h en :
r*s -  E f r f )  + *T z ,  ( 7 . 5 . 2 3 )
and ap p ro x im a te  c o n f i d e n c e  bands can  be added a t  ± 2 v  V ( r ^ s ) .
In  sub s eq u e n t  examples  b i a s  c o r r e c t e d  e s t i m a t e s  w i l l  be u se d .
As m en t ione d  e a r l i e r  t h e  smooth ing p a ra m e t e r  may be chosen  by 
l e a s t  s q u a r e s  c r o s s - v a l i d a t i o n  o r  by u s in g  a  model b a s e d  c h o ic e  
s i m i l a r  i n  n a t u r e  t o  t h a t  u s e d  f o r  c o n s t r u c t i n g  p . In  p a r t i c u l a r ,  
when u s i n g  t h e  d i s c r e t e  r e s p o n s e ,  we can  choose b t o
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Min IN E K r f - ^ r f ) 2 ] ( 7 . 5 . 2 4 )
b i = l  V ( r \ )
As b e f o r e  i t  i s  n e c e s s a r y  t o  use  a c r o s s - v a l i d a t o r y  a pp roa c h  because
o t h e r w i s e  t h e  e x p r e s s i o n  i s  min imised  as  b —» 0 so  t h a t  the  r^  
i n t e r p o l a t e  t h e  d a t a .  I t  w i l l  a g a in  be assumed t h a t  t h e  f i t t e d  
model i s  c o r r e c t  so t h a t  e x p r e s s i o n  7 . 5 . 2 4  can  be r e w r i t t e n  a s :
pL
N E[ ( r P L- 7 Z . ) 2 ] -2E[  ( r ^ - ^ Z j )  4 ^ - 72 ; )  ( r ^ T Z j )  ] + E [ ( r ^ - 7Z i ) 2 )
Min £ ----------------------------------------
b i = l V ( r f )
( 7 . 5 . 2 5 )
IpLwhere r  . d e n o te s  t h e  e s t i m a t e  c a l c u l a t e d  u s i n g  a l l  bu t  t h e  i t h  
o b s e r v a t  ion .
The f i r s t  t e rm  does not  depend on b and t h e  second  te rm  i s  ze ro  
which can  be shown as  f o l l o w s :
e [(*'?L “ 7 Z j ) 4 ! i  -  7 Z j ) ]
"  E [ r f  ~r - i l  -  ‘^ i  E f r - i ]  - > i  E K L] + V  2? •
Now,
E [ r ^ L . = E
Y K . . r ? L r ? L 
• 1J J iJ* i  J J
" S '  ' K .  .M.  l i  J^ i  J
y K. . E ( r I?L)
■
jpfi
1  Kn  y  z
i j
-  y  Z t
i j
X K. . 
J* i  1J
where t h e  -  s i g n  i s  due t o  t h e  f a c t  t h a t  t h e  i t 1^ o b s e r v a t i o n
c o n t r i b u t e s  to  t h e  f i t t i n g  o f  the  l o g i s t i c  model and hence to  
r P^ . T h e r e f o r e ,  r p*" and r P*" a r e  not  s t r i c t l y  in dependen t  but  
t h i s  dependence  s h o u ld  be smal l  in  p r a c t i c e .
A l s o ,
2 K. , 7 Z
E p p L ]  -
>j j
and
T h e r e f o r e ,
% K. . . 11jf*i
E[rf] - y  z,
E [ ( r P L-  y  Z j ) ( r ^  -  7  Z j ) ]
2 K 7  Z 7  Z I  "7 Z
-  7  Z. ---------------- -------------------------------72 Z  ^ + V z ? “  0 -
1 2 K. ■ 2 x . . 1 1
j ^ i  J j ^ i  J
The c r i t e r i o n  t h e r e f o r e  s i m p l i f i e s  t o :
N E [ ( r P^ -  7z . ) 2 ]
Min I   L  J   . ( 7 . 5 . 2 6 )
b i -1  V ( r p )
o r ,
N V ( r Ph  + E [ ( r pb 2 ] -  2 y z  E [ r pL] + ( y z  ) 2
Min I  ----- ------------------- l~ r r  ^ --------------   — ( 7 . 5 . 2 7 )
b i -1  { n . p ^ l - p ^ ) } -1
Choos ing  b by u s i n g  ( 7 . 5 . 2 7 )  t e n d s  t o  r e s u l t  i n  a  l a r g e r  v a lu e  
o f  b and  hence  a  smoother  cu rve  e s t i m a t e  t h a n  when u s i n g  l e a s t  
s q u a r e s  c r o s s - v a l i d a t i o n .
To i l l u s t r a t e  t h e  use  o f  p a r t i a l  r e s i d u a l  p l o t s  d a t a  s i m u l a t e d  
from t h e  model
l o g i t ( P i ) = -1 + X1 +  X2 + 3X2
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w i 11 be u s e d  a g a i n .  As b e f o r e ,  a model i n v o l v i n g  l i n e a r  terms on ly  
was f i t t e d  to  t h i s  d a t a  and p a r t i a l  r e s i d u a l  p l o t s  t h e n  c o n s t r u c t e d  
f o r  X^ and X2 .
F i g u r e s  7 .3  and 7 .4  show the  p l o t s  b a sed  on u s i n g  the  d i s c r e t e  
r e s p o n s e  f o r  v a r i a b l e s  X-± and X2 . Both p l o t s  show how the  
p o i n t s  f a l l  i n t o  t h e  two s e p a r a t e  c lo u d s  c o r r e s p o n d i n g  to  v a l u e s  o f  
y  ■= 1 and 0. However, smoothing ,  w i t h  b c h o s e n  by l e a s t  s q u a re s  
c r o s s - v a l i d a t i o n ,  c l e a r l y  shows t h a t  X^ has  been  s p e c i f i e d  c o r r e c t l y  
whereas  t h e  q u a d r a t i c  shaped curve  f o r  X2 i n d i c a t e s  the  need f o r  an 
a d d i t i o n a l  q u a d r a t i c  te rm.  The r e f e r e n c e  l i n e  1,118X2 l i e s  o u t s i d e  
the  p o i n t w i s e  c o n f i d e n c e  bands n e a r  t h e  o r i g i n .  When t h e  p a r t i a l  
r e s i d u a l s  a r e  smoothed u s i n g  a model op t im al  b - v a l u e  t h e  r e s u l t s  a re  
q u a l i t a t i v e l y  s i m i l a r  t o  t h o se  i n  f i g u r e s  7 . 3  and  7 . 4 .
When t h e  smoothed r e s p o n s e  (h = 0 .11 )  i s  u s e d  t h e  p o i n t s  no 
l o n g e r  d i v i d e  i n t o  two g r oups .  The p l o t  f o r  X^ , f i g u r e  7 . 5 ,  a g a in  
shows a  c l e a r  l i n e a r  t r e n d  w h i le  t h a t  f o r  X2 , f i g u r e  7 . 6 ,  shows marked 
c u r v a t u r e  made c l e a r e r  by the  smooth r e g r e s s i o n  c u rv e  superimposed .
T h i s  t im e  th e  l i n e a r  r e f e r e n c e  l i n e  l i e s  above t h e  uppe r  c o n f id e n c e  
band in  t h e  c e n t r e  and below the  lower c o n f i d e n c e  band  on bo th  s i d e s  o f  
t h e  p l o t .  The ne e d  f o r  a q u a d r a t i c  c o n t r i b u t i o n  from X2 i s  c l e a r .
The c o n f i d e n c e  bands when u s i n g  th e  smooth r e s p o n s e  a r e  much na rrower  
t h a n  when u s i n g  t h e  d i s c r e t e  r e s p o n s e .
The p l o t s  o b t a i n e d  when u s i n g  the  model o p t im a l  h  = 0 .5 4  t o  
smooth t h e  r e s p o n s e  a r e  not i n c l u d e d  but a r e  v e r y  s i m i l a r  t o  th o se  
i l l u s t r a t e d  u s i n g  h = 0.11  excep t  t h e  c u r v a t u r e  i s  p e rh a p s  not as  
marked f o r  X2 .
The p a r t i a l  r e s i d u a l s  do not  a l l  have t h e  same v a r i a n c e  and so 
a w e i g h t i n g  scheme s i m i l a r  to  t h a t  u sed  f o r  smooth ing  y was 
c o n s i d e r e d  w i t h  w e ig h t s  equa l  to  t h e  i n v e r s e  o f  t h e  v a r i a n c e  o f  a 
p a r t i a l  r e s i d u a l .  However, t h e  r e s u l t i n g  p l o t s  show l i t t l e  d i f f e r e n c e  
t o  t h o s e  c o n s t r u c t e d  w i thou t  w e i g h t i n g  and so su b s e q u e n t  examples  w i l l  
not  u se  w e i g h t i n g .  Again,  t h e  smooth ing p a r a m e t e r ,  e s p e c i a l l y  i f  
s m a l l ,  e n s u r e s  t h a t  l o c a l  a v e r a g i n g  i s  c a r r i e d  out  u s i n g  o b s e r v a t i o n s  
w i t h  s i m i l a r  v a r i a n c e .  Also t h e  r ange  o f  w e i g h t s  i s  s m a l l .  For  example 
when u s i n g  t h e  d i s c r e t e  r e s p o n s e  f o r  b i n a r y  d a t a  t h e  minimum and 
maximum p o s s i b l e  w e ig h t s  a r e  0 and 0 .25  r e s p e c t i v e l y .  Th is  small  
r an g e  a l s o  r ed u c e s  the  e f f e c t s  w e i g h t i n g  may have .
As remarked e a r l i e r  the  s i g n i f i c a n c e  o f  an  o b s e r v e d  v a lu e  o f  the  
s t a t i s t i c  S ( 7 . 5 . 1 0 )  f o r  t e s t i n g  l i n e a r i t y  needs  t o  be d e te rm ined  
by s i m u l a t i o n .  The v a lu e  o f  the  bandwid th  b f o r  smooth ing the  
p a r t i a l  r e s i d u a l s  f o r  the  o r i g i n a l  d a t a  w i l l  be u s e d  t o  smooth each 
s e t  o f  s i m u l a t e d  p a r t i a l  r e s u l t s  w i t h  the  argument  f o r  t h i s  f o l l o w i n g  
t h a t  f o r  t h e  p s e u d o - 1 ike 1 ihood r a t i o  t e s t  ( S e c t i o n  7 , 4 ) .  When u s in g  
d i s c r e t e  r e s p o n s e s  the  model op t im al  c h o ic e  makes a  b e t t e r  one due 
t o  t h e  g r e a t e r  s t a b i l i t y  o f  the  r e s u l t i n g  e s t i m a t e s  ove r  those  
r e s u l t i n g  from t h e  more d a t a  s e n s i t i v e  l e a s t  s q u a r e s  method.
For  ea ch  s i m u l a t e d  d a t a  s e t  t h e  RSS needs  t o  be c a l c u l a t e d .  I f  the  
l o g i s t i c  model i s  not  r e f i t t e d  f o r  a  s i m u l a t e d  d a t a  s e t  t h e n  the  RSS 
w i l l  be l a r g e r  t h a n  when comparing t h e  s i m u l a t e d  p a r t i a l  r e s i d u a l s  
w i t h  t h e  c o r r e c t  l i n e a r  r e f e r e n c e  l i n e .  The e f f e c t  o f  not  r e - f i t t i n g  
w i l l  t h e r e f o r e  be to  i n c r e a s e  t h e  v a l u e  o f  e a ch  s i m u l a t e d  S v a lu e  
w i t h  t h e  o v e r a l l  r e s u l t  o f  making t h e  o b s e r v e d  S l e s s  ex treme.  
T h e r e f o r e ,  t h e  l o g i s t i c  model s h o u ld  be r e - f i t t e d  t o  each  s i m u l a t e d  
d a t a  s e t  but  t o  r educe  com p u ta t io n  one i t e r a t i o n  o f  t h e  f i t t i n g
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a l g o r i t h m  w i l l  g iv e  good e s t i m a t e s  i f  t h e  o r i g i n a l  pa ra m e te r  e s t i m a t e s  
a r e  u s e d  as  s t a r t i n g  v a l u e s .
The l i n e a r i t y  o f  v a r i a b l e s  and X2 o f  t h e  p r e v i o u s l y
d e s c r i b e d  and a n a l y s e d  d a t a  f rom model ( 7 . 4 , 1 3 )  were t e s t e d  u s in g  both  
d i s c r e t e  and smooth r e sponse  p a r t i a l  r e s i d u a l s .  Al l  smooth e s t i m a t e s  
were b i a s  c o r r e c t e d  and the  t e s t  was b a s ed  on 500 s i m u l a t i o n s  w i th  
t h e  model r e - f i t t e d  to  each s i m u l a t e d  d a t a  s e t  u s i n g  one i t e r a t i o n  
o n l y .  The r e s u l t s  o b t a i n e d  were as  f o l l o w s :
T a b le  7 .2
Response
D i s c r e t e
D i s c r e t e
Smooth 
(h = 0 . 11 )
b = 1.17 (model o p t . )
S -  0.00371 
s i g .  l e v e l  = 0 . 2 5
b = 7.18  ( l e a s t  s q . ' s )
S = 0.00361
s i g .  l e v e l  = 0.166
b = 6 .97  ( l e a s t  s q . ' s )
S = 0.00867
s i g .  l e v e l  = 0 . 3 9
*2
b = 0 .51  (model o p t . )
S -  0 .211
s i g .  l e v e l  = 0.000
b = 0 .25  ( l e a s t  s q . ' s )
S = 0 .542
s i g .  l e v e l  = 0.000
b = 0 .2 0  ( l e a s t  s q . ' s )  
S = 2.016
s i g .  l e v e l  = 0.046
Smooth b = 0.33  ( l e a s t  s q . ' s )
(h  = 0 .5 4 )  S = 0.0899
s i g .  l e v e l  = 0.748
b =* 0 .11  ( l e a s t  s q . ' s )
S = 5.523
s i g .  l e v e l  = 0.41
When u s i n g  th e  d i s c r e t e  r e s p o n s e  t h e  t e s t  i s  h i g h l y  s i g n i f i c a n t  
f o r  X2 bu t  no t  f o r  X^ when u s i n g  b o t h  t h e  model op t im al  and 
l e a s t  s q u a r e s  smoo th ing p a r a m e t e r s  t o  smooth t h e  p a r t i a l  r e s i d u a l s .
When u s i n g  a  smooth r e s p o n s e  t h e  r e s u l t s  f o r  X^ a r e  not  
s i g n i f i c a n t  f o r  b o t h  h = 0 .11  and 0 .5 4  w i t h  t h a t  f o r  h = 0 .5 4
b e in g  by f a r  t h e  l e a s t  s i g n i f i c a n t .  However, f o r  X2 , when u s i n g  the  
l i k e l i h o o d  ba sed  h = 0.11  the  t e s t  i s  s i g n i f i c a n t  a t  the  5% l e v e l  but  
a c l e a r l y  n o n - s i g n i f i c a n t  r e s u l t  i s  o b t a i n e d  f o r  t h e  model op t im al  
h = 0 .5 4 .  The p a r t i a l  r e s i d u a l  p l o t  in  t h i s  c a se  does show much l e s s  
c u r v a t u r e  t h a t  when u s i n g  h = 0 . 1 1 , t h e  d i f f e r e n c e  b e in g  most marked 
on t h e  l e f t  o f  t h e  p l o t .
Us ing  smooth r e s p o n s e s  in  t h e  p a r t i a l  r e s i d u a l s  does make c l e a r e r  
th e  f u n c t i o n a l  form o f  a c o v a r i a t e  t h a n  when u s i n g  t h e  d i s c r e t e  
r e s p o n s e  which r e s u l t s  in  a d i s c r e t i s e d  p l o t .  However, the  
a d d i t i o n  o f  a n o n - p a r a m e t r i c  smooth r e g r e s s i o n  c u rv e  makes t h e  form 
much c l e a r e r  and indeed  t h e  smooth c u r v e s  f o r  X2 i n  t h e  above 
example when u s i n g  t h e  d i s c r e t e  r e s p o n s e s  and smooth r e s p o n s e s  
(h = 0 .1 1 )  a r e  v e r y  s i m i l a r .  P a r t i a l  r e s i d u a l s  b a s ed  on the  d i s c r e t e  
r e s p o n s e s  a r e  a l s o  much s i m p l e r  and q u i c k e r  t o  compute t h a n  th o se  
b a s e d  on t h e  smooth r e s p o n s e s .
7 . 6 .  Examples .
In  t h e  f o l l o w i n g  two examples  t h e  s i g n i f i c a n c e  o f  t h e  o b s e rv e d  
v a l u e s  o f  t h e  p s e u d o - l i k e l i h o o d  r a t i o  t e s t  s t a t i s t i c  and the  s t a t i s t i c  
f o r  t e s t i n g  l i n e a r i t y  a r e  a s s e s s e d  t h r o u g h  500 s i m u l a t i o n s .  Each new 
n o n p a r a m e t r i c  e s t i m a t e  i s  c o n s t r u c t e d  u s i n g  th e  o r i g i n a l  model 
o p t im a l  smooth ing p a r a m e t e r  and a p p r o p r i a t e l y  b i a s  c o r r e c t e d  w h i l e  
t h e  p a r a m e t r i c  l o g i s t i c  model i s  r e f i t t e d  u s i n g  o n l y  one i t e r a t i o n .
Example 1: F i n n e y ' s  d a t a .
These d a t a  were o r i g i n a l l y  a n a l y s e d  by F inne y  (1947)  and 
s u b s e q u e n t l y  by s e v e r a l  o t h e r  a u t h o r s .  They c o n s i s t  o f  39 o b s e r v a t i o n s  
on t h e  e f f e c t  o f  two c o v a r i a t e s  r a t e  and volume o f  a i r  i n s p i r e d ,  on 
t h e  o c c u r r e n c e  (Y = 1) o r  n o n - o c c u r r e n c e  (Y = 0 )  o f  a  t r a n s i e n t
v a s o c o n s t r i c t i o n  r e s p o n s e  i n  the  s k i n  o f  t h e  f i n g e r s .  These 
o b s e r v a t i o n s  were c o l l e c t e d  from o n l y  t h r e e  i n d i v i d u a l s  but the  
e xpe r im en t  was d e s i g n e d  to  t r y  and e n s u re  t h a t  o b s e r v a t i o n s  on the  
same s u b j e c t  were i n d e p e n d e n t .  F inney  (1947)  log t r a n s f o r m e d  each  
o f  t h e  c o v a r i a t e s  and t h i s  has  a l s o  been  done h e r e .  An a d d i t i v e  
l o g i s t i c  model was f i t t e d  by maximum l i k e l i h o o d  t o  g iv e :
l o g i t  (p) = z  = - 2 .9 2 4  + 5 .330  l o g ( v o l )  + 4 .631  l o g ( r a t e )
( 7 . 6 . 1 )
The de v ia nc e  f o r  t h i s  model i s  29 .264  on 36 d . f .  but  due to  t h e  
b i n a r y  n a t u r e  o f  t h e  r e s p o n s e  t h i s  i s  u n i n f o r m a t i v e  about  goodness -  
o f - f i t  as  d i s c u s s e d  in  S e c t i o n  7 . 2 .
A
The d a t a  i n  t h e  form ( y j , n j , z j )  were t h e n  smoothed u s in g
( 7 . 4 . 2 )  w i t h  a  model op t im al  h - v a l u e  o f  1 . 0 2 .  The r e s u l t i n g  b i a s
A
c o r r e c t e d  e s t i m a t e  ( f i g u r e  7 . 7 )  has  a  peak  n e a r  z  ■* - 2 . 5  due in  the  
main t o  o b s e r v a t i o n s  4 and 18.  These b o t h  have Y = 1 a t  p o i n t s  
where t h e  f i t t e d  p r o b a b i l i t y  o f  " s u c c e s s "  i s  smal l  i . e .  0 .073  f o r  
c a s e  4 and 0 .103  f o r  c a se  18. The p l o t  a l s o  i n d i c a t e s  t h a t  the  
l o g i s t i c  model may no t  be a p p ro a c h in g  i t s  upper  a sym p to te  r a p i d l y  
enough t o  e n s u r e  a  good f i t .
The o b s e rv e d  v a l u e  o f  t h e  p s e u d o - l i k e l i h o o d  r a t i o  t e s t  s t a t i s t i c  
T ( 7 . 4 . 1 )  i s  9 .0 2 9 .  The a s s o c i a t e d  p - v a l u e  o f  0 ,0 0 4  c o n f i r m s  the  
l a c k  o f  f i t  o f  t h e  l o g i s t i c  model i n d i c a t e d  i n  f i g u r e  7 . 7 .
P a r t i a l  r e s i d u a l  p l o t s  u s i n g  th e  b i n a r y  r e s p o n s e s  were o b t a i n e d  
f o r  t h e  two c o v a r i a t e s  and a r e  d i s p l a y e d  i n  f i g u r e s  7 .8  and 7 . 9 .
In  b o t h  c a s e s  t h e  n o n p a r a m e t r i c  e s t i m a t e s  o f  f u n c t i o n a l  form ba sed  
on model o p t im a l  b - v a l u e s  c l o s e l y  f o l l o w  t h e  l i n e a r  r e f e r e n c e  l i n e s  
and a r e  w e l l  w i t h i n  t h e  a pp rox im a te  c o n f i d e n c e  bounds .  A lso ,  the
- 2 7 4 -
f a c t  t h a t  c a s e s  4 and 18 a r e  o u t l i e r s  i s  c l e a r l y  i n d i c a t e d .
A p p l i c a t i o n  o f  t h e  t e s t  o f  l i n e a r i t y  ( 7 . 5 . 1 0 )  g i v e s  S = 0.031  
(p = 0 .696 )  f o r  log  (volume) and S = 0.046  (p = 0 .3 8 0 )  f o r  log 
( r a t e )  t h u s  c o n f i r m i n g  t h a t  t h e y  have bo th  been s p e c i f i e d  c o r r e c t l y .
The poor  f i t  o f  t h e  l o g i s t i c  model i s  t h e r e f o r e  not  due to  the  
m i s s p e c i f i c a t i o n  o f  t h e  f u n c t i o n a l  form o f  the  c o v a r i a t e s .
Example 2: C a r d i f f  b r o n c h i t i s  d a t a .
The d a t a  c o n s i s t  o f  212 o b s e r v a t i o n s  on two c o v a r i a t e s  and a 
b i n a r y  r e s p o n s e  o b t a i n e d  i n  a  s t u d y  o f  male c h r o n i c  b r o n c h i t i s  in  
C a r d i f f  c o n d u c te d  by Jones  (1975) .  The v a r i a b l e s  a r e  CIG, the  number 
o f  c i g a r e t t e s  smoked p e r  day and POLL, the  smoke l e v e l  n e a r  t h e  
r e s p o n d e n t ' s  home o b t a i n e d  by i n t e r p o l a t i n g  the  l e v e l s  a t  13 a i r  
p o l l u t i o n  m o n i t o r i n g  s t a t i o n s  i n  t h e  c i t y .  The r e s p o n s e  Y t a k e s  
t h e  v a lu e  1 i f  t h e  r e s p o n d e n t  s u f f e r e d  from c h r o n i c  b r o n c h i t i s  and 0 
i f  he d i d  n o t .
The f i t t e d  l o g i s t i c  model i s :
l o g i t ( p )  = z  = -1 0 .0 8 5  + 0.212  CIG + 0 .1 32  POLL ( 7 . 6 . 2 )
which has  d e v ia n c e  o f  174 .214  on 209 d . f .  The b i a s  c o r r e c t e d  non-  
p a r a m e t r i c  e s t i m a t e  b a s e d  on t h e  model op t im al  h o f  0 .5 4  i s  
i l l u s t r a t e d  i n  f i g u r e  7 .1 0 .  C o n s i d e ra b l e  l a c k  o f  f i t  i s  i n d i c a t e d  
by t h e  l a r g e  t r o u g h  f o r  v a l u e s  o f  t h e  l i n e a r  p r e d i c t o r  be tw een  about  
2 and 4.  In  f a c t  o n l y  n i n e  i n d i v i d u a l s  have v a l u e s  o f  z  g r e a t e r  
t h a n  1 .0  and  t h e  s i z e  o f  t h e  t r o u g h  can be a t t r i b u t e d  i n  p a r t i c u l a r  
to  c a se  147 who has  z  = 2 .8 2 8 ,  Y -= 0 but  CIG « 24 .9  and POLL = 5 8 .0 .  
The l o g i s t i c  model a l s o  does not  appe ar  to  f i t  p a r t i c u l a r l y  we l l  f o r
A
v a l u e s  o f  z  l e s s  t h a n  0 . 5 .  I t  t e n d s  t o  o v e r e s t i m a t e  t h e  p r o b a b i l i t y
A
o f  c h r o n i c  b r o n c h i t i s  f o r  z  < -  1 .8  and u n d e r e s t i m a t e  i t  f o r
- 1 . 8  < z < 0 . 5 .  Indeed ,  e x a m i n a t i o n  o f  t h e  d a t a  show t h a t  t h e r e  a re  
no i n d i v i d u a l s  who smoke l e s s  t h a n  3 c i g a r e t t e s  p e r  day and w i t h  
any a i r  p o l l u t i o n  l e v e l  who have c h r o n i c  b r o n c h i t i s .  On the  o t h e r  
hand though  t h e r e  a r e  s u f f e r e r s  among non-sm okers .  T h i s  a p p a re n t  
l a c k  o f  f i t  i s  c o n f i r m e d  by th e  p s e u d o - l i k e l i h o o d  r a t i o  t e s t :
T = 15.881  w i t h  an  a s s o c i a t e d  p - v a l u e  o f  0 .0 00 .
The p a r t i a l  r e s i d u a l  p l o t s  f o r  CIG and POLL a r e  i l l u s t r a t e d  in  
f i g u r e s  7 .11  and 7 .1 2  r e s p e c t i v e l y .  That f o r  CIG i n d i c a t e s  t h a t  a 
q u a d r a t i c  t e rm  w i t h  a  n e g a t i v e  c o e f f i c i e n t  may improve t h e  f i t  w h i l e  
t h e  marked t r o u g h  on th e  r i g h t  i s  due a g a in  to  c a s e  147.  Case 122 
i s  a l s o  i n d i c a t e d  a s  an  o u t l i e r  -  he i s  a non-smoker  l i v i n g  in  an 
a r e a  w i t h  f a i r l y  low a i r  p o l l u t i o n  but  i s  s u f f e r i n g  from c h r o n i c  
b r o n c h i t i s .  The p l o t  f o r  POLL s u g g e s t s  t h a t  t h i s  t e rm  has  been  
s p e c i f i e d  c o r r e c t l y  w i t h  c a s e s  122 and 147 a g a i n  b e i n g  c l e a r  
o u t l i e r s .  The t e s t  o f  l i n e a r i t y  g i v e s  S = 0 .298  (p = 0 .0 1 0 )  f o r  
CIG and S = 0 .1 3 4  (p = 0 .084 )  f o r  POLL thus  c o n f i r m i n g  t h e  s u b j e c t i v e  
i m p r e s s i o n  a l t h o u g h  t h e  smal l  p - v a l u e  f o r  POLL s u g g e s t s  i t  may a l s o  
have some c u r v a t u r e .
A i t k e n  e t  a l  (1989)  c o n s i d e r  l o g i s t i c  models  f o r  t h e s e  d a t a .
They e x t e n d  th e  s im p le  a d d i t i v e  model to  a  t h i r d  d e g r e e  r e s p o n s e
s u r f a c e  and e l i m i n a t e  u n n e c e s s a r y  terms by comparing d i f f e r e n c e s  i n
2d e v ia n c e  w i t h  t h e  a p p r o p r i a t e  X v a l u e s .  The above a pp roach  
c e r t a i n l y  complements  t h i s .  However, t h e y  c onc lude  t h a t  t h e  
c o m p l e x i t y  i n d i c a t e s  a s y s t e m a t i c  f a i l u r e  in  r e p r e s e n t i n g  t h e  d a t a  
and t h e y  go on t o  o b t a i n  a more s a t i s f a c t o r y  a n a l y s i s  by g r o u p in g  bo th  
CIG and POLL i n t o  c l a s s e s  and m o d e l l i n g  th e  number o f  b r o n c h i t i s  
s u f f e r e r s  i n  each  c e l l  by a  b inom ia l  d i s t r i b u t i o n .
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F i gu re  7 . 1 .  L o g i s t i c  r e g r e s s i o n  cu r ve  and b i a s  c o r r e c t e d  n o n pa r am e t r l c  e s t i m a t e  (h -  0 . 1 1 )  fo r
~ e.
4Q o b s e r v a t i o n s  s i m u l a t e d  from t he  model i o g l t ( p )  — -1 + ♦ + 3X„. The Z ' s  a r e
b as ed  on l i n e a r  t erms  o n l y .
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Fi gu r e  7 . 2 .  L o g i s t i c  r e g r e s s i o n  cu rv e  and b i a s  c o r r e c t e d  n o n p a r a me t r l c  e s t i m a t e  (h -  0 . 54 )  f o r
40 o b s e r v a t i o n s  s i m u l a t e d  from t he  model l o g l t ( p )  -  -1  + Xj + + + 3X^. The Z ' s  a r e
ba s ed  on l i n e a r  t e rms  o n l y .
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F i gu re  7 . 3 .  P a r t i a l  r e s i d u a l  p l o t  based on the  d i s c r e t e  r e s p o n s e s  f o r  X} o f  t he  s i m u l a t e d  d a t e .
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F i g u r e  7 . A. P a r t i a l  r e s i d u a l  p l o t  based  on t he  d i s c r e t e  r e s p o n s e s  f o r  X2  o f  t he  s i m u l a t e d  d a t a .
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F l g u r e  7 . 5 .  P a r t i a l  r e s i d u a l  p l o t  based on t he  smoothed r e sp o n s e s  (h  -  0 . 1 1 )  f o r  X} o f  t he  s i m u l a t e d  d a t a .
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F i g u r e  7 . 6 .  P a r t i a l  r e s i d u a l  p l o t  based  on t h e  smoothed r e s p o n s e s  (h -  0 . 1 1 )  f o r  X2 o f  t he  s i m u l a t e d  d a t a .
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F l gu re  7 . 7 .  L o g i s t i c  r e g r e s s i o n  cu r ve  end b ' e s  c o r r e c t e d  n o n p a r a me t r l c  e s t i m a t e  (h -  1.C2)  f o r  F i n n e y ' s  d a t a .
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F i g u r e  7 . 8 .  P a r t i a l  r e s i d u a l  p l o t  based on t h e  d i s c r e t e  r e sp o n s e s  f o r  l og(vo lume)  o f  F i n n e y ' s  d a t a .
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F l g u r e  7 . 9 .  P a r t i a l  r e s i d u a l  p l o t  ba s ed  on t he  d i s c r e t e  r es p o n s e s  Tor l o g ( r a t e )  o f  F i n n e y ' s  d a t a .
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F l g u r e  7 . 1 1 .  P a r t i a l  r e s i d u a l  p l o t  based  on t he  d i s c r e t e  r es p o n s e s  f o r  t he  v a r i a b l e  CIC o f  t he  C a r d i f f  
b r o n c h i t i s  d a t a .
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F i g u r e  7 . 1 2 .  P a r t i a l  r e s i d u a l  p l o t  based  on t he  d i s c r e t e  r e s po n s e s  f o r  t he  v a r i a b l e  POLL o f  t he  C a r d i f f  
b r o n c h i t i s  d a t a .
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